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On Fornaess’ Imbedding Theorem
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Abstract. In [4] Fornaess proved that for every strictly pseudoconvex domain D in C™ there exists
an embedding of D in some strictly convex domain C in higher-dimensional space C™. He proved also
the existence of the continuous and linear extension operator L: H*®(D)-» H*®(C)such that L(A(D)) CA(C).
In this paper we prove the same property with respect to the spaces H w:k( D), A4 D) and A(D), under
some regularity assumptions on 9D. As an application we give an alternative proof of the decomposition
property for the spaces H® k (D), A(D)and A« D) [2], together with some additional properties of decom-
position operators,

1. Notations and definitions. For every point ze C" and every r>0, B(z,r) denotes
the euclidean ball with radius r centered at z. -

If «, BeZ”. are multiindices, & = (og, ..., %), B = (Brs o B,), and j is an integer,
1<j<n, we set a+f = (g +P1, s Gt Po) € = ©,...,1,...,0) (1 on the j-th place),
la| = oty + ... +0,, and a—f = (a;—f, ..., 0y— B,) if a;=p; for each j = 1, ..., 51

We use the standard abbreviations: For any «, BeZ, 1<j<n, let D! = 77
. o '
D= —, D* = -————, etc. Moreover, we sct the subscript in order to indicate with

0Z; oz ... 0z - :
respect to which group of variables the differentiation holds, e.g. D!, Eg.

" If X is a set and f is a complex-valued function defined on X, let
1111 = supl /1
Let D be an open set in C". For fe (ék(D), k=1,2,..,set
Ifllpx= Y suplD"Df].

lz|+|B|<k D

If f(&, z) is of class &* with respect to (£,z)e Dx D'and of class € in z € D, we define
17 1lp, ke, = 2 SUP \DY DY DY DY f1,
Dx

where the summation is extended over all multiindices a’, a”, ', f” such that |o/| +]o""|+
+|F1+1871<! and |o|+]o"| <k
 If ¢ is a positive real number, which is not an integer, and k is a non-negative integer
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with k<t<k+1, we denote by A,(D) the space of all functions fe €*(D) such that for
any «, Be Z" with la| +{B| = k, there exists a constant ¢,;>0 such that

|D*DPf(z)— D*DPf(z')| S coplz— 2| F.
A(D) is a Banach space with the norm
Ufllp,e = S lpu+ Y, sup |D*DPf(z)— D*DPf(z)jlz—2"| %,

la|+|Bl=k z,z°eD

Let 7 be as above, and let / be a non-negative integer. We define A, ;(D) to be the space
of all functions f(£, z) defined in D x D, such that

Wfloee =Y 1IDeD;flloxn+ Y,  sup||DiDEDEDES(-, 2)llp <0
et e <k ][ﬂlfi-llﬁ'[|sif zeD
ol + o =

(see [2], p. 546).- 4, (D) is a Banach space with the norm || ||p.. ;.

By 0(D) we shall denote the space of all functions holomorphic in D.

Forevery k =0,1,2, ..., set AYD) = 0(D) A %*(D), and let H™"*(D) be the algebra
of all functions holomorphlc in D such that their derivatives of order <k—1 extend
continuously to D, and the derivatives of order k are bounded in D. If D is a bounded
‘domain in C", then 4%(D) and H™¥( D) are Banach algebras under the norm || |[p ;. We
write 4(D) = A°(D) and H®(D) = H®°(D). :

Similarly, for >0, let A(D) = (Q(D) N ALD). A,(D) i1 a Banach space with the
norm || {lp,,- :

Let U and V be two sets in C” and C™ respectively. By a differential form of order
(( D, q)c, (0, 0)2) m Ux V with coefficients in some space F of functions defined in Ux V
(which will be specified in every case) we mean the form

w(&,2) = Z'orlE, 2)dE' ndE’

where (¢, z)e UxV, the coefficients w;,(¢,z)e F and X’ denotes that the summation
extends over all sequences [ = (i, ..., 7,), J = (jy, ... ,jq) with 1</, < ... <i,<n and
ISjii< . <jg<n, and a8 = d§y, A ... AdE,, dE = dE, A .. AdE,,

We assume that the differential operators, as apphed to dlfferentlal forms, act on
their coefficients.

‘A bounded domain D<=C" is called a domain with * boundary if there exists a neigh-
borhood U of 0D and a real-valued function ¢ € #(U) such that ‘

(i) D = (D\U) v {ze U: o(z)<0},

(11) grad ¢(z) # 0 for ze JD.
The function which satisfies the above conditions is called a deﬁmng function for D.
Moreover, for ¢ sufficiently close to 0, we put

= (D\U) u {ze U: ¢(z)<s} .

