e e s —————

ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
DCLXI UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XX1V 1984

The Lagrange Multiplier Functions in the Equation
Approach to Constrained Optimization

by Nguyen DiNnH Hoa

1. Introduction. In the multiplier methods for constrained optimization problems:

minimize  f(x)
(1) subject to g, (x) =0 i=1,2,..,p
gix) <0 i=p+l1,..,m

on¢ has to solve an infinite number of unconstrained minimizations of the augmented
Lagrangian functional: minL(x, #*, C) with #* —» u* where u* is the optimal Lagrange

X

multiplier. In order to transfer this infinite sequence of unconstrained minimizations
into a single problem Fletcher [4], [5] proposed to replace the sequence {1#*} by a function
u(x). His idea is, generally speaking, to choose u(x) in such a way that the augmented
Lagrangian functional L(x, u(x), C) has unconstrained local minimum x* whenever
x* is a local solution of problem (1). If such a function u(x) is already known, it remains
only to apply the well-known algorithms to the unconstrained problem minL(x, u(x), C).

X
Let us denote by dL(x, u(x), C) and &’L{x, u(x), C), respectively, the first and the
second order derivatives of the functional L considered as the functional only of vari-
able x, while V,L(x, u(x), C) and Vi, L(x, u(x), C) denote, respectively, the gradient
vector and the Hessian matrix of the functional L with respect to the first variable x.
Usunally the Lagrange multiplier function u(x) is constructed in such a way that the
sufficient conditions for unconstrained minimum of the functional L{x, u(x), C) are
satisfied at every strict local solution x* of problem (1) ie.: OL(x*, u(x*),C) =0,
O*L(x*, u(x*), C) is positive definite. So it is necessary that u(x) should be twice dif-
- ferentiable in a neighborhood of x* ([8], [9], [10]). In [9] Martensson investigated this
approach to solve the constrained optimization problem and suggested a class of multiplier
functions having the properties mentioned above.
Owing to the fact that at every local solution x* the gradient V, L(x*, u(x*),C )
vanishes for all C>0, we can locate the local solution x* of problem (1) by solving the

nonlinear system of equations:
V.L(x,u(x),C)=0.

If u(x) is continuously differentiable in a neighborhood of x* and 0V,L(x*, u(x*), C)
is invertible or, moreover, it is positive definite, then to solve this nonlinear system omne
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can use the efficient methqu, for instance, Newton’s method or the secant quasi-
Newton methods. In the case of the optimization problem with equality constraints this
approach has been realized by Tapia [13] with a special Lagrange multiplier function.

In this paper we will discuss this approach to the general optimization problem with
equality and inequality constraints. A new definition of the Lagrange multiplier function
will be presented. The requirements on the Lagrange multiplier function will be weakened
in comparison to that in [9]. It is sufficient that the Lagrange multiplier function u(x)
be continuously differentiable and not necessarily twice continuously differentiable. This
permits us to construct a special class of Lagrange multiplier functions w(x) which will
satisfy the following condition:

(€) For every C=C, (Cy is given) a vector x solves the nonlinear system VL (x, w(x), C)
= 0 if and only if x is a critical point of problem (1).

'Hence, using the Lagrange multiplier function of this class we can locate all local
solution of problem (1) by solving one nonlinear system of equations. The penalty con-
stant C may be fixed. In order to ensure the high rate of convergence we can use, like
in other approaches, Newton’s method or the secant methods with C large enough,
provided x* is a nonsingular solution .of the problem (1). ‘

_ In this paper several results on the equation V,L(x, u(x), C) = 0 and on the derivative
AV, L(x, u(x), C) will be established for a general multiplier function in Section 2. In
Section 3 the approach using the general multiplier function will be proposed and its
drawbacks will be discussed. The improvements obtained by using a test function and
an algorithm with increasing C will be considered in Section 4. In Section 5 and 6 we
will deal with a construction of the Lagrange multiplier function for the optimization
problem with equality constraints and with inequality constraints, respectively. The
special class of Lagrange multiplier functions satisfying the condition (e) mentioned
above will be proposed, too. In Section 7 we will present some algorithms and results
on the convergence rate.

II. The Lagrange multiplier function. Consider the general constrained optimization
problem with equality and inequality constraints ( I). Assume that f, ¢4, ..., g,, are twice
continuously differentiable functionals on R", with m<n.

