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0. Abstract. The aim of this paper is to give a characterization of the growth of analytic functions
in sets of the form {z € CN: @x(2)< R} (where P is the Siciak extremal function of a compact K) by means
of the polynomial approximation on K. The growth of a function ¢ is examined by comparing M(r) = max

R
{lg(2)l. Dk(z) = r} and exp ( R

e
) , as r rises to R.

—

1. Introduction. Let X be a compact set in C" and let?] || denote the supremum norm
on K. For n € N denote by P, the space of all polynomials from CY to C, of degree at
most #. In the sequel we always assume that the set K is L-regular, i.e. the Siciak extremal
function of K (see [6], [8]) |

1.
Oy(z) = sup{lp@I":p € P,, lIpll<1, 021}, zeC",

is continuous in C". :

Given a function f defined and bounded on K, denote by 1, the n-th Cebylev

polynomial of the best approximation to f on K. It is known [6, 8] that if K is L-regular
1

and limsup||f—t,l* = = with 1<R< + 00, then there exists a function g analytic in
=+

Kg = {z € C": ®(2)<R} such that g|g = f. In the case R = +oco. T. Winiarski [12]
has given necessary and sufficient conditions that the (entire) function g be of given
growth. The aim of this paper is to consider the case R< + 0.

For R>1 let O(R) = Ok(R) denote the set of all functions analytic in Kz and not
‘continuable to any Kg. with R’ > R. Given a function g € 0(R), we put

M(r, g) = sup{lg(2)|: Px(z) =r}, r<R.

1.1. DeriNniTION. The quantity

- log*log"M(r, g)
¢ = limsup _

riR r
~log|1— —
(-3

is called the order of the function g.
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1.2. DErINITION. If g, the order of the function g, is positive and finite, then the
quantity ‘

e
o = limsup (1 — —}%) log* M(r, g)

riR
is called the type of g.

Here we use the familiar notation log™x = logx, x>1, log*x = 0, x<1. Defini-
tion 1.1 is a generalization of the Beuermann definition of the order of an analytic function
in the unit disc [1] (compare [10]).

In Section 4 the following theorem will be proved.

1.3. THEOREM. If a function f is defined and bounded on a compact, L-regular, balanced
set K, then

(i) f is the restriction to K of a function g € O(R) of order ¢ (0<g< + o) if and only if

log™*log™ (Il f—1,l| R™ 1
s =1;
logne+1

limsup
n-r oo

(i) f is the restriction to K of a function g € O(R) of order ¢ and type 6(0<g< + o0,
0<o<+0) if and only if

log™ (|l /= ,/|R"

_ e 1 e
(Q"‘l‘l)Q etlge+1l pot1l

limsup

n—* o0

=1.

1.4. If the set K is the Cartesian product of plane sets, we can obtain a more precise
characterization of the growth of analytic functions.
Let L'Yx ... x K™, where KV, ..., K™ are L-regular compact subsets of C. We put

Kp,, . .ry = {zeC": 0" (z)<R;,j=1,..,N}, R>1, j=1,..,N.

For R;>1 (j=1,..,N) let O(R,, ..., Ry) denote the set of all functions analytic n
KR,,...ry @and not continuable analytically to any Kp! . with Rj>R; (j=1,..,N).
Given a function f defined and bounded on K, let #,, ,  denote the CebySev polynomial
of the best approximation to f on K by polynomials of the degree at most n; with respect
to the j-th variable (j = 1, ..., N). We have the following theorem (see Theorem 7.3).

