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Differential Stability in Parametrized Nonlinear Programming
by NGuUYEN Dinh Hoa

Introduction. Stability and differential stability of a mathematical programming
problem under perturbations have been studied extensively in the literature. Several
authors investigated the continuity and the differential properties of the extremal value
function as well as semicontinuity of the optimal set map for the case of nonlinear and
nonconvex programs under perturbations (see [2, 4, 5, 7, 8, 11]). In the case when per-
turbations are linear with respect to parameter Gauvin and Tolle [7] have obtained the
upper and lower bounds of the directional derivatives of the extremal value function
under a rather mild assumption. |

In this paper we shall extend the main results of Gauvin and Tolle [7] to the general
case of parametrized nonlinear programs. Moreover, we shall calculate the upper and
lower bounds of directional Dini derivatives of the extremal value function and, therefore,
a sufficient condition for the continuity of the optimal set map will follow.

It i1s worth noticing that much stronger results are known but under more restrictive
assumptions. For instance, in [l, 6] it was shown that the extremal value function is
differentiable in a neighbourhood of a local optimal solution and its gradient is equal
to the Kuhn-Tucker multiplier vector corresponding to that local optimal solution provided
the second order sufficient condition and the strict complementarity condition hold.

Notation and preliminary results will be given in Section 1. In Section 2, under the
assumption on regularity, the “local” stability of a feasible set will be established. Con-
tinuity of the extremal value function and semicontinuity of the optimal set:map will
be investigated in Section 3. The results obtained in two preceding sections will be used
in Section 4 to estimate upper and lower bounds of the directional Dini derivatives of the
extremal value function. Finally, we state a sufficient condition for the continuity of the
optimal set map.

I. Preliminaries. In this paper we shall consider the following parametrized nonlinear
program:
minimize f(x, a)
(P,) = {subject to gi(x,a) <0 i=1,...
hj(x,a)=0 J:]:,p
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where x € R", ae R% a plays the role of a parameter vector.
The program |
minimize f(x, 0)
(P,) = <subject to gi(x,0) <0 i=1,...,m
hi(x,00=0 j=1,..,p

corresponding to the parameter @ = 0 is considered an unperturbed program. Throughout

this paper f, g;, h; are continuous functionals of two variables x and a.
n+q
Given a continuous functional s: R — R and a vector @€ R we define directional

Dini derivatives of s:

s(x%, a® +aa)—s(x°, a°
D,s(x° a%; @) = limsup —

24

a—a
a—0*

s(x°. a® +oa)—s5(x°, a°)

D,s(x° a°; a) = liminf

a—a
a-+0*

o

Assume further that
(a) h; are continuously differentiable with respect to (x, a).
(b) f , g; are differentiable with respect to the first variable x and the partial dGI'lVd.thCS
V.f(x,a), V.g(x,a) are continuous.
(c) D, f(x° 0; a), D,f(x°0; a) D,g(x°0; o), D,g(x° 0; a) are finite for all ae R?
at each feasible solution x° of the program (Py).

For fixed paramecter vector a e R? the feasible ser for (P,) will be denoted by S(a),
that is | ’
gix,a) <0 i=1,...m
hix,a) =0 j=1,....p

\h 3
®

S(a) = {xe R"

We sei D = {ae RYS(a) # O}. Assume that Oe D. The extremal value function
fiel@) 1s defined by
I(a) = inf{f(x,a),xe S(w)} if S(a) # O
() =9 4 o if S(a) =

For a e D we define the eptimal solution set of problem (P,) as follows
P(o) = {xe S(a)|f(x, 0} = fiida)} .

Sometimes we shall consi_der S: a - S{¢y and P: a — P{a) as poini-to-set maps
from RY into the subsets of R". For convenience of the recader we recall the definitions
of some of concepts needed in the sequel.

Definitions [3, 7, 9]. Let Z and X be a two topological spaces and F: Z — X be
a point-to-set map.