We recall that the notation g(x) = (9.(x), ..., gm(x))T', u=(u,,..,u) ux
= (uy(x), ..., u,(x))" is used. Let V/(x), Vg(x), Vuix) denote, respectively, the gradient
column vectors of the functionals £, g,, u;; Vg (x) = (Vg1(x)....,Vg,(x)) and V*f(x),V2g(x)
denote their Hessians.

Given x e R" we put

I(x)r ={l,..,pluli=p+1, .., mig,(x) =0}

Assume that the constraints of problem (1) satisfy the following regularity condition:
for all x e R" the gradients '

(2) {Vgi®)lie I(x) are linearly independent.
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For xe R" and ue R™ the functional

F(x,u) = f(x)+u"g(x)

is said to be the Lagrangian functional for problem (1). A vector x € R"issaid to be a critical
(or Kuhn-Tucker) point of problem (i) if at x the following Kuhn-Tucker necessary
condition for local solution holds: there exists a Lagrange multiplier v € R™ such that

(3) V. F(x,u) = V(x)+Vg(x)-u=0,
(4) ‘ g(x)=0 i=1,..,p,

(5) g{xy <0 i=p+1,...,m,
(6) u, =20 i=p+1,...,m,
(7) 7. ug(x) =0.

The relation (7) is said to be the complementary condition. It is said that at a critical
point x the strict complementarity holds if g,(x) = 0 implies u;>0, foralli = p+1, ..., m.

It has been shown [3] that when the regularity condition (2) holds, every local so-
lution x of problem (1) is also a critical point. Morcover, at x the following second order
-necessary condition for local minimum is satisfied:

® V3G, ) = V() + Vg0

is positive semidefinite on the manifold M = {yeR"y""Vgi(x) = 0 for all iel(x)}-
Conversely, if x is a critical point with the strict complementarity and if |

9) V2 F(x, u) is positive definite on the manifOld M ,

then x is a strict local minimum of problem (1). The condition (9) is said to be the second
order sufficient condition for the local minimum. |
In our approach the Lagrange multiplier function is defined in a natural way.

DEFNITION 2.1. A function u: R" — R™ is said to be the Lagrange multiplier function
for problem (1) if u(x) is continuously differentiable in a neighborhood of x* and u(x*)
= u* whenever x* is a critical point of problem (1), where u* is the associated Lagrange
multiplier.

Given a nonnegative number C, we consider the augmented Lagrangian functional
of Rockafellar [12] for the general constrained optimization problem (1):

P p

C
(10) ML%CF#@+§Z%%M+;§Z£@+

i=1 i=1
m

1
F36 2 ICatr =],
i=p+1 \

where a, = max{a; 0}, a_ = min{a; 0}.
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By differentiating (10) with respect to x we obtain
_ P p , m
(1) ViL(x,u, C) = Vflx)+) u; Vg )+ CY g(x) Vg (x)+ Y, (Cgx)+u;)+Vg,(x) .
i=1 i=1 i

=p+1

Substituting # by u(x) in (11) we have

(12)  ViL{x, u(x), €) = V() + 2, u(x) -Vgi(x)+Cinlgf(x) Vg,(x)

+ Y (Cgix)+ulx), Vgux) .

i=p+1
The following result is obvious from the definition of the Lagrange multiplier function
and from the relation (3)—(7).

PrOPOSITION 2.1. Assume that u(x) is a Lagrange mulitiplier function and x* is a critical
point of problem (1). Then

V.L(x* u(x*),C) =0 for all C>0.

It is shown in [6] that if x* is a nonsingular local minimum of problem (1) (i.e. at
x* the second order sufficient condition for local minimum holds) and, moreover, at
x* the strict complementary condition holds, then there exists C>0 such that for all
C>C the Hessian V2, L(x*, u*, C) is positive definite. In the same way we can prove
the analogous result when the Lagrange multiplier function u(x) is taken instead of uw.

PROPOSITION 2.2 Assume that u(x) is a Lagrange multiplier function for problem (1).
Let x* be a nonsingular local minimum of problem (1) and at x* the strict complementarity
holds. Then there exists C=0 such that for all C>C

OV, L(x*, u(x*), C) is positive definite.

