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Thin sets in C*
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1. Introduction

In classical potential theory, a subset E of R" is said to be thin at a point x, € E if
there is a subharmonic function ¢ such that
lim @(x)<¢@(xo)
X2 Xp

er i
x# X0 ‘

and E is said to be thin if it is thin at all of its points.
It is well known that E is thin if and only if £ is negligible, i.e. there is a uniformly
bounded family (¢;);2; of subharmonic functions such that
Ec{xe R"; supg,(x)<(supg)*(x)}
ieN ieN

where (sup ¢;) * is the smallest upper semicontinuous majorant of sup ¢;. Cf. Brelot [2].
ieN ieN

By analogy with this, we say that a subset E of C" is thin at z, € E if there is a pluri-
subharmonic function ¥ such that

im ¥ (z') <y (2o) -

2’2o

z'eE

z'#zo
We say that F is thin if it is thin at all of its points. (Isolated points are considered as
thin.) '

A set is negligible (cf. Lelong [7]) if there is a family of plurisubharmonic functions
(¢,)ic1 locally bounded above such that
Ec{zeC"; supg(z)<(sup@)*(2)}
iel iel

In Section 2 we prove that every thin set is negligible. The converse is not true; the set
E = {(21522)5(:2; z, = 0}

1s neghigible but it is not thin at a single point.
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In Section 3 and 4 we discuss connections between L-regularity and non-thinness.
We recall some notation (see Siciak [13] and Cegrell [4, 5]). Denote by PSH(U) the

plurisubharmonic functions on U.
If E is a subset of the unit ball B in C" we put

he(z) = sup{(2); ¢ € PSH(B), plg = —1, ¢ <0}
and .
he(z) = Tim hy(z').
2’z
The set E is said to be L-regular at z, € E if hy is continuous at z,; £ is said to be
L-regular if it is L-regular at all of its points.

2. Thin sets are negligible
THEOREM 2.1. Every thin set is negligible.

Proof. Let E be a thin set in C". By Lelong [7], a denumerable union of negligible
- sets is négligible, We may then assume that E is relatively compact in B where B 1s a large
ball. Cover E with small balls (B));Z; so that to any ball P which meets E at z, there is
an ie N so that z, € B;cP. Put

hi = Sup{(p(z), (PEPSH(‘B)a (plﬂ,mEg__l:(PSO} -
and A
N; = {ze€ B; h(2)<h{(2)} .

Then N = (JN; is negligible and we claim that EcN.
i=1
For given z, € E. Then there is a Y € PSH(B) such that limy (z") <y (z,). Then there

2'~*zo
z'eF
Z2¥#zo

is a ball P containing z, and £>0 so. that Y (z)<y¥(z,)—¢ on P n E—~{z,}. We may of
course assume that <0 on B. Choose B, so that z, € B, P and put

¥ (2) !
Yi(z) = + - loglz—z,f.
! —(l/’(zo)—g) J °
We see that v|p, < —1 for every j so
Y (z0) o
hi(zg) = > —1 = hyz,)
° "(W(Zo)—ﬁ) °

which means that z, € N,. Since z, was any point in £ we have proved that EcN.

Remark: By a result of Bedford and Taylor [3], every negligible set in C* is polar
so in particular, every thin set in C” is polar.