Let D be a domain in C” with %* boundary, k>2. D is called strictly pseudoconvex
(with €* boundary) if there exists a defining function for D of class €*, which is strictly
plurisubharmonic in a neighborhood of 4D. If the defining function ¢ for D can be chosen
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in such a way, that ¢ € ¥(C") satisfies the condition lim 0(z) = + oo and has a real hessian
positive definite at every point of C", and is such that D = {ze C": 0(2)<0}, then D is’
called a strictly convex domain with ¢* boundary ([4], p, 529).

"If M is a real €' submanifold of C" and x € M, we denote by T,(M) a tangent space
to M at x. TS(M) will denote the maximal complex subspace of T.(M).

We use the following ab'breviét_ions: If ¢, zeC"and neZ, , we write

(E—z) = (E—z)" . Gz (E—E)" = (E,—Z)" .. (&, — 2™,
and for every j, 1<j<n,

‘ \di[j] =dé,n N NdEj A A_df”,
and similarly | | .
dEljl = dE n. ndE;_ ANdEj A AdEy;
moreover, we write |

dé = dé A ndE, and  dE = dE A...AdE,.

If F and G are non-negative functions defined in K, then F(x)< G(x) means that there
exists a constant ¢>0 such that F(x)<c-G(x) for every xe K. |

If ¥ and U are open subsets of C", we write ¥ = < U to denote that V' is a relatively
compact subset of U. - :

2. Introduction. Fornaess proved in [4] the folloWing theorem on the embedding of
strictly pseudoconvex domain in C" in strictly convex domains:

THEOREM A [4, Thm 9]. Let D < C*" be a strictly pseudoconvex domain with &* boundary,
k =2,3,..., 0. Then there exist: a Stein neighborhood D of D, an integer m with n<m,
a holomorphic mapping y: D — y(D)=C™ which maps D biholomorphically onto d closed
submanifold of C™, and a strictly convex domain C< C™ with %* boundary such that y (D)< C,
W (D\D)=C™C and (D) intersects 0C transversally at each point p € oC n Y (D) (ie.
for each pe 0C A (D), T0C)+T, (Y (D)) = C™). ‘

Fornaess proved also that in the above situation there exists a linear and continuous
extension operator L: H®(y(D)) - H®(C) such that L{4(y( D))= A(C) ([4, Thm 4],
p. 563).

‘In this paper we show that under certain assumptions on the smoothness of 8D, the
operator L has additional regularity properties:

TaeoREM 1. Let D= C" be a strictly pseudoconvex domain with %” boundary. Let D,
m, Y and C be as in the assertion of Theorem A. _ _

(a) If p=k+5, then L(H*My(D))=H* C) and L: H® (D)) = H*MC) is
linear and continuous extension operator. Moréover, L(A"(l,b(D))} c AXC).
18+
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(b) If p=k+6, and t € R with k<t<k+1, then L(4,(y(D)))= A(C), and L: A} (D))
— A[(C) is a linear and continuous extension operator.
(We set here H* (D)) = {foy~*: fe H>Y D)}, and A¥y (D)) and ALy (D)) are
defined similarly).

As an application we give the alternative proof of the following result on the de-
composition properties of some spaces of holomorphic functions in strictly pseudoconvex
domains: |

THEOREM 2 [2, Thm 4] (see also [10]). Let D<C” be a strictly pseudoconvex domdin
with €° boundary |

(@) If p=k+5, then for each fe AND) there exist functions’ fi(z,s), i=1,..,n,
holomorphic in D x D and of class €* in the set Q = (D x D)\{(x, x): x € dD}, such that

(2.1) @) =)+ 3 (@=s) fiz, )

for every (z,s5)e Q. Moreoirer, for every fixed se D the mapping

R(s): AXD) ef ~ (fi(+,5), o fil 5 D)) € (AD))"

is linear and continuous. ‘

(b) Let p be as above. Then for every fe H*¥(D) there exist functions f{z,s),
i=1,..,n, holomorphic in Dx D, such that for every fixed se€ D (resp. z€ D), fi(+,s)
e H>X(D) (fiz, ) e H>X(D)), and which satisfy (2.1) for every (z,s)e Dx D. Moreover,
given se D, the mapping -

Qus): H¥(D) s f - (f1(-, 5), s fil 5, ) € (H>K(D))"

is linear and continuous.