Proof. Given x € R" we denote
Z(x, C)={i=p+1,..,mCqg(x) = —ufx)}
J(x, C) = {1,2,...,p}uili=p+1, .., mCgx)>—ulx)} .

Differentiating (12) with respect to x we get

p P
(13)  oV,.L(x,u(x), C) = VH(x)+ >, ui(x) Vigdx)+C Y g{x)"V?g(x)
i=1 i=1 |

+ i l(CQI(JC)-%' ui(_x))+ -Vzg,(x)-}-C Z Vgi(—’lf)'Vgi(-x)T

i=p+ ieJ(x, C)
+ Y Vgx) Vu(x)" .
ieJ(x,C)
We observe that whenever Z(x, C) # @ the two last terms of the right-hand side
of (13) have a jump at x. It causes the discontinuity of éV,L(x, u(x), C) at x. Whereas
for x satisfying Z(x, C) = @, oV, L(x, u(x), C) is well-defined and is continuous because
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fsa; are twice continuously differentiable by assumption. Assuming that the strict com-
plementary condition is satisfied at x*, we obtain |
Z(x*,C)={i=p+1,.., mCgx*) = u(x*) =0} = O

for all C>0 by (5) and (6). So OV, L(x*, u(x*), C) is well-defined and 8V, L(x, u(x), C)
is continuous in a neighborhood of x*.
To prove that &V, L(x*, u(x*), C) is positive definite we show that

yT 0V, L(x*, u(x*), C) y>0
for all ye R™, y # 0.

Given y € R, y # 0 we decompose y into a sum of two vectors y = y'+y?, where yl
satisfies the condition (y*)7-Vg(x*) = 0 for all ie I(x*) and y? is a linear combination
of the gradients Vg, (x*), i € I(x¥). By the regularity of the constraints we may write
(14) v =y 4+ Vg (x*) [Vgr(x*)T Vg (x*)] ™" 2

= yVgi(x*)7]"z
where Vg, (x*) is the matrix whose columns are the gradients of the active constraints
at x* and A" = (4T-A)" 1. AT

From (13), (14) we have:

(15)  2T-aV L(x*, u(x*), C)-y = (YH)T-ViFlx*, u*)-p' +
+ 20N V2 %, u*) [V, (x%) 1T 24 27 [Vg (x*) * ] Vi F(x*, w*) - [Vg(x*) 172
+ C 2Tz 4 2TV (x¥)T p 4 27 Vu (%) [Vg hx®) 17 2

By the second order sufficient condition (9) there exists a positive number a such

‘that pT- V2 _F(x*, u*)-y=>al]y||* for all y belonging to the manifold
M= {yeR"y"-Vyg -(’x*) =0, ieI(x*)}.

Setting b = ||V, F(x*, u%)- [Vg(«*) 17|, ¢ = [[Vug(x®)|l, d = ||[Vg,(x*) "] Vix F(x*, u*)-

-[Vg,(x*)+]T|1 and ¢ = |||[Vgx*)"]-Vu(x*)}| we obtain

(16) OV, L(x*, u(x*). C) yza||y"||* - b+ )|y Izl +H(C—d—e)||z|*.

Hence, due to the fact that y' # 0 or z # 0, we get the existence of C guaranting
the positive definiteness of dV, L(x*, u(x¥), C) for all C= C.

The proposition is false when at the local minimum x* the second order sufficient
condition does not hold. However, in this case we obtain the following

PROPOSITION 2.3. Assume that u(x) is a Lagrange multiplier function for problem (1).
Let x* be a local minimum of problem (1). Then there exists C=0 such that for all c=C
oV, L(x*, u(x*), C)
is positive semidefinite.

Proof. By the second order necessary condition for a lecal minimum (8) the Hessian
Vi F(x*, u*) is positive semidefinite on the manifold M. The existence of C follows

from (16) with a = 0.



104

We can observe that in this case dV, L(x*, u(x*), C) is never positive definite, because
for y € R® such that yT-Vg,(x*) = 0, ie I(x*) and »7, V2, F(x*, u*)-y = 0 we get

V10V, L(x*, u(x*), C)-y = yT- V2, E(x*, u*)-y = 0.

III. The equation approach to the constrained optimization. In the sequel we shall
consider the general constrained optimization problem (1) with the twice continuously
differentiable functionals f, g; which fulfil the regularity condition (2).

