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1. Definitions and assumptions. Let G=R" be an open and bounded set and let D
= [0,7)xG for some T>0. Denote X, = {0} xG, I' =(0,T)x0G. Assume that I
=3 |J Z* (one of these sets may be empty), where Z denotes the set of all points (t,x)erl
which can be attained from D by some segment I(t, x), orthogonal to the t-axis, Fix
also an open neighborhood Dc=R"*' of the set D and define the set Dy = D n
N [(—oo, T)xR".

We introduce, following {1]

DeriNITION 1. The class Z(D) of admissible functions is the set of functions w: Dy — R
such that:
(i) w is continuous in [0; T)x G;
(i) the partial derivative w, exists i intD:
(iii) for every t€(0,T), the function G 3 x — w(t, x) € R is of the class C? in G.

Let two mappings be given
f: DxRxR"xR" xZ(D)—> R,
p: IxRxRxZ(D)—=R.

DEFINITION 2. An interior operator P and boundary operator R are defined by the
formulas

PW(I, x‘,) = lV;(I. X)'—f(f, X, W'(t, x).a H,_x(f* X)", "Vxx(t’ x)) W),
' weZ(D), ({,x)elntD,

ow '
Rw(r. x) = wit, x)—o(t, x, w(t, x.),-—é—l (t,x),w), weZ(D), (t,x)el,

w o wl(t, x+Tversl(t, x))—wl(t, x
where —— (¢, x) = lm inf ( i (t, 9)=wl ).
0 l =04 T ’
Remark. The operator P is defined analogously to the one considered in [1] while
in the formula for the boundary operator R the functional argument is added. The
boundary conditions of this kind occur in some technical problems.
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Finally, we formulate some monotonicity properties for the functions f and ¢.

“

Assumptions (M).

f(a) Vw, weZ(D) and t*e[0,T) the following implications hold true:
(0) VxeG, aeR, be R, cc R™: |
if WQ_W in -tllie' set [0, t*)x G then f(t*, x,a, b, ¢, w)Lf(t*, x,a,b,c, Ww).
(I) Vx € 8G, suéh that (¢*, x) € Z, Va,beR: |
if w<w in the set ([0, t*)x R") n X then (p(t*,x,a,b,'w)écp(t*,x,a,b: W)
(b) ) V(t.,x)e D, aeR, beR", we Z(D): | |

if ¢, e R™, ¢<i, ie. Z(cij—ﬁ,-j)/l,-leO then f(t,x,a,b,c, w)<f(t,x,a,b, &, w).
ij

() Y(t,x)e X, ae R, weZ(D):
if 5<b in R then o(t, x,a, b, w)<o(t, x,a, b, w).

2. Strong and weak inequalities. Two theorems preseﬁtgdin this section generﬁliie,
in the case of bounded cylindrical domain, the respective results by Szarski [3]. The
method of our proofs is inspired by [3].

THEOREM 1 (strong inequalitics). Let u,veZ (D).' Assume that | ~

1° f and ¢ satisfy Assumptions (M); S
2° Pu<Pv in intD; ' -
3° u<v in I, v I*;
4° Ru<Rv in .

Then u<v in D, |

Proof. Denote w = u—v and 4 ={t*e(0,T): w<0 in [0, £*¥) x G}. Observe that
A # . Indeed, the continuous function w is negative in the compact set X, (by 3°) and
so there exists *>0 such that t* e A4, ‘

Let 7 = supAd. The desired statement is obviously equivalent to the equality 7 = T,
Suppose that <7 and put Sy = {i}x G. By the definition of 7 and by the continuity
.of win [0, T)xG we obtain the inequality w<0 in the set Sy. |

Assume that there exists % € G such that w(3, X) = 0. Therefore the function (of the
class C? in G) Gax — w(t, x) € R attains its maximum in the point X. Hence we have

| | w(t,X)=0, Weelf, X) €0
(1) i.e.

ux(?! f) == x(iﬁ f)’ uxx(}: i)s-vxx(EQ i) *
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By 1°, 2° and (1), we. get successively
@ wl, R <f, %, u(l, %), udd, 5, und, 8, )—
"' —f(1, %, v(f, %), v,f, X), v(1, X), V)€
<f(3, %, v(i, %), v, %), v (F, %), u)—
—f(1, %, v(f, %), 0.1, %), v,(F, %), 1)<0.

