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Introduction. We shall study closed dynamical systems in the plane. Beck in [1] gives
a topological characterization of the sets which consist of critical points and describes
the dynamical systems in the plane with compact trajectories. Knight in [6] classifies the
structure of dynamical systems in terms of critical points. Mc Cann in [9] characterizes
dynamical systems in the plane without critical points. The purpose of the present paper
is to characterize the regular trajectories of closed dynamical systems in the plane.

The dynamical system is closed if each trajectory of this system is a closed set. Among
these trajectories we mark regular trajectories (the trajectory m(x) is regular if motion
n*: Rat— n(t,x) e R* is injective). Each such trajectory decomposes R’ into two
components (Remark 1). The main theorems of this paper are Theorems 3 and 4 which
describe the behaviour of a dynamical system in a neighbourhood of a regular trajectory.
With regard to this behaviour we may divide the set of regular trajectories into three
disjoint subsets. Theorem 3 and 4 show all possibilities of behaviour of a closed dynamical
system in the plane near given regular trajectory. They also enable us to prove some follow-
ing corollaries about these systems (Section 3) and to circumscribe the prolongation and
the prolongational limit set of a regular point (Section 4). |

Let us note that some results of this paper are given by Knight [6]; in our note however
we present them with different proofs. In particular, this is the case of Lemma 1, Remark 2,
Proposition 8 and Corollary 2. Furthermore, Knight investigated closed dynamical
systems paying attention to the structure of the set of critical points.

1. Throughout this paper R denotes the set of real numbers, R" the Euclidean n-space,
n+1

I={xeR: 0<xgl), §"= {xeR"": Z x; =1} and B" = {xeR" ¥ x!<1}. For
i=1

given set M<R", oM, intM and M denote the boundary, interior and closure of M,
respectively. In the sequel (X, m) will denote the dynamical system, i.e. a topological
space X with a continuous mapping n: Rx X— X satisfying =(0, x) = x and =(¢, n(s, x))
= m(t+s5, x) for any x € X and ¢, se R. We will denote the homeomorphism X3 x —
- (¢, x) € X by n,. For any M« X and f€ R we define n(¢, M) = {n(t,x): xe M} =
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= n{M). For every x € X we define:
n(x) = (R, x {x})
LT(x) = {y € X: there exists sequence {f,} =R such that 7, - 0, T(t,, X — y)

JT(x) = {ye X: there exist sequences {x,} <X, {f,) <R such that
tﬂ - w’ xn g x’ n(tn’ 'xn) - y}

DY (x) = T (x) uJT(x).

-

By obvious modifications of the above we get symmetric sets: n(x), L™ (x), J (x) and
D™ (x) (see for instance [3] or [4]). The sets m(x), L(x), J(x) and D(x) are defined as the
unions of the positive and negative versions and are called the trajectory, the limit set.
the prolongational limit set and the prolongation of x, respectively.

The positive region of attraction for a set Mc X, ie. {ye X: @ # LT ()M} will
" be denoted by AT(M); in the same way we define A~ (M). |

We say that M < X is an invariant set if n(x)c M for each x e M. A set M c X is said
to be positively (negatively) stable if for every neighbourhood U of M and every xe M
there is a neighbourhood ¥ of x such that n(¢, V)c U whenever 120 (¢<0). A point
x € X is said to be positively (negatively) Poisson stable if x e L™ (x) (x eL“(x)).‘ We shall
denote the sets of critical (i.e. n(x) = {x}), periodic (i.c. there exists r # 0 such that
n(¢, x) = x, but n(x) # {x}) and regular (i.c. the function R3¢t — n(t,x)e X is in-
jective) points by S, P and T, respectively. A dynamical system (X, =) is said to be a closed
dynamical system if n(x) is a closed subset of X for each x € X,

By a simple arc or simple closed curve we mean a subset C of X homeomorphic to
or S, respectively. If X is a 2-manifold, then a simple arc C< X is said to be a transversal
arc if and only if there exists ¢>0 such that =n(¢,, C) n=n(t,, C) = & for every
0<t, <t,<e. |

We say that X is a dichotomic space (see [5]) if it is an orientable 2-manifold satisfying
the Jordan curve separation property i.e. if every simple closed curve C in X decomposes
X into two connected open sets G,, G, with common boundary C. From Jordan Theo-
‘rem R? is a dichotomic space; in 'this case we define In C as a bounded component of
RANC. | " |

The following known propositions will be used in the sequel (see for example [5],

[4], [2]).