We say that Fis open at a® € Z if for any scquence {a*} convergmg to «° and x° e F(a°),
a sequence p“} and a number k, can be found such that x* - x% and x* e F(a¥) for all

kzk.
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We say that F is closed at a® € Z if a* — a°, x*e F(a") and x* —» x° then x® & F(a®).
F is said to be lower semicontinuous at a® € Z if for any open subset % in X, # n
N F(d®) # O there exists a neighborhood ¥ of «° in Z such that # ~ F(a) # O for
all ae v .
F is said to be upper semicontinuous at a° € Z if for any open subset % in X, % > F(a®)
there exists a neighborhood ¥ of 4¢° in Z such that #>F(a) for all ae ¥
"~ We say that F is continuous at a° if it is lower and supper semicontinuous at a°.
F is said to be uniformly compact near a° if there exists a neighborhood ¥ of a® such
that cl[ J F(@)] is compact. |

ac¥ .
We notice that in the case when Z = R7and X = R”, F is lower semicontinuous at a°

if and only if F is open at @° and F is upper semicontinuous at ¢° if it is closed and uni-
formly compact near a°. ‘ |

For xe S(a) we set I(x,a) = {i =1, ..., mlg{x, a) = O}.

We denote by K(x, «) the set of Kuhn-Tucker vectors corresponding to x, that is, the
set of (u, w)e R™x RP such that

V.L(x,a,u,w) =0
(1) . u; =20 i=1,....m
gi{x,a)yu; =0 i=1,..,m

m p
where L(x.a,u, w) = flx, @)+ > u;gi{x, )+ ) w;-hix,a) is Lagrangian functional for
i=1 =1

. J
problem (P,), and define K(a) = J K(x, a).

. xeP{a)
In this paper the following two regularity conditions will be used:

[ (i) there exists a vector e R" satisfying
V.g{x,a) v <0 iel(x,a)

(R1,) 1 ‘
Vihix, @)y =0 j=1,..,p

(i) the gradients {V hi(x,a),j = 1, ..., p} are linearly independent.

(R2,): the gradients {V.g.(x,a),iel(x,ad): V.hj{x,a), j =1, ...,p} are linearly inde-
pendent.

Finally, we quote some needed concepts and results.

if B is an m x»n matrix (m<n) with rank m then BBT is nonsingular and the matrix
B* = BY(BB")™! is called the pseudoinverse of B. The following properties of B* will
be useful. |

ProvrosiTioN 1.1 If B is a mxn matrix with rank m then.
(i) BB* =1 |
(ii) B*b is a solution to equation Bx = b .
(1) For any £ which is a solution of equation Bx = 0 there c¢xists a £ € R" such that
£ = (/-B*B)s. |
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i

(iv) Any X which is a solution 1o equation Bx = b can be written in the form X = B¥b+
+(I-B*B)X.

Let X and A4 be open subsets of R” and RY respectively. Let ¢ be a continuous map from
XY x A into a bounded subset of R". Consider a two parameter family of ordinary dif-
ferential equations with specified initial values

{n’(t) = @(n(t), a)
n(t% = x.

where x € X and az e 4. The following proposition is an easy generalization of Peano’s
existence theorem.

(2)

PROPOSITION 1.2. Let A be any compact subset of A, then for x°e X there exists
a number >0 such that for every ||x—x°||<d and every ae A there exists at least one
solution to (2). Moreover, all solutions to (2) for a€ A and |jx—x°||<¢ exist and form
an equicontinuous and uniformly bounded family on some fixed interval [tg, 1,1, 1o<ty.

By using the Ascoli-Arzela theorem together with the integral equation form of (2)
the following corollary can be deduced from Proposition 1.2,

PROPOSITION 1.3 Let {a,} be a sequence of vectors in A converging to a° € A and {x*}
be a sequence of vectors in X converging to x° € X. If n,(t) is a solution of (2) corresponding
10 a = d* and x = x* then the sequence {n(t)} contains a subsequence {n(t); which con-
verges uniformly to no(1) on [t,, t;]. Moreover, no(t) is a solution to (2) for a = a® and
x = x°, and ny(t) converges to no(t) pointwise on [ty, t].

We shall also use the following result which was established by Gauvin and Tolle
in [7}

PROPOSITION 1.4 Let x° be a local optimal solution for problem (P,). Then the set
K(x°, 0) of Kuhn-Tucker vectors corresponding to x° is nonempty, compact dand convex
if and only if the regularity condition (Rly) holds at x°.

11. Regularity condition and stability of feasible set. We shall show that if the
regularity condition (R1,) holds at x° € S(0) then the feasible set S(0) is stable at x° in
the sense that for any sequence {a*} converging to 0, one can find a sequence {x*} such
that x* € S(d") as k>k, with sufficiently large k,, and {xk} converges to x° as k — oo.
This will be established by Proposition 2.4 and Corollary 2.6 in the end of the Section.
Now we state and prove some Lemmas.

