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Introduction. A system of nonlinear, second order degenerate functional—diﬂ’erential
inequalities of the type | S

©.1)  Fit, x, ut, X), uiit, X), uilt, x), u(t, x), 1)

>F"(t, x, v(t, x), vi(r, X)), vi(_t, x), v;x_(t, x), v) (i=1,..,m

is considered, where

X = (X, s Xy), u(t, X) = (W1, x), ..., u™(1, X)), v(t, X) =-(171(t,?x), oy U2, X)),
i, x) = @ (1, x), ooyt (2, X)), Ot %) = (U5, (1, X), ., vk (2, x))",

ul (1, %), vi(t, x) are the matrices of second order derivatives with.respect to x, (z,x)eD
and D<(t,xq, ..., X,) is an arbitrary set satisfying adequate assumptions. The functions
Fit,x,z,p,q,r,w) (i =1, .., m)are weakly decreasing with respect to p. The symbols
u= (u,..,u") and v = (v, ..., v") denote adequately regular functions defined in some h
subset of D,, having their values in R™, and D, {(t, x): t<ty+T} is an arbitrary set
such that Dy> D n {(#, x): t<ty+T}. For degenerate parabohc 1nequa11tles of the
type (0.1) two theorems are proved.

The results obtained are a generalization of those given by J. Szarski (see [1], Theo-
rem 64.5; [2], Theorem 1). This development is not of a formal nature since only weak
monotonicity of the functions F' (i = 1, ..., m) with respect to p'is required. The proofs
of the obtained thcorems are patterned on those given in [1] and [2], and the idea of this
paper is patterned on that introduced by M. C. Waid in [4]. For ease in reference to the
theorems of J. Szarski the same notations are used as in [1], [2] and [3].

1. Notation, definitions and assumptions. For any vectors z = (21, .., 2", 2= (4, ..., 2™
we wrife '

z<f f2Z<# (=1,..,m).
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ASSUMPTION A. D is an arbitrary epen set in the time-space (t, x,, ..., x,) and its pro-
Jection on the t-axis is the interval (ty, to+T), to+T< 0.

For any set Ec(t, x, ..., x,) and any ie(ty, 1,+ 7] we put
E' = En {(t,x): telty, 1), xe R"}.

By D, we denote the subset of those points (7, %) belonging to (D u D)t for which °
there is a lower half neighbourhood

4 |
1<, Y (x;— %) +(—1)t<r?
j=1

contained in D. 1t is clear that D<= D,.
For every fixed te (1, to+7) we put
S, = {xéR": (1, x)e D,}.

*

It is obvious that S, is open in R". We denote by ) that part of (8D)°* T which is disjoint
with D, and by S, the subset of 6D contained in the plane r = 7,. Finally, we denote
by Doc{(t, x): t<1,+T} an arbitrary set such that Dy> D n {(r, x): 1<t,+T7}.

ASSUMPTION B. Let ) ; (i =1, ,m) be a subset (possibly empty) of >.. For (1, x)
€Y It, x) is a direction such that I* is orthogonal to the t-axis and some open segment,
with one extremity at (t, ), of the straight half line from (t, x) in the direction I' is con-
tained in D,.

We say that a function u*: Dy — R has finite t-right sided limits in S,, U (Z\Zi) U 00
if for every (%, ¥) € Sy, U (3N} and every Te P(S,, u (Y\Y)), where P(S,, v O \Y))
is the prOJGCtIOH of S,, U (3.\) ) on the t-axis, and for each sequence (#”, x") € D, such
that t">7% t' - 7 and (+*, x") - (1, %) or [x"] » o0, the limit

lim (2", x")

Voo
is finite. Obviously, this limit does not depend on the choice of the sequence (¢°, x*) and
will be denoted by u. (¥, X) resp. u, (i, ).

Let C,,,(Do) denote the space of all functions w = (w!, ..., w™): D, — R™ such that,
for every 4, w' is continuous in D, U ¥; and has ﬁmte t- right sided limits in S,, U
v ONY) U .

By Y we denote a fixed subset of the space C,(Dy).