ProrosiTiON 1 (VIL2 in [5]). If X is a 2-manifold, then
(i) for every x € X\S there exists a transversal arc which contains x as a non-end-
- point |
and -
(11) yf C is a transversal arc then for sufficiently small positive € the set |} n(t, C)

—g<t<g

is a neighbourhood of all non-end-points of C.

ProrosiTION 2 (VIL4 in [5]). If X is a dichotomic space then
(i) every periodic trajectory meets any transversal arc at one point at most
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(ii) if a transversal arc C and a trajectorial arc L form a simple closed curve then one
component of X\(C v L) is positively invariant, the second is negatively invariant.

ProposITION 3 (VIIL1 in [5]). If X is a dichotomic space and x is a positively (or
negatively) Poisson stable pcint then x is a critical or periodic point.

ProrosITION 4 (Cor. VI.1.2 in [4]). Let X be a locally compact space, M a compact
invariant subset of X. Then one of the conditions (C.1)~(C.4) holds. |

(C.1) M is positively” asymptotically stable, i.e. M is posztlvely stable and AT (M) is
a neighbourhood of M.

(C.2) M is negatively asymptotically stable, i.e. M is negatwely stable and A~ (M) is
a neighbourhood of M.

(C.3) there exist x¢ M, y ¢ M such that & # LY (x)cM and @ # L~ (y)cM

(C.4) every neighbourhood U of M contains an x ¢ M with n(x)<U. '

PROPOSITION 5 (V.3.8 in [4]). If X = R" and M is a compact positively invariant subset
of X homeomorphic to B", then M contains a critical points.

ProPOSITION 6 (II1.2.8 in [4]). If X is a complete metric space then L™ (x)\n(x) = 7m(x)
for every regular positively Poisson stable point x € X (similarly for negatively Poisson
stable point).

We will also use the following

Schénflies Theorem (see for example Cor. 22 in [2]). Every homeomorphism from S*
into R* can be extended to a homeomorphism of R* onto itself.

Now we give two lemmas which will be used later. (X, n) denotes a dynamical system
on a topological space X.

LEMMA 1. Let X be a complete metric space and let x € X be a regular point. If n(x) is
a closed subset of X then L' (x) = L™(x) =

Proof. We have L*(x)c::ﬁ = n(x). Suppose that y e L™(x) for some y € X. Thus
yen(x)and n(y) = n(x). From the invariantness of L*{x) we obtain () L7 (x)=n(x),

hence L*(x) = n(x). By using Proposition 5 we have L7(x)\rn(x) = n(x) = n(x) that
implies n(x) = @. This is not possible. The proof L™ (x) = O is similar.

Remark 1. Tt is obvious that if x € R? is such that L(x) = @ then n(x) decomposes R”
into two connected open unbounded sets with common boundary 7(x). Therefore by
Lemma 1 every regular trajectory in the closed dynamical system on the plane de-
composes R* into such sets.

LEMMA 2. Let X be a dichotomic space. If C is a transversal arc and N is a trajectory,
then every point of the set N n C is isolated in C with the induced topology.
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Proof. It is obvious that N n C = @ if N is a critical point. Proposition 2(i) implies
that N n C has at most one point when N is a periodic trajectory. It remains to show that
lemma holds if N is a regular trajectory. Let xe N n Cand let f:[—1, 1] —» C be a homeo-
morphism. We have f(z,) = x for some to€[—1,1]. In order to finish the proof we
shall show that there exists d € (0, 1] such that

SU=1, 11" [t6—6,t,+3)) nr(x) = {x}.