1.5. THEOREM. The function f, defined and bounded on K, has an analytic continuation
geO(Ry, ..., Ry) if and only if

1
msup (|1~ ty,,., gl RE .. REYF—Fr = 1.
)

("1’1‘.-9 "N)—'(CX.),.... o0

In the case K = [—1, 1]" this theorem is a simple consequence of Theorem 2 of [S].
Let ge O(R,, ..., Ry). We put

M(rls s TN g) = Sup{lg(Z)I: QKU)(Zj) = rjaj = 19 ---aN}’ 1<rJ<RJJ j = 13°--1N'
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1.6. DEFINITION. A system of N positive numbers (gy,... , 0y) is called the order
system of the function g, if -

, log*log* M(ry, ..., Iy, 9)
limsup ‘

("N e PN 1 (R15 s RA) ry\ 8 PG -
10 1 - + e + 1 _—
s I:( R1) ( RN) ]

1.7. DEFINITION. A system of N positive number (o4, ..., oy) is called the type system
of the function g corresponding to the order system (g, ..., ¢n), if

_ log* M(ry, ..., 'ys )
limsup

(F1y.0es (Ri.....RN) ¥ Fn
2 I PRI ETRRIPVN | P

In Section 7 following theorem will be proved.

1.8. THEOREM. Let K = KW x ... x K™, where K1, ey KN are compact subsets
of C. Assume that there exists @ real number d>0 such that every connected component
of each of the sets KV K™ has the ordinary diameter >d. If the function f is defined
and bounded on K, then - | |

(i) f has an analytic continuation g € O(R,, ..., Ry) with rhf order system (Qy, ..., ON)
if and only if ' |
log*log* (|| f—ty,....

Lo L2
log(ny@ ¥ 14 .. +nyen+1)

[ RT oo RN

limsup = 1;

(n's---! nN)—’(_w!---! w)

(ii) f has analytic continuation g € O(Ry, ..., Ry) with the type system (Gy, ..., gy) cor-
responding to the order system (Qy, ..., 0y) if and only if
10g+ (”f— tnl,.,.,nl\r‘”{l’i1 ‘R"NN =1
= =

~ej 1 ey
+ +1 1
1 (Q ; + }) 0% 1 o’JQJ 1 nj0j+

limsup
(#y,..nn)(00,,..,00) Z

J:

1.9. In the case N = 1, under stronger assumptions on the set X, the inequality (2)
of Lemma 5.3 has been proved by Mergelian [3] and Smirnov and Lebiediev [9]. The
idea of the proof of Lemma 5.3 T owe to Professor J. Siciak, to whom T render here my
thanks.

2. Order and type of the sum of a series of polynomials.

2.1. In the sequel we shall use the following properties of the Siciak extremal function
of a compact set K< C", .

Pl. & (2)=1, ze ¥, Pg(z) =1, ze K. :

P2 If K= KV x ... xK™, where K¥<=C (j =1, .., N), then

ng(Z) = max{d?xm(zl), ceesy QpK(N)(ZN)}'.
P3. If peP,, then |p(2)|<I|pll Px(2).
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2.2. Let K be a fixed compact, L-regular set in CV and let (p,),.n be a sequence of
polynomials such that
@) p,eP,, neN,;

(i) ) p,€ O(R) with Re(l, +o0);
n=0

(iii) for every positive r<R the set {||p,l|*": ne N} is bounded.
We put
M*(r) = max{]|p,||r": ne N}, 1<r<R;

, log*log™ M*(r)
p* = limsup ;

rtR r ’
—log(1— —
os(1-7)

r e
o* = limsup (l - E) log* M*(r).

rtR

if g = o Y p,) is positive, we put
n=0

2.3. LeMMA. Under the assumptions of 2.2
(1) e<o*;
(11) if o€ (0, +o0), then o< o¥,

=
(¢ being the order and a the type of the function ) p,).
n=0

Proof. Observe that for every positive <1 and for every re (1, R)
L MR
0 M()< )
: r
- (&)
R

M) < ;Osup{lp,,(z)l cze K, }.

Indeed,

Property P3 of 2.1 gives

|Pu@I<|pall 7",  ze K, neN.
Then

o)
M(r)< Zollpnllf"-
n=

' F\1-8
Writing r = r"R‘""(—E) we obtain

o ’ {1—-3)n
M(r)< E M*(r°R*™) (‘ﬁ) :
n=0
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Hence

as asserted. |
From (1) we obtain, for every d<I,

' 1
log*log* M(r)<log* | log* M*(r’R* ~*)+log e
r
(T
(&)

If the function {r » M*(’R*~?%) is bounded, then ¢ = ¢* = 0. So we can assume that
M*@®R'% — +o0 as r 4 R. Then, for r sufficiently close to R

