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»

In this paper we shall prove two theorems on the convergence to zero of some special
solutions of partial differential equations. The conception of these solutions is a generali-

zation of a conception of quickly oscillating solutions of ordinary equations in the papers
[1} and [2]. ‘

Let n be an integer> 1. The small Greek letters o and f denote n-indices: a = («, ..., &,),
a; are integers >0. We put ' |

n
oc] = _Zlai-

2

We introduce the following notation:

azfeo;z=p;, fori

=1,..,n,
a>f<o;>fB;, fori=1,..,n,
D olel
OxT ... oxy

(if « =0,...,0, then D% = ¢ for any function ¢).
We shall consider the following equation of the N-th order:
(l) Da(P r"f(x, (-Dﬂqo)ﬁs.a,ﬂ#a)

when x = (xy, ..., x,), o = N
and /: R?* - R is a continuous function,

f=flx, (uB)BSa,Ba&m)a q=n+ l:[l (a;4+1)—1.

Let {r,},;=1 be the sequence of positive real numbers, such that r, = co when v — oo
Pyt 1 > ry

\/rfﬂ—rf ~ 0 when v —» .
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Fori=1,..,n let H: be the set contained in the ring {x € R": r,<|x|{<r,+1}. (|-] is the
Euclidean norm). We assume that H, is the boundary of connected set, which contains
a ball with the centre in zero and the radius r,.
Let k be an integer, 1 <k <n. We say that the solution of the equation (1) is [, {r,}]
pseudo-oscillating, if %
(a) D¢ is defined and continuous in [0, )", for Q<Y <y,
(b) sup{|{D'p(x)|: xe Hi*'} 50, v > o0, |
where y = 0 for j =0 and y = (23, ..., %;, 0 O)for]-—l k-1,
(c) AM>0: sup{|D’p(x)}: er’+1}<M
for j=k,..,n—1 and y as above.

Remark 1. For n = 2 and the hyperbolical equation the problem of the existence
of solutions which fulfil (a) was considered in [4]. In this case the conception of a [1, {r,]
pseudo-oscillating solution generalizes the conception of an x-regular {r,} oscillating
solution in [3].

Let 4, = A,(«) be a set of n-indices B such that

ﬁl = Oy eons ﬁs—l = 05— 1> Ogﬁs<ass ﬁs+1 = 0’ cer? B" =0

for some s<k.

.,

THEOREM 1. Let k be an integer, 1<k<n, and o = (%, ..., o,) be an n-index such

that o, # 0. Assume that for all i = 1, ...,n, «; = 0 implies «;., = 0. Suppose that func-
tion [ in (1) fulfils the following condition:
(2) | AC>0  |fISC+ ) Jug)) .

Be A

If qo is a [k, {r,}] pseudo-oscillating solution of (1) then

Y |DPo(x)| — O when |x| » 0 and x € [0, )"
fedx

Now we shall present the second theorem. For /=1, ..., n let {wv} ., be sequences

of posxtlve real numbers such that w! — co when v — o0, 0<1»1;,‘,+ ,—w, = 0 when v - o
= {xe[0,00)": Ji=1, n3v-—12 e X = Wy

We say that the solution ¢ of (1) is W-oscillating, if

(d) D¢ is defined and continuous in [0, )", for 0<y<q,

(e) ¢ =0 on W. |
Let p;: [0, 0)"5x — (wi+a;+1_wi) € (0, o)
when wi<x;<wl,,

THEOREM 2. Let ¢ be a W-oscillating solution of (1) ax=(1,...,1). We assume that
4C: [0, o0)" — (0, o©) such that .

(3) IfI<C(X)(1+ﬂZ |lugh) ,
@) Vi=1,..,n C(x)pi(x)—0

when |x| — oo uniformly with respect 10 (Xy, ..., X;—1, Xix1s rs Xp)-
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Then Y |DPp(x)| - O when |x| » o« and x € [0, w0)".

B<u

Remark 2. Condition (4) is fulfilled when C = constant. Iﬁ the case n = 1 both
Theorems generalize Corollary 2 in the paper [1]. Theorem 1 generalizes the results of [3].
Now we shall prove some lemmas:

LemMMA 1. Let g: R — R be a CP-class function for some p=1 and {1}, be a se-
quence in R such that

A4>0, >0 n<tyn,—1,<2n and |g(t,)| <A

Then Vx e[ty t,)3z>1,:

274
lz—x{<@?+2°7' =)y and |gP()<— .
n

Proof of lemma 1: For p = 1 this is the immediate consequence of the mean value

theorem.
Let us assume that the lemma is true for p. There exists z,, such that

| 27
|z = x| <(2°+2°"1—1)y and Ig(”)(zl)|<—n—p,z,>t1.

Let 4 be the minimum of the set {v: #,—z,>7n}. Then the inequality x<?,<?, holds
good. For ¢, we find z,>1,, such that the following conditions are fulfilled:
b

| 2
z;—1,<(2P+2°" '~y  and lg(p)(zz)|<——p— .
n
Finally, we find a mean value ze€ (z,, z,), which has the required properties.

COROLLARY. Let & be a number, 0<6<1. Suppose that g and {t,} fulfil the assumption
of lemma 1 with ‘

| o
(I) h = 2p+1
or
: 6 6p+1
(II) Y]=-2p+1 and ;{:W-
Then 3z, ..., z,, z;>t, for i=1,..,p,|z;—x|< X
m g9zl < 227+ 12

or | ,
. ‘
(IT) lgPz)|<8 fori=1,..,p.
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LEMMA 2. Let g: (a, a+38) — R be a CP-function for some a € R and 0<8<1. Let s be
an integer, 0<s<p. Suppose that there exist A>0 and points z;€ (a, a+9),j = 5, v P11,
such that 1g(z;)|<A. Then ¥x € (a,a+830 € (a, a+8): |g¥X)I<pi+lgP©O)1é.