Assume the contrary: that for every natural number n>1 there is s, # 0 and

1 1
tne[z‘o— -, to+ —j' n[—1,1]
n

i

such that n(s,, x) = f(z,). By virtue of Proposition 3 we obtain x ¢ L(x), therefore {s,}
1s a bounded sequence. Thus there exists a subsequence {s, } convergent to certain s, € R.
We will show that 5, = 0. Indeed, =n(s,,_, x) = n(so, x) and n(s,,., x) = f(t,,) = f(ty) = x.
Since x is a regular point we have s, = 0. Now take O<c¢<1 for C from the definition
of a transversal. Then there is s,, such that |s, | <e. Let for example S, >0 (the case 5, <0
is similar). Hence f{t,) = n(s,,,x)e C n n(s,, C). This contradiction completes the
proof of Lemma 2. |

2. Thioughout this section (R?, n) denotes a closed dynamical system in the plane. Let
x,y€R* be different periodic points. Then we say that =n(y) surrounds n(x) if

inn(’x)clmr( ») (definition of InC, where C is a simple closed curve was given in
Section 1). '

THEOREM 1. If x € P then there exists y € P such n(y) surrounds n(x) and

Inm(y)\Inn(x)<P .

Proof. Let f be a homeomorphism from R* onto R? such that f(n(x)) = S* which
exists by Schonflies Theorem. Then (R?, 7y) is a closed dynamical System with 7 .(s, z)
= f(n(s,/~%(2))) for every se R and ze R Restrict this dynamical system to the in-
variant subset R*\InS'. We will use Proposition 4 with X = R*\InS! and M = S'.
It follows from Lemma 1 that L¥(z) n S! = @ and L7 (z)n S' = O for every z¢ S*.
Thus the condition (C.3) does not hold. Similarly 4*(S!) = 47(S') = S which implies
that (C.1) and (C.2) also do not hold. Therefore by Proposition 4 we obtain that every
neighbourhood U of S! contains a point u ¢ S* with n(u)c U. Since S is a closed set
one can find £>0 such that the neighbourhood U, = {y € R*: 1<|y|<1+4¢} of §! con-
tains no critical point. There exists a point v € U, such that = fu)ycU,. As U, 1s a bounded
set, it follows from Lemma 1 that the set U, contains only periodic points. Well known
properties of Jordan curves in the plane imply that exactly one of the following inclusions
is satisfied |

(1) Inn()c U,
or

(ii) Inm(u)>In S’
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In virtue of Proposition 5 the case (i) is not possible as U, contains no critical point. Thus
(i) is fulfilled, hence 7,(u) surrounds S' = n;(x) and Inn(u)\Inn;(x)<P, obviously.
‘Using elementary properties of a homeomorphism f we show that the point y = f ()
satisfies the assertion of the theorem. This completes the proof.

Remark 2. We can repeat this proof and show that there exists a periodic point
y € Inm(x) such that Inz (x)\In7(y) = P. Now it is easy to show by using previous theorem
that P is an open set. Taking sufficiently small ¢>0 in the last proof we can show stability
“of n(x). Then we can get another way the results obtained by Knight in [6].

THEOREM 2. Every trajectory meets any transversal arc at one point at most.

