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< -Prolongational Limit Sets
in Generalized Pseudo-dynamical Systems

by Janina KLAPYTA

This paper is devoted to generalized pseudo-dynamical systems (X, G, A) (see def. 1),
where (X, v) is a topological space with topology » and (G, +, <) is an abelian ordered
semigroup with a neutral element 0, which is also the minimal element. '

In the system (X, G, 1) satisfying these assumptions there are defined <-prolongational
limit sets corresponding to the <-limit sets introduced in [4] generalizing the notion
of positive prolongational limit sets of x (J,(x)) in “single valued” dynamical systems
(see [1], [3]). Investigating the connections between the several variants of <-prolonga-
tional limit sets as well as their topological properties some similarities were noticed
in relation both to their prototypes in the dynamical systems J,(x) and to the cor-
responding <-limit sets.

The author is much indebted to Professor A. Pelczar for his kind remarks during the
preparation of this paper.

Notations, definitions and examples. In the whole paper we use the following notations
and definitions the majority of which are according to [2], [3] and [4].

By («/(X),2"°) we denote the space of all non-empty subsets of a topological space
(X, v) with the topology 2° generated by families of the form

n
Vs Vip = {Be A (X): Bc YV, BAV, £ O fori=1, ey 11}
i=1
corresponding to all finite systems of subsets of X, open in topology v. By #(X) we
denote the family of all non-empty and compact subsets of X. “: =" denotes an equality
by definition. '

For arbitrary A € o/ (X) we denote by %,, ¥, ... neighbourhoods of the set A inter-
preted as a point of the space (& (X), 2%), i.e. the family ¥, €2°, Ae ¥ 4+ By U, V,, ..
we denote open sets in the space (X, v) which contains the set A, ie. Vyev, AcV,.

Closure of the set 4= X in space (X, v) we denote by A, and the closure of the family
A< /(X) interpreted as a set of space (= (X), 2") we denote by cl4&.



46

In order to shorten the notations we introduce the map

o: A(A(X)>B—\)Bed(X).
Be®

The generalized pseudo-dynamical system generalizing the notion of pseudo-dynamical
system has been defined (see [3]):

DerniTION 1. A triplet (X, G, A) is a generalized pseudo-dynamical system when X is
‘an abstract space, (G, +) is an abelian semigroup with the neutral element 0, and 4 is
a map from Gx X into o/(X), such that for every t,5€ G, xe X, A€ o (X) the con-
ditions , ‘

(1 Ao(x) = {x}
2) OSA) S A A) = Ay (A)
are satisfied, where Z,(x) 1= A(z, x) and A{A) := o {A(x): x e A}.

DeriNiTION 2. The generalized pseudo-dynaniical system (X, G, 4) is called regular,
when the additional condition
@) AALA) = dysi(A)
is satisfied. '

In the generalized pseudo-dynamical system (X, G, 2) (see def. 1) we use the following
definitions (see [4])

DEerINITION 3. The set
3) AMA) = U AA)

teG

is called the zone of emission of set Ae o/(X) in the generalized system (X, G, A).

The zone of emission of set {x} in the system (X, G, 1) is called the zone of emission
of point xe X in this system.

DrermNiTION 4. The family of sets
“4) Ty (Ay = {I(A): te G}

is called the trajeciory of set Ae o (X) in the generalized system (X, G, A).
The trajectory of set {x} in the system (X, G, ) is called the trajectory of point x € X
in this system.

Remark 1. It is clear that the zone of emission of the set 4 € & (X)in system (X, G, A)
is a sum of sets belonging to the trajectory of set A4

(5) , MA) = a(Tx(4)).

DerNrTiON 5. A family #< .o/ (X) is invariant in (X, G, 1), when
(6) T.(By=# for Be%.
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DEFINITION 6. A set Zc X is invariant in (X, G, 1), when
(N AM2)cZ forzeZ.

* Under the assumptions we gave at the beginning of this paper and relative to the
generalized pseudo-dynamical system (X, G, 1) we use definitions of <-limit sets intro-
duced in [4]:

DEerFINITION 7. The <-limit set of the trajectory of the set A€ &7 (X ) is denoted by

8) Q(A4) :='ﬂG(cI{AS(A): 1<s, se G}).
s

The <-limit set of the set 4 € &/(X) is denoted by
©) L(4) := a(Q2(4)).