1
1 r)
R
og(1- (2
—-o o ——
log*log™ M (r) p loglog M*(r’R ™% . 5 R N
= é
—log(lwi) —-log(l—(:)), —log(l——r—)
- R R R .
p\1-9 -1
log log| 1—{—
weton[1- () |
.+. .
—lo 1—--’—:
| g( R)

.After passing to the upper limit we get (i). The proof of (i) proceeds on the same lines. -

log M*(r’R %) +log — <logM*(’R'%)log

whence

2.4. Remark. If the set K is balanced and (p,),en is @ sequence of homogeneous -
polynomials, then by the Cauchy inequalities M*(r)< M(r), whence ¢*<¢ and ¢*<o
provided ¢ € (0, + c0). |

2.5. LeMMA. Let (p,),en be @ sequence of polynomials such that p, eP, forneN. If

w .
Y p.€ O(R) and if there exist positive constants B, ny, and a<1 such that
n=0

p | SR "exp(Br®), n=n,,
zhen .

o
i) o —;
11—«

e

v o g
: ifo = —, th ______._____.BQ"'i
(i) ife | —o en a.é @ Fett
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Proof. By the assumptions

r n
[ pall r" < (E) exp(Bn®), nzn,, r<R.
Thus .

) ipallr"< SUP{(%) exp (fx"): xe(0,+oo)} =

x

| R I A
=expl:(1_a)a1"aﬁl"'a (logﬁ‘)a 1:', n;no, r<.R.

Observe that for every r< R there exists a positive integer v(r) such that

M*(r)y = [|pynllr™®
and

M*r)>pllr”,  n>v(r).

If v(r) 1s bounded for r <R, then M*(r) also is bounded, hence ¢* = 0 and consequently

¢ = 0. So we may assume that v(r) >n, for r sufficiently close to R, say r € (rq, R). Putting
n = v(r) in (2) we get

1 RNGE
M*(r)sexp[(l—mwﬁl—a(log—)‘ ] ro<r<R,
r

hence
| . log lo R
log™ log™ M*(r) - log[(1—o)al— f1-a] L@ 51087
og(1-7)  —togf1- " 1= og(1- -
g R g R 0g R
and |
QQ R - ¥ e
11— —) 1o M*r\%"“l — l— —
( R) g (r< +1)9+1ﬁ (ogr R
. |
provided o = 1 Letting »r - R and usmg Lemma 2.3 we obtain the inequalities (1)
—
and (ii).

3. Best approximation and interpolation.

3.1. Let K be a compact, L-regular set in C%. Given a function f defined and bounded
on K we put for ne N

EXD = EMf, Ky = |1 f—1t,],
EY = EXNS, K) = || f-1ll,
Ets-ai-)I E;Si)1(f K) ” n+1 ln” ’
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where 7, denotes the n-th Cebysev polynomial of the best approximation to fon K and /,

denotes the n-th Lagrange interpolation polynomial for f with nodes at extremal points
of K (see [6]).

3.2. Inequalities [e.g. 12, Lemma 3.3].

EN<ED<nu+2)EY,

EP<m +DEX, . n>1,

where n, = ("*M.

3.3. THEOREM [6]. The function f is the restriction to K of a function from O(R) if and

only if
1

limsup (E&)» =

1
—:; s=.1,2 or 3.
n—=o0 R

3.4. LEMMA. Let K be a compact, L-regular, balanced set in CN. Then for every g € O(R)

M(r,g)
r’ir—1)

EMV(glx, K)< , l<r<R, neN.

Proof. The required inequality follows immediately from a result of SlClak [6, p. 344,
inequality (7)] and from the Cauchy inequalities,

4. The characterization of the growth of analytic functions. Let K be a compact,
L-regular, balanced set in C" and let R be a fixed number greater than 1.