(c) If p2k+6 and k<t<k+1, then for every f€ A(D) one can find f{z, s) € O(D x D)
which satisfy (2.1) in D x D, such that for each fixed s, ze D, f(-,s) and fz, ") are in
AA(D), and the corresponding mapping

S(s): ALD) > f = (fi(+,9), ., ful -5 5)) € (AL D))"

is linear and continuous.

The above theorem was proved by Ahern and Schneider in [2], under the assumption
that 0D is of class ¥**3. Therefore, our result is weaker than that of [2], and the proof is
more complicated. However, we obtain more informations about the functions f(z, s).
It is conjectured in [2] that the functions fi(z, s), obtained by methods of [2], are in
A*"Y(Dx D) (resp. in H** (D x D) or in A,_,(Dx D)) if fe AX(D), H*'*(D) or A(D)
respectively. The proof of Theorem 2 presented in this paper yields the functions fi(z, 5)
which satisfy the conjectured properties. Moreover, we obtain some estimates on the
norm of the linear operators R, (s), Q.(s) and S(s):
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PrOPOSITION 3. If D is a strictly pseudoconvex domain in C" such that 0D satisfies
the regularity properties of Theorem 2, then there exist constants My, M, and M, which
depend only on D, such that for each se€ D,

Rine M o 2 d S
_ k(é)\ dD(.S‘)z, AL = dD( )2, an S

(Here dy(s) denotes the Euclidean distance from s to 0D).

dp(s )2

3. Proof of Theorem 1. Let D = C" be a strictly pseudoconvex domain with %" boundary.
Choose D, m, ¥ and C according to Theorem A. For convenience, we recall the con-
struction of the linear and continuous extension operator L: H*(y (D)) » H*(C), given
in [4], p. 562. -

Let o € €Y(C™) be a strictly convex function which is defining for a domain C. In [4],
pp. 563-564 the following properties of D, ¢ and C are proved:

(A) For each {,edD there exist a neighborhood Q of {, in D and functions
a; Q- C", aie(é’N_i(Q), i =1,..,m such that for each (e Q:

(i) the vectors a,(0), ..., ¢,({) span C™,
@) {a, (0, ..., du_1(0} is an orthonormal basis for the space

{105 s M) € C"’:_;(D*a)(n/f(o)m = 0},

(ili) {dp—ns1(0), ...» @n(0)} is an orthonormal basis for Ty (v (D)). | ~
(B) There exists a nelghborhood V oof &, = () such that for each z € V there exists
exactly one point &, = ¥ ({,) € (D) such that

(3.1 ze & 4spanf{a (L), oy an-nll2)} -
The mappings
(3.2) z=>{, z-¢
are ¥""! in V. Moreover, if ze V n (C\y (D)), then &, € y(D).
Let f(¢,2) = _i(pfa)(é)(ai—zi). It is proved in [4] that the function

(. y) = 2 (W0, ¥ (1) e €D x D)

satisfies the following properties:

Lemma B [5], [4]. (i) @, ) = O for every {e D.
(i) For each compact subset K< D there exists @ constant y = y(K)>0 such that

Re®((, y)=e()—e(») +7|{-yI% ¢, ) e KxK,
where ¢ = g o .
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(ii1) There exists a neighborhood U of 0D such that the vectors
~ grado({) and grad,Im®({, y)|,,

are linearly independent (over R) at every point { e U.
(iv) There exist functions Fijecv(ﬁx D)y i=1,.,m [=1,..,n0 such that

f

O =T GypP 0. (C.»eDxD,

with
Pi(t,3) = X (Do) (0) Fiyu(C, »).
(v) For each { e 0D there exists j, 1<j<n, such that

This lemma says in particular that @({, y) is an integral kernel for a domain D, introduced
by Henkin in [5].
It follows from [15, Lemma I.1] that for every he H®(D),

(3.3) | hy) = a‘g)h(é’)C(C, y), yeD,

where h({) e L”(0D) denotes the boundary values of /i on aD,' which exist for almost
all {edD by [14], and

(3.4) Oy =

(n.-.. l)! Zn (— l)j‘ IPJ'(C * .}) A /\ gﬁPk(Ca JJ') A dc

B k#j
(2ni)" @, »)"

i=1

Let F i Cj be holomorphic functions in C™"x C™ and in C™ respectively, such that

Fi{u (D, v(») = Fy¢,») for ((,y)e DxD and {(y() =¢ for (e D, i=1,..,m,
J=1,..,n For (£, z)e C"x C™, put

gy¢, 2) =_Z}(D’a)(€)F.-,-(é, 2, Jj=1,.,n.

| Define the kernel K(&, z) by

2, (=17'g,&, ) A A 0dil&, 2) A L1 (&) A ... AdL,(E)
K ’ = = ' ’
©a=" (I, 2y
for (£, 2)¢f71(0). Let he H*(y(D)). It follows from (3.3) and . from the properties of
K(&, z) that the function

v(eD)

Lh(z) = ¢, | h(®K(&,2), zeC,
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—1)
(n—1? and
2ri)"

is holomorphic in C and Lh(z) = h(z) for\z e Yy (D)(we put ¢, =
- hOeLWED)
denotes the boundary values of Joy on D, mapped onto Y(0D) by ¥).