"The sum of <-limit sets of the points of the set 4 € o/ (X) is denoted by
(10) Ay(A):= 6{L(x): xe A}.

The <-limit set of zone of emission of the set 4 € &/ (X) is denoted by
(11) : G(4) :xt((]; o({Af4): t<s,5€G}).

The sum of <-limit seté of zone of emission of the points of the set A € of (X) is de-
noted by

(12) - r'(d):= c{G(X): xe A} .

In every “single-valued” semi-system (X, G, n) in the sense of [3] we shall denote
by A(x) the limit set of point x € X and by J(x) the prolongational limit set of point x € X.

We admit that in the examples which we shall consider in this paper the space (R?, v)
is with the topology v generated by

K(x,r):= {y eR*: (x, —y1)2+(x2—y2)2<r2}

for xe R%, reR,.

Example 1. Given a semi-system (R? R,,n) (see [1]), of which trajectories are
geometrically described

sz CD' ’
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where {J P, = R\ U [, for Z, = Z\Z,, Z, = {..., =2,0,2, ..}. We define a generalized
ieZp i€Zn

system (R?, Ry, 2) by the following formula
M(x):= {n(t,x)} for te Ry, xe R

Note, that for every point x € /; (i€ Z,) there is Q(x) = J, but for every point x € P;
(i€ Z,) there is 0Q(x) = Ly uliey. :

q
f

l;———_—//;:j:: > X
%{ = =072 N
I

Example 2. Let us consider a generalized system (R?, Ry, /) as a modification of the
system from Example 1; in place of a formal definition we shall give only a picture
presenting the trajectories in this system. In this case Q(x) = {y}: yeliiy v} for
every x € P; and Q(x) = @ for every x ¢ P; (i€ Z)).

< -Prolongational limit sets. Let (X, G, /) be a given generalized system (see def. 1),
where (X, v) is a topological space with topology v and (G, +, <) is an abelian ordered
semigroup with the neutral element 0, which is aslo the minimal clement.

We shall define <-prolongational limit sets in a few variants.

DeriNTTION 8. Let 4 be a set belonging to &/ (X).
The <-prolongational limit set of the trajectory of A is the family . ;
(13)  JUA) = {Be LX) NV VYV VieGAseG, 1<s,ACe ¥,
such that A(C)e ¥ 5} .
The <-prolongational limit set of the set A is the set
(14) JH4) = a(J%(4)) .

The Lgnion of <-prolongational limit sets of the points of A will be denoted by J4(A4);
thus '

(15) JAA) = o {(JHx): xe 4} .
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The <-prolongational limit set of the zone of emission of A is the set
(16) JA):={ze X: VV¥V¥ VteG IseG, t<s, 3Ce ¥,
such that A(C) NV, # G} .

The union of <-prolongational limit sets of zones of emission of points x belonging
to A is denoted by JT(A); thus

(a7 | JI(A) = o [J%(x): xe A}.
We have used above (and will use in the sequel) the following short notation
(18) JEx) = J*({x}) for K=Q,L,A,G,T.

Example 3. Let (X, G, 7) be a given semi-system. Let us consider (compare Example 1
the generalized system (X, G, A) with

(19) Aix):= {=(r,x)} for te’G, xeX.
Tt is easy to see that for this system the following connections are satisfied:
(zeJ(x) = {z}eJHx)) and JHx) =J(x).
If (X, ) is a Hausdorff space, then for the generalized system already defined we have

Q(x) = {{z}: ze AX)}.

Remark 2. For every A e 2/(X) we have
(20) K(A)ycJ¥A4) for K=Q,L,4,,G,T.

Example 4. Let (X, G, n) be a (trivial) semi-system in which every point x is a critical
point, i.e. n(f, x) = x for 1€ G, x € X. We take the generalized system (X, G, 2) which

is defined by (X, G, m) in the same way as in Example 3. Then the mapping 4 has the
form

L GxX3(t,x) > {x}e LX)
and for every 4 e o (X) we have
JHA) = Q(4) = {Be A (X): AcBcA}, JHA) =L(4) =4,
JAA) = A=A, J(A) =G =4 and J(A)=T)=4.