Proof. Let N = n(x) be a trajectory of a point x € R* and C a transversal arc such
that x € C. It is clear (by Proposition 2 (i)) that one can assume that x is a regular point.
Suppose the contrary: (M\{x}) n C # @. Then Lemma 2 implies that there exists

z€ C n N such that subarc x z of C contains no point of the trajectory N. Let x z denote

the segment of the trajectory N from x to z. Hence the subarc x z and the segment x z
form a single curve K. It follows from Proposition 2 (ii) that the set In K is either positively
or negatively invariant. The set InK is bounded, so by Lemma 1 its every point is either

periodic or critical. Thus InK and consequently, InK are invariant. Since x € InK so

—_—

N = n(x)=InK. It is not possible because N is a regular trajectory and InK is bounded.
As a simple consequence of the previous theorem we obtain the following

COROLLARY 1. Let x € R? be a regular point and let C be a transversal arc such that x is
a ' non-end-point of C. Assume that y is one of two end-points of C. By D denote
this of two components of R*\n(x) (see Remark 1) which contains the point y. Then

e .

(a) the subarc y x without the point x is contained in D
and
(b) the set ) n(t,y x\|y}) is an open, connected and invariant neighbourhood of th
teR . .
irajectory m(x) in D. '
Proof. The assertion (a) follows immediately from Theorem 2. Now we shall show

that 4 = n(z‘,;;c\{ y}) is open in D. Let z denote another end-point of C. Then. by
teR : '

Proposition 1 (ii) for some ¢>0 there exists the open set V such that

C\{y,z}cV= | u(t,0C)

—g=<i<eg
and V is disjoint with n(») U 7(z). Thus 4isopenas A = D n ( |J =(V)) and 7, is a homeo-
. ' teR
morphism. Since W, = n(t,y x\{y}) U n(x) is a connected set containing u(x) for

each te R, so the set A = |J W, is connected. It is obvious that A is invariant._
teR

We recall that T denotes the set of all regular points.

PROPOSITION 7. If C is a transversal arc then the set C n T form a subarc of C.
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Proof. In order to prove the proposition it is sufficient to show that C n T is a closed
set and x,x, =T whenever x;, x,€ CnT. The set C N T is closed as P is an open set
(see Remark 2). Now let x,, x, e C n 7. We want to show that x,x,=7. Suppose that

there is y € x,x,\7. Obviously y is not a critical point. Hence y € P. By Theorem 1 there

exists a periodic point .z such that Inn(y)cInn(z). The set Inn(z) is bounded and in-

—

variant what implies x,, x, ¢ Inn(z). Since yeInn(z), we have x,y nn(z) # & and

r—

Yy x; N w(z) # G. Then the periodic trajectory m(z) meets the transversal arc C more
than once. By Proposition 2 (i) it is impossible. The proof of the proposition is completed.

Now we can state our main theorems.

THEOREM 3. Let x € R? be a regular point and let D be one of the components of the
set R*\n(x). Then there exists an open invariant connected neighbourhood of the trajectory
7(x) in D such that U\n(x)<P or UcT.

Proof. Applying Proposition 1 (i) we get that there is a transversal arc C which
contains x as a non-end-point. Let y be an end-point of C contained in D and z another

end-point of C. If the set ;;J\{x} contains any regular point w then using Corollary 1
for the transversal arcx w and Proposition 7 we obtain U satisfying the assertion of the

theorem with U7 1If the set ;c-;/\{x} contains no regular points then in the same way
we obtain U satisfying the assertion of the theorem with U< P. This completes the proof
of the theorem. |

In order to state and prove our next theorem, we will first recall some definitions and
propositions. By S, is denoted the union of unbounded components of S.

DEerINITION. We denote N, = {J {Inn(y): x e Inn(y)}

Remark 3. Theorem 1 implies that for every periodic point x the set N, is not empty.

DEFINITION. A nonempty set A4 is called an N-set if there exists a point x € R* such
that 4 = N,.

Remark 4. It is obvious that for every N-set 4 and for every regular point y there
is t(y)n A= 0.

ProrosiTiON 8. The family of N-sets is a finite or countable collection of open, con-
nected, invariant and pairwise disjoint sets.

This proposition is obvious; only the last part needs a proof which is immediate by
the following lemma.

LeEMMA 3. If x, y are contained in any N-set, then there exists a periodic point z such
that {x, y}<Inn(z).