TreoreM C ([4, Thm 4], p. 563). L is « linear and continuous extension operator L:
H=( (D)) » H®(C). Morcover, L{A(Y(D)))=A(C).

Therefore, Theorem | states the additional regularity properties of L, provided that
4D is smooth enough. | | .

The proof of Theorem 1 is based on Fornaess’ construction used in the proof of
Theorem C, and on the techniques developed by Siu in [13]. In the sequel of this paragraph,
we assume that D is a strictly pseudoconvex domain in C”, and that D, m, ¢ and C are
chosen according to Theorem A. We need first some lemmas:

LEmMMA 4. Let éD be of class %"“", k=1,2,.., and let fe H* (D). Suppose that
gL, v)e €Y Dx D) and is of class @**2 with respect to y. Define the function f, by

o) =a'§) J(Og (. )‘)-C(C, V), veD,

where C(C, y) is given in (3.4).
Then f, extends to the function of class ¢ k=1( B and has the derivatives of order k bounded
in D, and ' ‘

(3.5) Sl e <l S,k 19p, G+ 1y, i+ 1)

for some ¢>0 independent of f and g.

This lemma is in [2]. It is stated there for domains with € boundary and for
g{l, )€ €>(Dx D), but the regularity assumption given here is enough to prove the
result (see also [10}). ' '

LEMMA 5. Suppose that 0D is of class %N, and let 1, p be non-negative integers such that
1€2(p~m)+1 and 2(p—n)+4—I<N. Fix {, €Y (éD) and let AL, z) be a differential
form of order ((n,n—1),.(0,0),) with coefficients in @2~ 2p x W), where Dy is’
a neighborhood of D and W is a neighborhood of &,. Let g({,2)e ¥ (D, x W) and holo-
morphic in ¢ satisfy the condition |g((, z)lﬁ.,cln/;({)—zl' for ({,z2)e Dy x W.

Then there exists a neighborhood U of &, in C™ such that the function

(9, 94¢, 2
e = J 60, 27

, zeVnC,
oD

extends continuously to V n C.

The proof is a convenient modification of the proof of [13, Prop. 3.3}
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LEMMA 6. Suppose that 0D is of class €. Fix {, € 0D and let V be a neighborhood of
$o = Y ({o) which satisfies the condition (B). Let M(&, z) be a product of r factors of type
=L, or |E—z], E€y(OD), ze (V n CNY(@D). (&, is defined in (3.1)).

Then there exists a neighborhood W of &, such that for every ze (W n C)\Y(éD),

(), 2)
- d \C
o7l Lf b0, e OIS

and |
W () —=EIM (D), 2)
/W@,

|5z_zlr

aon

do({)<c

Jor some constant ¢>0 independent of £, and z. (Here do({) denotes the volume form on 0D).

This lemma is implicitly contained in [4], pp. 565~566.

Now we show that the estimates similar to (3.5) are valid for points on ¥ (D):

LemvaA 7. Suppose that 0D is of class €*"*, k = 0,1, ... Then there exists a constant
¢>0 such that for each a € Z% | |o| <k, and for each he Hm’k(gb(D)),

|]D“Lh]|,,,(m < cllho l/’”b,k-

Proof. Since
' 2]

=3 [

p=0 !!1(5’1))

where each A,(Z, z) is a differential form of order ((n, n—1),, (0, 0),) with coefficients
of class €**2(C™x C™) and holomorphic with respect to z, it is sufficient to prove that
for every k = 0,1, ..., for every ge H°°’k(D) and for every differential form M((, y)
of order ((n,n—1),,(0,0),) with coefficients of class ¥**?(Dx D) and 4 in y, the
function

M, y)

, D
¢(C )n-f-k Y&

F(y) = f O ——

1s bounded in D and

IFllp<cllglip,x

for some ¢ independent of g. We shall show that for any ¢, € 8D there exists a neighbor-
hood V of {, and a constant ¢>0 such that

(3:6) |[F(»)I<cllgllp,x