Lomma 2.1 (Compare [7, Lemma 2.3]) Let x° be a local optimal solution for problem
(P,). Assume that the regularity condition (Rly) holds at x°. Then, given a® e R? there
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exists a vector vy € R" such that
(1) V.gAx®, 0) 1% < —D,g«x° 0; a®  for all ie1(x° 0)
(il) Vohy(x 0)-yho = ~Vhj(x°,0)a®  forall j=1,..,p

7
(ifi) Vf(x%0) ¥ = max {Y u;-Dgix°0; &)+ Y w;V,h(x° 0)-a®}.
i=1

(u,w)eK(x0,0) i=1
Proof. Consider the linear programming problem
| maximize (—V,f(x°, 0)-p) :
(3) subject to  V,g«x°% 0)-y < — D,g{x%0; a® iel(x°0)
Vehi(x°, 0)y = =V, hi(x° 0)-a° j=1,..,p

Its dual linear programming problem is the following

pP
minimize {— Y. w;-D,g4x%0; a®)— ¥ w;-V,h(x°, 0)-a°}
iel{x9,0) j=1
{4) ) subject to u,>0; iel(x%0)
| P
S ou - Vegdx° 00+ Y w; Vhi(x°,0) = -V, f(x°,0).
l iel(x9,0) Jj=1

Setting #;, = 0 for all i¢ /(x® 0) we notice that (v, w)R™x R" is a Kuhn-Tucker
vector corresponding to x° if and only if (#, w) is a feasible solution for the dual linear
program (4). By Proposition 1.4 the dual linear program is feasible and bounded. This
implies that the primal linear program (3) has a solution )7, and

' . m _ p
—P f(x%,0) 3% =  min  {—Y u;- Dgx° 0; «®— Y w;-V,hi(x°,0)a%,
(u,w)eK(x0,0)  i=1 i=1
So the proof is completed. The following lemma can be proved by straightforward calcu-
lations.

CLEMMA 2.2 Assume that x° be a feasible solution for problem (P,), i.e. x° € S(0). Let
s: R'"1 5 RP be a function defined as follows

(5) s(a, o) = o
Vhix’,0)a ifa=0.

if o #0

Then s{a, ) is continuous.

LEMMA 2.3 Let x° be a feasible solution for problem (P,). Assume that the regularity
condition (R1,) holds at x°. Let y°€ R" be a vector satisfying:

© | (Vgix°,0))° <0 for all ieI(x°,0)
|Vehi(x%,0)-3° =0  forallj=1,..,p.
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leen a® e R, Iet y(a) be a continuous functzon from a nezghborhood U of a° into R™ which
satisfies: ‘

(7)

ngi(xoa O)J—/(ao) “'-<-- - 5agi(x03 0; a.{)) i€ I(xos O)
V. hi(x° 0)-5(@ = —V,h(x° 0)a j=1,..,p; ae.

Then, there exist a number 8>0 and a continuous function y: R"*1*1 — R" defined for
all (x,a,a)e By(x°, a®)x [0, 8) such that the following conditions are satisfied:

0
Ax", aa )
1) V.gfx,aa)yx,a, )< — —gf(—x-—a—) iel(x°0); a#0
) | o
(i) Vohi(x,0a)-y(x,a,0) = —sia,0) j=1,..,p

where s(a, o) is the function defined by Lemma 2.2.
(i) y(x° a,0) = §(@)+)y° for all ae Bya®).

Proof. By the regularity condition (R1,) the gradients (VP hi(x°,0);j=1,..,p} are
linearly indepéndent Let us denote, here and later, by V. h(x,a) and V,h(x, a) the ma-
trices whose rows are the gradients of functionals F,, ..., h, with respect to x and a,
respectively.

