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Abstract. The weak stability of sets in generalized local pseudo-dynamical systems is considered. Some
theorems on connections between this stability and the existence of Lyapunov function are given.

Introduction. The objective of this paper is to give a dependence between so-called
weak stability of a set and the existence of Lyapunov function. The idea introduced in
[11] is used. It is some generalization of A. Pelczar’s conception ([7], [8], [9]). In Section 1
we recall the definition of the generalized local pseudo-dynamical system and some basic
definitions. In Section 2 we give the definition of the weak stability of a set. The conception
to consider the weak stability of the sets was suggested by A. Pelczar. In the next section
we introduce the definition of a weak Lyapunov function and we show that its existence
implies the weak stability. In Section 4 we prove that this theorem can be inverted for
some generalized local pseudo-dynamical systems on the plane. We give an application
in the next section. The author is deeply indebted to Professor A. Pelczar for his remarks
when writting this paper. |

1. We will use here the notation and definitions from [11]. The set of real numbers
(real non-negative) wili be denoted by R(R*). We recall the definition of a generalized
local pseudo-dynamical system. | |

Let X be a non-empty set, (U, +) be an abelian semi-group with the neutral element 0.
Let us suppose that. 4 is a subset of Ux X such that {0} x X< 4. We put

I.={teU: (t,x)e A}

for every x € X. Let 2(X) denote the family of non-empty subset of X and let A be a map-
ping from A into 2(X). By a generalized local pseudo-dynamical system we mean a quad-
ruplet (X, U, 4, A) such that

(i) (0, x) = {x} for every x € X,
(i) s+tel, for every sel,, ye (s, x), tel,
(i) A(t, y)<A(t+s, x) for every sel,, yeli(s, x), tel,,



240

We define A,(x) = A(t, x), A(x) = U {A{x): se L}, A(B) = {A(y): ye B} for xe X,
te I, BcX. The set A(x) is called the trajectory of the point x. A set Mc X is said to
 be wedak invariant if and only if A(x) n M # @ for every xe€ M and t e I, (we recall that
M is an invariant set iff A(x)< M for every x € M and 1 € I,). It is obvious that every in-
variant set is weak invariant. '

2. Suppose that (X, U, 4, A) is the generalized local pseudo-dynamical system. Let
f: X » P(P(X)) be a mapping and let Q be a non-empty subfamily of Z(X). Let us
assume that M is a non-empty subset of X. In the following B will denote the family
U {Bx): xe X}. We consider the tollowing table (see [11]).

. . existential- | universal
variable domain quantifier guantifier
w Q (0]
¢ M z VA
5 B d D
7 X h H

The table contains the variables, their domains and the quantifiers. Every variable
- will be denoted by a Greek letter and the corresponding universal (or existential) quantifier
by the corresponding roman upper-case or lower-case letter, respectively. Let o represent
any of the variables listed in the table. Then > denotes A (conjunction) if it occurs within

the scope of the corresponding existential quantifier and denotes = (implication) if it
occurs within the scope of the corresponding universal quantifier. Let the symbol X re-
present the proposition

de () g'[neb‘ 2 Aw, )},

where A(w,n) is the following propositional function
Vsel,, ~An) no# O

of the two variables @, n. Note that X is a propositional function of the four variables
o, £, o, n.

Any sequence of the letters from the third and fourth columns of the table will be
called a word. We say that the word is feasible if it contains only one letter from each
row. The class of feasible words will be denoted by #". Let S € # . Let replace the letters
of S by the quantifiers. If we put this sequence of quantifiers before the propositional
function X we obtain a proposition without free variables. This proposition will be de-
noted by SX.

Dermtion 1. The set M is said to be (S, Q, B)-weak stable if and only if the pro-
position SX is true.