On the other hand, the function (0, %3¢ — w(z, X) € R attains its maximum in the
point 7. Hence w, (%, X)=>0, what contradicts (2).

Thus we have the inequality w<O0 in the set {i} xG.

Assume in turn that there exists X € dG such that w(i, X) = 0. By 3° it must be
(7, ¥) e ~ and by the definition of lower derivative in the direction I(1, X) we obtain the
inequality |

(3) Mg p<o0.

By 1°, 4° and (3), we get successively

w(? x)<go(? %, u(t, x) (? x) u) (p(? X;o(i, i) ov (t x) v)<

<e(i, %, u(i, %), ~(t %), uy— @ (? X, u(t x) (i %), v)<0

This contradlctlon proves the inequality w<0 i S7. .

By the argument of compactness of S; and the continuity of w we can find ¢, >1 such
that w<0 in the set [0,¢ )>< G. This contradicts the deﬁmtlon of ? and completes the
proof. ,

TueoreM 2 (weak inequalities). Let u, v e Z(D). Assume that
1° f and ¢ satisfy Assumptions (M);.
2° V(t,x)e D, a, aeR a<a, be R", ce R", w, weZ(D) we have

fit,x,a,b,c,w)—f(t,x,d,b,c, W) <o (t, max(a—a, {|jw—wlip)),
where D,=[0,)xG and o: {t=0}x{y=20} > R, U {0} is continuous such that.

y(t) = 0 is the unique .solution of the differential equation -jt—{= o(t, y), satisfying the

f“

initial condztzon y(0) = 0.
3° V(,x)eZ, AK = K(t, x), 0<K<1 such that Va, aeR a<a bER w, weZ(D)
we have (1, x,a, b, w—o(t, x,d, b, W)<Kmax(a—a, [|w—wl|lp,,2);
4° Pu<Pv in intD; | —
5° uv in Xy v 2%,
6° Ru<Rv in 2.
Then u<v in D.
17¢
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Proof. Fix 0<T*<T. It is well known (cf [2], [3]) that there exists &,>0 such that
for every e<e, we can find a differentiable function y,:[0, T*) — R with the following
properties: '

e (t, y)+
—— = 0\, ), £,
dt d

(@) | limy,(r) =0, te[0,T*),

=0

ye(ty=ze, 1tel0,T%.

Put (2, x) = v(t, x)+p,(t) for (¢,x)e Dy~ ([0, T*)xR" and £<g,. Obviously
e Z(Dys) and . |

~

U, =0, D=0, InintDg,,

(5) oD ov _ _ |
7, x)= a(t,x) in (£, x)eDp. 0 X.

By the assumptions for the function f, the operator P and (4), (5) we get

Pi(r, x) = 5t, x)—f(2, x, 8(1, x), Bt, X), Dyu(t, X), D)
d
= vft, x)+ %(I)—f(t, x,0(1, X)+yt), v(1, xX), v.,(t, x), v+Y,)

= v{t, ) +a(t, () +e=1(t, x, (1, X)+1,(1), v,{t, X), V{1, X), V+1,)
= v(t, X)—f(t, x, v(2, X), v(2, x). v {1, x), v)+&>Po(t, x)=Pu(t, x)

or every (¢, x)eint Dy,
In turn, by the assumptions for ¢, R and (4), (5) we obtain

-

ov _
Ri(t, x) = ﬁ(t,x)—(t, x, i(t, x), a—l(r, x), B)

i,
= v(t, x)+y,-(t)——go(t, x, v(t, X)+y(t), a—;(t, x), v+ y,)

A ov
= o(t, x)+y(t)—o(t, x, 00, x), 5 (1, x), v)— Ky, (t)

= Roit, )+ (1 - K)e>Ro(t, x)= Ru(t, x)

for every (¢, x)e X n Dy..
Therefore, all the assumptions of Theorem 1 are satisfied in the set D, .. Hence

u<v+y, in Dy,

and by passing with ¢ to zero and using (4) we obtain the inequality #<v in Dy.. Since
0<T*<T was fixed arbitrary, it follows that u<v in D.

As an immediate consequence of Theorem 2 we obtain the following uniqueness
criterion
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THEOREM 3. Let u, v € Z (D). Under the assumptions 1,° 2°, 3° of Theorem 2 suppose that
(4) Pu = Pv in intD;

(5) u=vin Xy U 2%

(6) Ru = Rv in 2.

Then u=v inD. '
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