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A Note on Harmonic Envelopes of Holomorphy
Marek JARNICKI

Abstract. Basing on [1], an effective construction of the envelope of holomorphy of the ball with:
respect to some spaces of separately harmonic functions will be presented.

Throughout the paper we shall denote by Ay the Laplace operator in R,
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and by P,y — the system of $luriharmonic operators in R*Y,
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Let us fix ny,...,n,e NN [2, +00). Put n=ny+...+n, and let &£ = (&4, ..., %)
be a system of diﬁerentlal operators in R” = R™ x .. x R" such that:

(1) &; depends only on the variables belonging to R",

(2) E considered as a differential operator in R™ is either the Laplace operator 4, ;
or the plurlharmomc system &, (obviously the last case is admissible only if n; is an even
number). ‘

For a domain DcR" let #(D) denote the space of all fe C*(D,C) for which
LAf)=0,j=1,..,s5 It is scen that all classical spaces of separately harmonic or
pluriharmonic functlons may be described in such a way. One may prove that & (D) is.
a closed (in the topology of uniform convergence on compact subsets of D) subspace
of the space # (D) of all harmonic functions jn D.

We shall consider the problem of the effective construction of the envelope of holo-
morphy of the Euclidean ball

By(r) = {xe R": ||x||<r}

with respect to the space Z(Bo(r)); shortly: the % -envelope of holomorphy of Bo(r).

In some particular cases the problem was earlier solved in [5], [6], [3] (s = 1, Z =A4)
and [4] (s = 1, & = #,,). Unfortunately, thc methods used in these papers cannot be
adopted to the general case. Recently, theoretical foundations for the construction of the
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% -envelopes of holomorphy were given in [1]. Our note may be regarded as a trial of
a practical application of Th. 6 from [1].

We shall use the following notations:
| l 1/2
{zowy = Y zw;, izl =42, 2) 2z =(zyy ., 2y)y W= (wy, ... wy) € C¥;
i=1 S .

B(r) = {ze C": ||z||<r};
v 2 (B(r)) = the space of all functions f holomorphic in B(r) such that f|g,, € & (Bo(r));
it may be easily verified that % (B(r)) is a closed subspace of the space of all holomorphic
functions in B(r);
T(Ay) = {z = (24, ..., zy) € CN: zf-[— .28 = 0}
T(Pyy) = {z€ C*: 23 gz + 2252 = 0, Zz}—1zzk“32jzzk~1 =0,j,k=1,...N};
T(P)=T(L)x ... xT(Zy);
qe(2) = max{[(z, w)|: we T(ZL), |Iwl| =1}, zeC", j=1,..,s
| g(z) = max{|(z, w)l: we T(Z),||wl| = 1}, ze C*; note that g, is a seminorm;
Bo(r) = {ze C": qg(z)<r}.

Directly from Th. 6 in [I] we get
THEOREM 1. The domain int(By(r)) is the Z(B(r))- enve!ope of holomorphy of B(r).

Let t: CV¥ - [0, +o0) denote the complexification of the Euclidean norm in RY.
Recall that (comp. [2], [6]):
1) = DIz + 1A = Kz, 2P
or, in the real coordinates,
te+ay) = Uil + 112+ 20X =G, 20 TP,

Let u: C*¥ 5 [0, + o) denote the norm given by the formula:
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u(z) = max{( z |z Z2j-1 122_’| ) Z 1+’~7,] ) / ;.
J-—- z

‘Observe that u = t in C? (comp. [3]), u<t, u # tin C**, N>2 and u(x) = ||x||, x € R*".

The purpose of this note is to prove the following

THEOREM 1. (1) g (z) = Z qgj(v' Y3, 2= .., eC" = C"x ... xC"™;
'(,..) L,
1 , = — =1,
' QAAN \/2
(1) ggp,, = =W

'\f/ 2