4.1. THEOREM. If a function g belonging to O(R) has a finite order ¢, then

_log*log"(E,"R") ¢
¥, = limsup = , §=1,2,3.
= oo logn o+1

Proof. By Inequalities 3.2 y, <y, = y,. so it is sufficient to show that Py < ——_%i <Ys-

1° 9, < % From Definition 1.1 and from Lemma 3.4 for every p>¢ there exists
Q

r,>1 such that

logt (EXVRM< | 1 ! “u—l;lo ’ l’l+lo 1 <r<R eN
( ' N — , r,<r<R, n :
5 R S\r gru«—l g

i

Putting r= Rl:l — (E)m] we get
n

1 1

n\ir AV
.10g+ (E,‘,“R")\{ (;) +1 _nlog[l_ (;)M+ l]wlog(}’u‘—l), n?n(ﬂ)'




.
. . ' .
.
.
i
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For every ¢>0 and for sufficiently large n,

R I 1
—log[l-—- (ﬁ)w 1] <(1+%) (E)u+1
\n n
‘and .
B
| —log(r,—1)<<eurtinstl,
Hence
- _r :
log* log* (ELVR™) < log{p #+1+(1+42e)ur+1] Lk
logn = logn p+1

Letting n — oo we get the inequality y; < % . By the arbitrariness of u>p we obtain
1 _

2° E—E—l <ys. If 95 = 1, then the inequality is evidently true. Assume that y;<I.

Then for every a € (y3, 1)

log* log " (E{PR™)
<o
logn

provided » is sufficiently large. Hence

EPR "< exp(n”) .

Using Lemma 2.5 for polynomials p, = [,—1,_, n=1, py = l;, we obtain that —~%—1- <a.
- Q

Owing to the arbitrariness of a>y;

4.2. THEOREM. If a function g belonging to O(R) has a positive finite order ¢ and a finite
type o, then |

logt (E¥R" 1 .
Ay = limsup s (Q )=[x(9)0]7+_1, s=1,2,3;
n-* oo 'n;_'_—l' .
(e+1)**!

where x(0) =

09

. ~ : . 1
Proof® By Inequalities 3.2 43 <4, = 4,, so it suffices to show that 1, <(x(@)**I<4s.
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1° By Definition 1.2 for every w>g¢ there exists r,>1 such that

M(r)gexp[a)(l-— %)— ], re(r,, R).

Henee by Lemma 3.4

a R\" r\7% 1
EMVR* < (=) explow|1- = , TFe€(ry,, R), nehN.
r R Fo,—1

Putting

we get
1

+ (1) -t _c 0O\ 71 . 1 -
log™ (E,”"R)<w(wg) *Fne*l—plog{1—[— +log——--—-—1, n>n(w).
nj) Fp— .

Observe that for every ¢>0 and for every suﬂiéiently large n

- R R
-Iog[l - (w—g)““] <(1+e) (?3)"“
e . n

: e
—log(r,—1)<e(wp)etinettl,

and

Hence
logt(E(PR®) L e L
g ( . )gwq+1 [Q"+1+(1+28)Qa+1]-
ne+1

Letting n - o0, ¢ > 0 and w — ¢ we get

A <[x(o)ole+t.

1 1 |
2° [x(o)ole*1<A;. Suppose that 13 <[y(0)a]e+T. Then there exists <o such that
1

A <[x(e)b]et1, so

log™ (ESPR™) —
5 <[x(@)0]e+!
ne+1

provided » is sufficiently large. Thus

1 ¢

- E<SR™"exp{[x(0)0]e* Tne+1} .

Therefore by Lemma 2.5 ¢<0 and we get a contradiction, because # has been choosen
1

less than . Hence A;<[x(g)o]e+? as asserted.



e
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The folloWing will show how the speed of convergence to 0 of the sequences
(ES(f, K))pen estimates the set on which the function f can be extended analytically and

determines the growth of this extension.

4.3. THEOREM. Given a function f, defined and bounded on K, we put

, log*logt (ESVR™
o = lmsup .
n-—oo logn

| If a€(0,1), then the function f = I+ Y (I,—1,-y) belongs to O(R), fix = f and f has
n=1 )

o
the order ¢ = — .
I —a

Proof. For every. e,
log*log™® (E{PR™ .

