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Abstract. A system of nonlinear, second order functional-differential inequalities of the type

O 't x, u(t, 0, utlt, ), uk(t, ), uxx(t, %), 1)

>F(1, x, v(t, ), vi(t, %), U, %), Vxxlt, 20, 0)  (G=1,.,m)

is considered, where x = (x;..., Xn), u(t, %) = (ul(.t,' X), ..., @%t, x)), o(t, x) = (v}, x), ..., v"(t, x)),

ux(t, X) = (uil(t, X), o s 5 x)), vy(t, x) = (fv;,(t, %), oery Ut x)), uerlt, X),  Uxx(t, x) are the
matrices of second order derivatives with respect to x, (¢, x)e D and D C(t, Xy, ..., Xn) is an arbitrary set
satysfying adequate assumptions. D C{(z, x): 1< to-+T} is an arbitrary set such that Dy D D and the
symbols u = (i, ..., 4™, v = (v', ..., ¥™) denote the functions

u: Dgo(t,x)>u(t,x)eR™, v:Dy3(s, x) - v(t,x) e R™

which are continuous in the closure of D. For parabolic inequalities of the type (0.1) the theorem corres-
ponding to the maximum principle and the theorem corresponding to the strong maximum principle are
proved.

The results obtained are a generalization of those given by R. Redheffer and by W. Walter in [2], by
J. Szarski in [5] and by N. Yoshida in [6]. Some ideds of this paper and the applied methods are patterned
on those introduced by R. Redheffer and W. Walter in [2], by J. Szarski in [3], [4] and by P. Besala in [1].

1. Notations, definitions and assumptions. For any vectors z = (4, .., 2", % = (&, .., 2"
we write

z<E f2<gE (j=1,..,m).

According to the definition given by J. Szarski, a set D (¢, Xy, ..., x,) is called a set
of the type P if the following conditions arc satisfied: .

(a) The projection on the ¢-axis of the interior of the set D is the interval (tg, 1o+ 7),
to+T< 0.

(b) For any (I, X) € D there exists r>0 such that

{t,x): ="+ ‘Z(xj——fc'j)2<r, t<i}cD.
i=1
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~ For every fixed 7€ [#, 1, +T], we denote by S; the projection on the space (x,, ..., x,)
of the intersection of the closure of D with the plane 7 = 7

Let Dy={(t, x): t<t,+T} be an arbitrary set such that D,> D. The set 0,D = D\D
is called the extended parabolic boundary.

For a fixed point (7, X) € D we denote by S7(#, X) the set of points (¢, x) € D that

can be joined with (7, X) by a polygonal line contained 1n D along which the ¢-coordinate
is increasing (weakly) from (¢, x) to (7, %).

ASSUMPTION A. We assume Y, (i=1,..,m) is a subset (possibly einpty) of
(D\D) n {(t, x): te(to, to+T), xe R"} and for every (t,x)eY; a direction Iz, x) is
given, such that I' is orthogonal to the t-axis and the interior of some segment, with one
extremity at (t, x), of the straight half line from (¢, x) in the direction I' is contdined in D.

Condition M,. We say that the functions ¢¥(t,x,z), Y(t,x,2) (i=1,...,m)
defined for (¢, x) e ), and z e R satisfy Condition M, with respect to z if z>% implies

Ot x,2)>Yt, x,8) (i=1,..,m).

Let C,(D,) denote the space of all functions w = (w!, ..., w™): D, —» R™, continuous
in D. In the set of functions bounded from above in D, and belonging to C,(D,) we
define the functional

[w], - max sup {0, w7, x): (I, x)e D,, i<t}, where t<ty+7.
i=1,...m '

In particular

LEY T

By Y we denote a fixed subset of the space C,(D,).
Given the sets ) ; and directions /' (i = 1, ..., m) satisfying Assumption A, a function
ue C,(D,) is called Z-regular in D if, for every i, u!, u', u}_ are continuous in D and the

2

derivative i is finite in every point of ;.

Let Fit,x,z,p,q,r,w) (i=1,..,m), where q¢ = (¢, ...,q,) and r = (rp)} 4=y is
an n x n real, symmetric matrix, be real functions defined for (¢, x) € D of type P, ze R™,
PER, geR", reR"*" and we Y.

The X-regular functions # and v in D belonging to Y are called X-regular solutions
of the system

(LD Fe,x, ut, x), ul(t, x), ult, x), uly(t, ), u)
; Fj(t, x’ v(t) x)! v{(rﬂ x)! Ui(ti x)! vix(t’ x)) v) (j = 19 ety m)
in D, if they satisfy (1.1) for (¢, x) e D.

According to the definition given by P. Besala in [1], a X-regular function u in D
being given, the function FYt,x,z,p,q,r,w) is said to be uniformly parabolic with