Example 5. Let us consider a generalized system (RZ, Ry, 2) in which the mapping
A is given by the formula

An (%, ) - {(x(s, (%, ), »(s, %, 9): s€[0,1]},
where (x(-, (%, §)), y(-. (X, ) is the (unique) solution of the Cauchy initial value problem
dx dy _

@1) a7 oa
x0) =%, yO0O=y.

4 — Acta Mathematica 24
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In this generalized system (RZ, Ry, A) for every point P, # (x,0), Py € Ri there is

Q(Po) = J%Py) = {{(x(s, Po), y(s, Pp)): s€[0,+0)}}
but '

2((0,0)) = {{(0,00}} & 7%((0, 0)) = {{(0, 0)}, {(0, »): y€ (0, +0)},
{(0,): ye[0, +0)}},

L((0,0) = {(0,0)} £ J(0,0)) = {(0,)): ye[0,+w)}.

Yy |

(x (t, (%,99) , y(t,(%,5))

Y
(010) » g

Remark 3. If we define a semi-system (RZ, Ry, 7) generated in the usual way by the
solutions of x' = —x, y' =y (n(r, (%, ) = (x(t, &, ), »(¢, (%, M)); see (21)), then
J((0,0)) = {(0,0)} & J((0, 0)) where J* is taken for the generalized system (R2, R,, A),
considered in Example 5. Notice that the equality J*(P) = J(P) does not hold true while
it is satisfied e.g. in the generalized system (R, Ry, 1), with 1 given by the formula

paml SN

7{P):= {n(t,P)} for te Ry, PeR2.

Investigating the connections between several variants of <-prolongational limit
sets in generalized systems we obtain the following results:

THEOREM 1. For every set Ae o (X) the inclusions

(22) JHA)<T%4),
(23) TN =T (4),
(24) T (4)cT4)

are satisfied.

Proof. In order to prove (22) we take some zeJL(A). There is B e &/ (X) such that
ze B and BeJ®A), therefore for every ¥, and ¥ 5:= (V,, V3> we have by (13)

V¥ ¥VteGIseG, t<s3Ce ¥, such that A(C)e¥ ;.

Hence in particular A,(C) n V, # @, i.e. zeJ°(4). The inclusion (22) has been proved.
To prove (23), observe that from (22) it follows that J“(x)<J%x) for every point
x € X, hence for every set 4 e o/ (X) is JYA)cJ (A). '
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To prove (24) let us take a point z € JT(A). There is x € A such that zeJG(x}. For
every ¥ 4 there are V,ev (i =1, ...,n) such that (V,,..., V,oc¥,, AelV,, ..., V.

Therefore A< {J ¥; and hence there isi, € {1, ..., n} such that x é»Vio. Taking ¥, := Vi
i=1 . .

we have by (16)
VV.VieGIseG, 1<s3C,e¥’, suchthat A(CHnV,# 0.

Hence we have that for = A U C, there are Ce ¥, and ‘A(C) NV, # O, which
completes the proof.
As an immediate corollary of Definition 8 and Theorem 1 we obtain

COROLLARY 1. For every point x ¢ X
(25) JHx) = JYx) eT%x) = J(x) .

Remark 4. Example 4 shows that usually for a fixed 4 € o/ (X) the K—pro!ongational
limit sets J“(4) and JA(A) as well as J°(4) and J'(A4) are different sets.
Considering the space (&#(X), 2°) we notice the following property.

Remark 5. For any set C e o/ (X) every neighbourhood of C contains all the sets B
satisfying condition intC=B<C (by intC we denote the interior of set C in the space

(X, v)).

From this property follows

THEOREM 2. For every set Be o/ (X) the following equality
(26) cl{B} = {Ce #(X): BcCcB}.

holds true.

THEOREM 3. For every set Aem’(X)
'BeJ%4) = cl{B}cJ(4).

Remark 6. It may happen that for some B e J%4) and C € .saf(X) there is mthCcB
and C ¢ J%A).

Example 6. Taking the generalized system (X, G, ) from Example 4 we observe
that J%4) = {4} for every closed sct A belonging to & (X).

It is known that the prototype of the <-prolongational limit sets in “singlc-valued”
semi-systems (J(x)) are closed sets in space (X, v). We shall prove that in generalized
systems the <-prolongational limit sets of types J” and J¢ are closed in the spaces
(##(X),2% and (X,v) respectively, though the other variant <-prolongational limit
sets may have not this property.