3

logn
pravided n is sufficiently large. Hence
3)  EPR<exp()
and consequently

1
limsup (EDRMn 1,

n-—+o

Since a>0, the sequence (E{"R"),.y is unbounded, whence

1
n

limsup(EVRMDY =1 .

n—=+w

Thus
1

ol 1
limsup(E{V)ym = — .
"_’wp( )=z
So by Theorem 3.3 fe O(R). Moreover, inequalities (3) and 3.2 give
1, —L—1}| SR "exp(2n*)

provided » is sufficiently large. Hence by Lemma 2.5 and Theorem 4.1

4.4, THEOREM. Let f be a function defined and bounded on K. If for some positive and
finite @ ‘

e
ﬂ(Q) = limsupn_ F_l_log"' (E'sl)Rn)

n—+ow




i
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is finite, then the function f=1I+> (,—1l,_1) belongs to O(R), flx = f, o is the order
n=1

e

Y | .
Of]‘ and g = Wﬁ(g)e+1 AY the l‘ype Of f

Proof. Repeatintg the arguments used in the proof of Theorem 4.3 one may eastly
check that fe O(R). In order to estimate the growth of f take any 7> f(¢). Then

e ‘.
n ertlogt (EXVRM KT, n>n(1).

Hence the inequality

4]
E,f”sR‘"exp(mf?“)

together with Inequalities 3.2 imply

e

1, —lo— 1|l S R™"exp(2tne+1)

provided n is sufficiently large. Hence by Lemma 2.5 Z), the order of f, satisfies 0<o.
Suppose that 0 <p. Then, oving to Theorem 4.1, for every o' € (e, 0)

log*tlogt (E{VR™ ’
g log” ( )ﬁ—,g—— n>n'(o’).

logn o' +1°

Thus

fi— 0

o
limsupn @+ log* (EVRM <1 .
On the other hand |

¢ ¢ ¢ o.’
limsupn~ @*ilog* (E{VR™) = limsupn erilog*(EMRYner1” @+l = +o0.

, B o0 o0

So we get a contradiction, whence o = ¢. Moreover, by Lemma 2.5 and Theorem 4.2

Q

=__L et 1
o (QH)QHﬁ(a) :

45. Remark. It is obvious that in Theorems 4.3 and 4.4 E," may be replaced by

E® or E®.

5. Order and type systems.

5.1. In Sections 5 through 7 we consider an approximation and interpolation on
K=KVx ... xK™ where K, ..., K™ are compact L-regular sets in C.
20 — Acta Mathematica 24
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Given r = (ry, ..., ry)e (1, +0)" and je N, lgjsN, we put

cpj = d51((1)3 .
K,,(f) ={{eC: Py <r;},

={{eC: 0{0) =1},

K =KPx .. xK¥

For n = (ny, ..., ny) € NV let P, denote the space of all polynomials from CM to C
of degree at most n; with respect to the j-th variable ( J=1,.., N). Moreover we shall
use the following notations:

if
X = (Xy,....,Xy)ER, y = (y,, ...,y eRY, EcR,
then '
x| = {xq]+ ... +|xql;

X'y = (X¥15 e, XnNYN);

X X4 xn\. )
=y .., — ; }’j#O,J=1,...,N;
y Y1 YN '
¥ = alt L a, xS = (% xR, x;>0, j=1,..,N;
E = (69 ey ‘f)e-RN’
0 = (00, ..., ©);

Nﬁmes ”

(E+ 1)
©="g—, &0
df daf

XLy xi<pi, j=1,..,N; x>y« y<x.

3.2. The order and type systems of a function from @(R) may be defined as elements
of some surfaces in (0, +00)" (compare [4, p. 174]). Given R = (R, ..., Ry)>1 and
g € O(R) let # = Z(g) denote the set of all e (0 +00)" for which there exists r(u)
€(1, R))x ... x(1, Ry) such that

N

- N\
log™ M(r)< Z(l-—%) , r{iu<r<R.
J

j=1
Analogously to the case of entire functions [4] one can readily show that

the system of N positive numbers (o,, ..., oy) is the order system of a function g if and
only if (gy, ..., on) € 02 (g).