Let u(x) be a Lagrange multiplier function for problem (1). Let x* be a nonsingular
local minimum of problem (1) and at x* the strict complementarity condition is satisfied.
So, by Proposition 2.1, x* is a solution of the nonlinear system of equations

(17) V.L(x,u(x),C) = 0.

Moreover, by Proposition 2.2 there exists C >0 such thatif C> C then 0V, L(x*,u(x*), C)
is positive definite and 8V, L(x, u(x), C) is well-defined in a neighborhood of x*.

Hence, to locate x* we can apply the efficient methods for the nonlinear system (17),
for instance, Newton’s method or the secant quasi-Newton methods. These methods
are locally well-defined, and if the generated sequence {x*} converges to x*, then the
convergence rate is Q-qadratical and Q-superlinear, respectively.

The following theorem guarantees the local convergence of the sequence {x*} to x*
when arbitrary convergent methods for nonlinear system (17) are used (assuming that
C is sufficiently large).

THEOREM 3.1. Assume that u(x) is a Lagrange multiplier function for problem (1). Let
x* be a nonsingular local solution of problem (1) with the strict complementarity. Let S be
compact set in which x* is the unique critical point of problem (1). Then there exists a posi-
tive number Cg such that for all C=Cg, x* is the unique solution in S of the nonlinear
system (17).

Proof. Suppose the theorem is false. Then we can assume, without loss of generality,
that there exist sequences {C,}, {x*}<S such that: x* # x*, V. L(x" u(x"),C) =0,
k=1,2,.., and C, - o0, x* - Xe S (by the compactness of S) as k — 0. We re-
member that |

ﬁ ; . )
VxL(xks u(x*), Ck) = Vf(x*)+ Z ux*) Vg, (x*)+ C, Z g(x*)-Vg(x")
i=1 i=1
“+ z (Ckgi(xk)+“i(xk))+'Vgi(xk)
i=p+1
P

(18) 0 = lim {Vf(x")—l— E u,(x*) Vg,(x*)+
k— a0
i=1

+ G [z g:(x*) Vg (x*)+ z (gi(xk-)+ u,-éx )) ' Vgi(xk)]} -
kK /o

i=1 i=p+1
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Thus from the assumption C, — oo it follows that

r m )
[Z Qi(xk) Vg t(xk)'l‘ Z (Qi(xk)“l‘ ulx )) ’ Vgi(xk)] - 0
i=1 i=p+1 Co /4

as k —» oo, and by the continuity we obtain

i; g{X) Vg D)+ Y 943, Vg, = 0.

i=p+1

Owing to the regularity of the constraints we get
gx)=0 1i=1,2,..,p,
g(x) <0 i=p+l,....,m
ie. 56 is a feasible point for problem (1).
Setting
(19) i; = lim (Ceg(x*)+u(x")) i=1,2,..,p

k=

i, = -lim (C,g,(x)+ufx"), i=p+1,....m
k—-ow
we have ii,20 for i = p+1, ..., m. The existence of the limits in (19) follows from the
regularity of the constraints and from (18). It is obvious from (19) that «#; = 0 for all
i satisfying g,(x)<0.
From (18), letting k — o0, we obtain

Vf(:‘c)f_z1 ii; Vg% = 0

This shows that X is a critical point of problem (1). By the assumption of the theorem,
X = x* by force.
xF— x*

Setting d, = ﬁ;k—x*ll

Because of the continuity of g,(x), u{x) there exists a neighborhood of x* in which
g(x)<8<0 for all i ¢ I{x*) (i.c. for i such that g,(x*)<0). So there exists C, such that
in this neighborhood if C= C,, then Cg(x)+u(x)<0 for all i ¢ I(x*). This proves that
Jk, C) = {1,...,p} v {i = p+1, ..., m|Crg{x")+u (x*)>0} cI(x*) for all k=k,, where
k, is large enough.

Let us denote

we can assume, without loss of generality that 4, — d.

(20) | N(Cy) = {xl(x, C) = [(x¥)} .

By the definition of J(x, C) and the strict complementarity condition, N(C,) is a neighbor-
hood of x* and in this neighborhood the derivative 8V, L(x, u(x), C;) is continuous be-
cause Z(x, C,) = O,

Now we show that if k, is sufficiently large, then x* e N(C,) for all k=k,.