For w, we C,(Dy) and for every fixed t<t,+ T, we write w<w if wi(t, x)<wi({, x)
for (i, x)e Dy, i<t (i =1, ..., m).
Given the sets ) ; and directions I' i =1, ..., m) satisfying Assumption B, a function

ue C,(Dy) is called Y -regular in D, if, for every i, ul, ut, ul, are continuous in D, and
ui
the derivative i is finite in every point of } ,.
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LEMMA. Assume that for the given sets Y., and the directions I'(i =1, .., m) satisfying
Assumption B, for the given functions a'(t, x) 20, defined for (t, x) € } ;, and for the given
real functions ©'(t, x, z), defined for (¢, x) €Y ;, z€ R and weakly increasing with respect
to z, the Y - regular in D, functions u and v satisfy the strong initial and boundary inequalities

(1.1) Ul 4o (t, X)—vi4)(t, x)<0

for (t,x)eS,, (O \Y)uwoo (i=1,..,m) and

du'(t, x)—v(t, x)]

(1.2) o'(t, x, u'(t, x))—o0'(t, x, vi(t, x))<a'(t, x) T
for (t,x)e); (i=1,..,m.
Then the following assertions hold true
1) There is t* € (ty, 1,+T), such thct
(1.3) ul(t, x)=ol(t, x)<0  (i=1,..,m)
in D). | -
2) If for a Te(ty, to+T) we have inequalities
(1.4) - ui(F, x)—vi{, x)<0  for xe Sz (i=1,..,m),

then there is a Te (1, to+T), such that inequdlities (1.3) hold in

D, n {(r,x): i<r<i, xe R"}.

Proof. Suppose 1) is not true. Then there would exist a sequence (¢',x") € D, and
an index j such that t">1,, 1" = t,, (', X") = (fo, Xo) € Sy, OF |x"] - o0, and

(1.5) w(t®, °)—vi(1". x") 20 .
From (1.5) follows

(1.6) liminf{w/(2", x") ~ /17, x")] =20,
in contradiction with the assumption that u(7, x)—v(t, x) satisfies the strong initial
inequality (1.1). ,

Now, suppose that 2) does not hold true;-then there would exist a sequence (t,x")e D,
and an index j so that *>%, " = 7, (¢, x") = (1, %) € ), U (Ix Sp) or |x'| > 00, and (1.5)
is satisfied. Since by the assumption of 2) we have inequalities (1.4) it follows, by (1.5)
and continuity of 1/(z, x)—v/(z, x) in D,, that (, X) ¢ (Ix S7).

If (1, ) e Y\Y; or |x’| » oo, we obtain (1.6) (like in 1) in contradiction with the
assumption that u(f, x)—v(z, x) satisfies the strong boundary inequality (1.1). If (1, %)
ey ;. then by (1.5) and continuity of #(z, x)—v(z, x) in ) ;, we have

an Wi(i, 5)—vl(F, %20
and according to the monotonicity of ¢z, x, z) with respect to z, we obtain

(1.8) oi(1, %, W3, D)—ol(1, %, v(1, %))20.
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~ On the other hand, by (1.7) and by the inequality u/(7, x)—v/(7, x)<0, satisfied for
x e Sy, we have

d[w(t, x)—1v(t,
(1.9) | bt ) =o't Ol g
- ar’ o)

From (1.8), (1.9), and a/(¢, x) being non-negative, it follows that

dlW(t, x)—v(¢, x)]

@'(1; %, 4w, %))— @1, %, V(F, X)) =1, %) : :
ar &%

in contradiction with the strong boundary inequality (1.2). :

Let Fi(t,x,z,p,q,r,w) (i = 1, ..., m), where g = (q,, ... , qy) and r = (r;)] 1=, is an
nxn real, symmetric matrix, be real functions defined for (¢, x) e D,, ze R", peR,
geR", re R"*" and we Y.

The ) -regular functions « and v in D, belonging to Y are called Y ~regular solutions
of the system

(1.10)  F{t, x, u(t, x), udt, x), ux(t, x), w2, x), u)
m >Fi(t, x, v(t, x), vi(t, x), vi(z, x), vi (2, x), v) (i=1,..,m)
in D,, if they satisfy (1.10) for (¢, x) € D,.
According. to the definition given by J Szarski, a function Fz,x,z,p,q,r, w) is

called parabolic with respect to u in D, if for any two real symmetric matrlces r = (rp,
F = (Fy) and for (¢,x)e D, we have

(1.11) r< F(*) = F(t, x, utt, x), ul(t, x), uldz, x), r, u)

< Fi(t, x, u(t, x), ul(t, x), u'(t, x), ¥, u) .