;
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THEOREM 4. For any Ae A (X) the family J%(4) is closed in the space (of (X ), 2°).

Proof. We take an arbxtrary set B belonging to cl J%(4). For every neighbourhood ¥
there exists B* € ¥ n J%(A). By conditions B* € J*(4) and (13) or by definition ¥ p.:= ¥,
we have

Vv VieGlseG, t<s3Ce ¥, such that A(C)e¥ .

Because ¥ is arbitrary we have B eJ%(A).

THEOREM 5. For any A € o (X) the set J(A) is closed in the space (X, v).

Prood. We take an arbitrary point z which belongs to JG(A) For every neighbour-
hood ¥, there exists z* € V. n JS(A). By conditions z* € J%(4) and (16) or by definition
V,o:=V, we have

V¥, VieGIse G, 1<s3Ce ¥, such that A(C)n V,, # O.
Because V, is arbitrary and ¥,.:= V, the thesis is obvious.
Remark 6. <-prolongational limit sets of the type J#, J need not be closed (see
Example 4).

We prove, under certain assumptions, that <-prolongational limit sets of arbitrary
type have the property of invariance.

THEOREM 6. If (X, G, A) is a regular generalized system such that for any p e G:
27) 30 A(X)3B - i (B)e s (X)
- is a continuous map in (A (X), 2°), then for every set Ae A (X) a family J*A) is invariant

in (X, G, A).

Proof. We take arbitrarily fixed B eJ%4) and p € G. Since Ax(+) is continuous (see
(27)) we get

’ V¥ 3% s such that VCe ¥ A(Cre ¥ 5 .
Hence, by BeJ%4) it follows that

VYV 0wV ¥ aV1e GI5e G, 1<53Ce ¥, such that Iy e ¥, 5

for § = p+s, where se G, Ce ¥, are chosen for ¥, which is chosen for ¥, o8- This
condition shows that A,(B)e J%4).

Example 7. We consider the “multi-valued” system (R2 +s A) given in Example 2,

In this system for any point % € P\P; we have

I = {{»}: veli,u 1)
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This equality shows that this family is not invariant. Indeed, for the point which is for
example the bifurcation point, a trajectory of the set {y} is not included in this family.
It is clear that the map (27) is not continuous in (&/(X),2°) and Theorem 6 cannot be
applied. _

TroeorReM 7. If (X, G, A) is a generalized system such that
(28) A(*): Xax—rl(x)e.xz((X) for peG

is a continuous map in (X, v), then for every set Ae A (X ) a set JO(A) is invariant in
(X,G, ).

Proof. Take arbitrarily fixed ze J%4) and pe G. Our thes1s lmphes that for every
Y € A,(z) there is

VV,¥¥ V1eG5eG,1<3Ce¥, suchthat A(C)nV,#%D.
Since 4,(+) is continuous (see (28)) then for
’ ”ra,,(z) =<V, Vx,(z)>

we get
V¥ 1,3V, such that Vz¥eV, A,(z")e¥ 3,
If for every ¥, we choose the neighbourhood ¥, as above, then since ze J(A) we have
V¥ VieGIseG,t<s3Ce ¥, such that A(C)nV,# .
Now, for C:= A,(C) n ¥, it holds good that A,(C) € ¥, (. In virtue of definition ¥, 5,
there is
D # 1,(C) N V,cA(A(C)) N Ve (C) NV,

therefore for §:= p+s, t<5<§ we have the proof.
The following remark is an immediate consequence of the definition of the invariance.

Remark 7. If #=o/(X) is an invariant family, then the set Z:= (%) e o (X) is
also invariant.

Remark 8. It is obvious that the family # need not ‘be invariant even though
Z := o(%) is invariant. Sets which are not invariant may belong to an invariant family.

Example 8. Let (X, G,4) be a generalized system such that there exists a set
A e o (X) with the following property:
there ex@sts s€ @G, s % 0 such that
(i) VteG is A(A) # A(A)
(i) 37 € G such that A (A)NA(4) # A(A).
In this system the family .

B = {A): 1eG, 1 # 5} U {A(ANA(A)}