Probf of lemma 2: We apply the mean value theorem and obtain

190 < g P0)16° + A+ ... +287°"1  for some O¢€(a,a+d).

Proof of Theorem 1: We fix ¢>0 and a ;;ositive integer k. Let Q = 2200+ We find
é <1, so that

|ot|28(1 4+ Q)+ 6" 1C

<e.

1 —Coty + ...+ o) 6" *+1

Let v, be a positive integer such that
_ |a}+13

(5) sup {| D’ (x)|: xe Hi* '} < s V>V
for 0<j<k~—1 and y as in (b)

\/ 2 2 9
(6) Wer =t < oErs > Vo

We shall show that if x, € [0, oc)" is not in the open ball with centre in zero and radius v,
then '

> |DPo(x,)| <.
BeAx

Let J denotes the set [Xo;, Xo;+0]X ... X [Xon, Xon+6]. Now we fix xeJ and B
= (Ayy eery O 15 P> 0, ..., 0) € 4.
We introduce the following function:

—_ (a yoreyEg— ,0,..,0) ‘ .
W = D™ 5=t PPNy eery Koo 1s™s Xt 1s vees Xp) -

By virtue of (6) there exist #; such that 0 <7, —x,< Sl and (Xq, ey Xg—1» Lys Xgt1s o> Xn)

€ H,, for some u,. We choose a sequence of points (xy, ..., Xs—1, fys ¥s+15 -+ x,) in the
' (s)
intersection of |J H, and the straight line x+ Re; (when e, = (0, ..., 1,...,0), such
L>po

that {z,} fulfils the assumptions of Corollary (II) (for the function ¥). There exist num-
bers z;, j= B+1,...,a, which fulfil the following conditions:

=<5 and  [Y(z)|<5.

Since 0 < z;— x5, <& we can use Lemma 2. As result we obtain 6, € (x5, Xos-+9) for which
the following inequality holds good:

|1D%o (x)| <o, 8+ | D20 00D (3, L, Oy oy X0 6
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We apply this method several times. Hence we get the numbers 0; € (xg;, Xo;+38) for
j=5,..,k, such that |

D (x)| S0 6+ o+ 0, 3> T 1| DI ()] 371,

where y = (&g, ..-» %, 0, ..., 0) and y = (X, ..oy X515 0., ..., 0, ..., x,). Similarly, using
Corollary (I) and Lemma 2 we obtain -

VxeJA0je (xo;, Xo;+6), J= k+1, ...',n,
such that '
|D7‘P(x)|~<-°fk+1Q+---”*‘%Qén"kﬂ+\D“€9(y)|5"_ka

where 7 as above and y = (xy, s X Org 15 s Ba)-
Finally. since d<1, we obtain

Ve A, VxeJ A0eJ: |
lDﬁ(P('X)’l‘é(al+“‘+ak)5+(ak+1+---+06n) Q5+‘Da¢(9)lan—k+1_

The set A4, has a, +... 4+, elements. We denote this number by 4. By the assumption (2),
the following inequalities hold good:

Y (DPp(xg)<sup{ Y D70 ()}

BeAr xed Bedx

<d(dd+ (o1 + . +0,) Q6+ C(1+sup { 3 |DPp(x)|})é" *° D).

xeJ feAx
After solving the last inequality we have

z : | d(dS+ (| +...+a,) Q5+ CS"FF1
sup { |Dﬂ(p(x)l} < ( = 11 Cdén_k+1 ) )
xeJ -

feAr

This ends the proof.

Proof of Theorem 2: Let us fix ¢>0. To & we select 5>0 such that
EL™$
< g,
1—EL"ls
where £ = o, ..., and L = max{wiﬂﬂ-wi: i=1,..,nv=1,2,.)o0rL=1,if this

maximum is less than I.
The assumptions imply that there exists p;, i =1,...,7 such that

C(x)px)<é and pfx)<l, when xi?,wi“ .
We introduce the set K = [0, w,, 1% ... x [0, w,,]. We shall prove that if
X, €[0, 0)"\K then Y |Dfop(xo)l<e.

/£ ﬁ(ﬂ
There exist v;, i = 1, ..., n such that xg; € [wi‘, wf,iﬂ). Since x, ¢ K there is i such that
xo,->wf,i. We may assume that i = 1. We put

1 1
J= [w\u’ w\'1+a1+1] X X [W:“, W:n+an+1]_ :

8§ — Acta Mathematica 24
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-

We fix xeJ and f<a. It follows from (¢) that
| DO F2nbdy = 0 in the set {wl}x [0, c0)" 1.
We apply o, —f; times Rolle’s Theorem and we obtain
| Do ()| | D1 P20 (0, x,, .., X,)| py(xo)

for some 0, € (w,,, Wy, 4o+ 1)-
We repeat this operation # times. As a result we get

[ Do (x)| < | D% (0)| py(xo) L% ...- L**  for some OeJ.
The condition (d) implies that
sup { 3 [D’o(x)|} = 3 [D?o(%)| for some XeJ.

xelJ f<e B<a
For ff and X we select §; as above. The maximum of | D@ (0p)] for all B<u is realized in
some 0, = 0. |
We observe that there are E multi-indices less than « and the function P4 1S constant
in the set J. By virtue of (3) we get the following inequality:

2 1D% (R < LI Ep, (xo)| D% (0) S LWEP (RYC() (14 ¥ | DPo () .

ﬁ<a ﬁ(“

Since x, €J and p,(X)C(X)<§, we prove the thesis after solving the inequality:

Y 1D p(®I<SELFY(1+ Y | DPp ()
f<a B<a
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