2. Strong inequalities.

THEOREM 2.1. Assume that
1° The real functions F'(t,x,z,p,q,r,w) (i =1, .., m) are defined for (t,x)e D,,
where D is a open set satisfying Assumpnon A, for zZ€E R’" PER, geR” re R""" we Y

and for every fixed index i the function F' is weakly increasing with respect to z%, ...,z "1,

ZI+1 Z LW (**)

2° The inequaliries
Fi(t, x, zZ,p.g,r, w);Fi(t, X, z,p,q,r,w) {i=1,..,m)

are satisfied for (t,x)e D,, ze R™, p<p, ge R", re R"*", we Y.
P q

(*) This inequality means that Z (rjg—r AR <0,
_j' k=1 t
(**) By the monotonicity of the function F* with respect to w, in the sence of the relation < <, the func-

tion F'is an operator of Voltera type.
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3° For the given sets Y ; and directions I' (i =1, ..., m) satisfying Assumption B, for
the given functions a'(t, x)=0, defined for (t,x)€) ;, and for the given real functions
¢'(t, x, z), defined for (t, x) € ) ;, z € R and weakly increasing with respect to z, the functions
u and v belonging to Y satisfy the inequalities (1.1), (1.2) and the inequality

u(t, x)—v(t, x)<0 for (t,x)e Dy\D.

4° F't,x,z,p, q; r,w) (i=1,..,m dre parabolic with respect to u in D,p.
5° The functions u and v are Y -regular solutions of the system (1.10) in D,.
Under these assumptions we have

2.1 u(t, x)<v(t,x) for (t,x)eD,.

Proof. By 3° and Lemma, the set
{t* e (ty, to+T): ult, x)<v(t,x) for (¢,x)e D,, to<t<t*}

is non-void. Let 7 be its least upper bound or + 0, if it is unbounded. The assertion of
Theorem 2.1 is obviously equivalent with the equality

(2.2) ? - to"l"T.
Now, suppose the contrary holds true, i.e.
(2.3) | t<ty+T.

Then, by the continuity of u(z, x)—v(¢, x) in D,, we would have
(2.4) u(t, x)<v(t,x), (t,x)eD,, 1,<t<i.

By Lemma and 3° and by the definition of 7, there is' an index j and a point X € S
such that

2.5) W(t, %) = vi(i, %).

From (2.4) and (2.5) it follows that the function w/(, x)—v/(¥, x) attains its maximum
“in Sy for x = X. Therefore, since Sy is open and the function is of class C?in Sy, we have

(2.6) ul(f, %) = vl(i, %),
2.7) | ul (3, %) < vi 3, %).
By 5°, 4°, (2.7), 1°, (24), (2.5) and (2.6) we get successively
0<F(i, %, u(l, %), ull, %), ul(¥, 5, ulyi, 3), u)-
—Fi(i, %, 0(i, %), v{(, %), vi(i, %), v].({, %), v)
SFE, %, u(t, ), w1, %), W3, %), vid, %), u)—
—FI(E, %, 0, %), vi(F, %), v(¥, %), v1({, %), v)
<F(, x, v(, %), 1, %), vl(1, %), v3(F, ), v)—
—Fj(?: ia U(?, i)s vii(?, i): U';(z, i): Ufcx(?’ i): U) .
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Then, by the assumption 2° we have
2.8) | vit, H)>uld, %) .
On the other hand, by (2.4) and (2.5), the function w/(¢, £)~v/(z, %), defined for 7 in
some interval (1, 7), attains its maximum at ¢ = 7. Hence we have
| ul(¥, £ =i, %),

in contradiction with (2.8). This complets the proof of (2.2).

Remark 2.1. Theorem 2.1 is true if, instead of the parabolicity with regard to u,
we assume the parabolicity with respect to .

THEOREM 2.2. Let assumptions 1° and 2° of Theorem 2.1 hold true and suppose addition-
ally that

6° For the given sets Y ; and directions I' (i = 1, ..., m) satisfying Assumption B, for
the given functions a'(t, x)=0, defined for (t,x)e Y., and for the given real functions
@Xt, x, 2), defined for (1, x)€ X,, ze R, weakly increasing with respect to z and such that
o't x, —2) = —¢'(4, x, z) for (t,x)e >, z€ R, the functions u and v=0 belonging to
Y and being ) -regular in D, satisfy the inequalities

| Iui-i-)(ts x)|<v:+)(ta X)
Jor (t,x)e (D,\D) U S,, U (Z\Z,-) vo (i=1,..,m) and

du'(t, x)
dl’

dv'(t, x)
dal’

@'(t, x, ult, x))—d'(¢, x) <o'(t, x, vi(t, X)) —dl(t, x)

for(t,x)ed; (i=1,..,m).

7° Fit,x,z,p,q,r,w) (i=1,..,m) are parabolic with respect to u in D, and
(2.9) Fi(t, x, =z, —p, -q,—r,—w) = —F(t,x,z,p,q,r, w)

for (t,x)e D,, zeR™, peR, gqge R", reR"", we Y (i=1, .., m).
8° The functions u and v satisfy the system of equations

Fit, x, u(t, x), ultt, x), (¢, x), u' (1. x), uy=0 (i=1,..,m)
and the system of inequalities
 Fi(z, x, 0(t, x), vi(t, x), vi(t, x), v (1, x), v)< 0 (i=1,..,m)

Jor (t,x)e D,.
Under these assumptions we obtain

(2.10) lutt, x)|<v(t,x) for (t,x)e D,.
Proof. The functions » and v satisfy all the assumptions of Theorem 2.1 and con-
sequently we have (2.1). Then, to prove (2.10}) it is sufficient to show the following inequality

(2.11) —~v(t, x)<u(t, x) | for (t,x)e D,.
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For this purpose observe that, according to assumption 6°,

/ : i
— 04 (t, X) <ugyy(t, x)

for (t,x)e(DN\D)u S, LO\Y)vow (i=1,..,m) and - '

d[—v'(t, x)—u'(t, x)]

oi(t, x, =01, 0)—@'(t, x, ullt, ) <di(t, x) o

for (t,x)ed ; (i=1,..,m).
Moreover, assumption 8° and (2.9) imply

Fi(ts X, —D(f, .)C), -"U::(t,X), —'v:c(ta x)a ‘"Uix(t,X), ""'U)
| , > Fi(t, x, u(t, x), ul(t, ), us(t, %), tes(t, X), 4)
for (r,x)e D, (i=1,..,m). ' |

Then (2.11) holds true because the functions —v and wu satisfy all the assumptions
of Theorem 2.1 (w1th u replaced by —v and v by w).

COROLLARY. Assume that

1° The real function F(t,x,z,p,q,r) is defined for (t, x)e D,, where D is an open
set satisfying Assumption A, for ze R, pe R, ge R", re R""..

“2° F(t,x,z,p,q,r) is weakly decredsing with respect to z and p in D,.

3° For the given set Xo<ZX and the direction | satisfying Assumption B, for the given
function a(t, x) =0, defined for (t, x) € X, and for the given real function o(t, x, z), defined
for (t, x) € T, z € R and strictly increasing with respect to z, the functions u and v belonging
to Y satisfy the inequalities

l[(+)(_r, X)"“v(+)(t, X)QOM
for (1.x)€ S,, U (E\Z4) U o0 and

dlu(t, x)—v(t, x)]
dl

o(t, x, u(t, ))—o(t, x, o(t, x))<al(t, x)

Jor (1, x)e X,.
4° F(t,x,z,p,q,r) is parabolic with respect to u in D,.
5° The functions u and v are Z-regular solutions of the inequality

(2.12)  F(t. x, u(t, x), ult, ), u(t, x), v {t, X))

>F(t, x, v(t, X), 0L, X), (1, X), (2, X))
in D,. '
Under these assumptions we have

«

(2.13) u(t, x)<v(t,xy for (t,x)eD,.

Proof. Let e>0 and let

(2.14) o1, x) = o(t, X)+& for (t,x)eD,.



348

Observe that by (2.12), (2.14) and by assumption 2° of Corollary we get.

F(t, x,u(t, x), ult, x), ut, x), u(t, x))
—F(t, x, v%(t, x), v{(t, x), vi(t, x), v°. (¢, x))

>F(ta x, v{f, x), vt(t, .X), vx(ts JC), Uxx(f, )C)) |

""F(t: X, ve(to JC), U:(t, .?C), Ui(ts X), U;x(t’ X))EO
for (t,x)e D,. —

Moreover, .
Uy, X)—0(4y(t, X)<0  for (£,x) € S, U (E\Z,) U ©
and
ol(t, x, u(t, x))—o(t, x, v°(t, ))<o(t, x, u(t, x))—o(t, x, v(t, x))
<a(t, %) dlu(t, x)—o(t, x)] = a(t, %) dlu(t, x)—v%(¢, x)] for (1, %) 5, .
| - dl dl
Then

u(t, x)<v'(t,x) for (¢,x)e D,,

because the functions u and v® satisfy all the assumptions of Theorem 2.1. Hence (2.13)
holds true.

Remark 2.2. Corollary may be formulated for a system of m nonlinear, second
order degenerate functional-differential inequalities. In this case we must assume that
the functions Fi(¢,x,z,p,q,r,w) (i = 1,...,m) are weakly decreasing with respect -
toz = (z!,...,z2") e R", we Y and we must assume that for every fixed index 7/ the function
Fi(t,x,z,p,q,r,w) is weakly increasing with respect to z!, .., AR A SR )
Consequently, the functions Fiz,x,z,p,q,r, w) (i=1,..,m) do not depend on the
arguments z = (z!, ..., z™) (m>1) and w, and therefore Corollary is formulated only for

one differential inequality of the type (2.12).
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