By the continuity of derivatives there exists §; >0 such that {V hi(x,aa);j =1, ... p}
are linearly independent for all (x,a, o) eBai(x a®)x [0, &,), and further, the pseudo-
inverse V. h(x, aa)® is continuous in this nelghborhood

Since V,h(x° 0)-(F(a)+1°) = —V,h(x°, 0)-a, using the property (iii) of the pseudo-
inverse matrix given in Proposition 1.1 we may write:

(8) Fla)y+3° = (I-V,h(x°, 0V V1 (x°, 0))(F (@) +3°) =V h (x°. O)*F,h(x°. 0)-a
‘Setting
9) v(x,a,0) = (I-V.h(x, 0a)* V. h(x, 2))(F (@) +3°) = Veh(x, 2a) " -s(a, @)

we get a continuous function y(x, a, «) defined in the neighborhood Bai(xo, a®) x [0, &)).
Moreover, V. h(x, oa) y(x, a,a) = —s(«, ) and this proves (ii). Substituting x = x°,
a = 0 in (9) we obtain

v(x° a,0) = (T-V.h(x°, 0"V, h(x°, 0)).(§ (@) +1°)— v h(x®. 07 h(x°, 0)-a = Fla)+)°

and this proves (ill).
By (6) and (7) there exists an ¢>0 such that

V,g:(x°, 0)()7(a0)+.1‘0)+ D,g/(x° 0; a®Y<—¢ for all ieI(x° 0)

Now, using continuity of v{x, @, «) and the derivatives V. g;(x, ae), we can show that

{(x", aa)
there exists 8, 0<d <8, such that V.g(x, aa) y(x,a, 0)< — WL~—3 for all 7 e I(x°, 0);
o

(x,d,a)e By(x° a®) x [0, 8). The proof is completed.

We are now in a position to state and prove the main result of this section,
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ProposITION 2.4 Let x° be a feasible solution for problem (P,). Assume that the
regularity condition (Rly) holds at x°. Then there exists a number r>0 such that for all
ae B,(0) = {ae RY||a|l|<1} and for all O<a<r there is x(a, o) satisfying
(i) x(a, o) € S(oa)

(i) x(a,0) = x° and x(a, %) - x° as « > 0.

Proof. Given an arbitrary a® € B,(0), let 1% € R" be a vector satisfying (6) and j € R"
be a vector satisfying '

. {ngi(x", 0):7 < — D,g,x°0; & iel(x°,0)

7) PR, 0) 5 = — PG00  j=1,..,p.
J J

The existence of these vectors follows from the regularity condition (Rl,) at x°, Indeed,
since the gradients (V.hi(x°,0), j=1,.., p} are linearly independent, the linear system
of equations V.h(x% 0)-y = —V,h(x’, 0)-a® has a solution j. Then, setting y = j+
1+ C-y°, ¥ satisfies (7') with a sufficient large C. L

Setting  7(a) = (I—V,h(x°, 0)* V. h(x° 0))j — V.h(x° 0%)-V,h(x° 0)-a we obtain
a continuous function satisfying (7) and, moreover, 7(a®) = y. By Lemma 2.3 there exists
a riumber §,>0 and a continuous function y: R*"4*1 . R" defined for all

(x,a, o) € Bs (x° a®) x 10, §,)

such that the following conditions are satisfied:

0 »
(x°, ad
(10) \ V.g(x,oa) y(x,a, )~ g_,Lx %) ieI(x%0); o« #0
o
{an Vxhj(x,oca)-y(x,a,oz) = —s;a, x) j=1,...,p
(12) »(x°% a,0) = F@+)y°.

Now define 5(-; @, «) as the solution to the following differential equation with
specified initial value
(13) {n'(’t; a, o) = y{(nit; a,2),d, )

n(0; a, o) = x7.

By Proposition 1.2 for every (a, o) € B; (a°)yx [0, 8,) there exists at least one solution
to this initial value problem defined on a positive interval, say 0<r<T, where T 1s inde-
pendent of {a, z) and all these solutions form an equicontinuous and uniformly bounded
family on interval [0, T]. Without loss of generality. we may assume that 6, <7.

We shall show that x(¢, a) = n{a; a,«) satisfies the conclusion of Proposition.

First we prove (ii). Given ¢>0, by the equicontinuity of the family n(t;a.o)atr =0,
there exists a number >0 such that for all '

(a, o) € Bs (a®) x [0, 8,), lIn(t; @, x)—n(0; a. x| <e

if 0<t<d. It means that lx(a, x) —x°||<e if 0<a<.
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When proving (i) we take into acount (13) and setting & = (h, ..., hp)T we calculate

h(x(a, o), aa) = h(n(a; a, @), oa)

1

p .
= JE) h(n(Aa; a, 0), aa)+h(x°, oa)- 2} d2

o
]

= f{Vxh(n(ﬁfx; a, o), oa)n'(Ae; a, o) a+h(x°, aa)}da

0

= J{Vxh(n()hoc,a,a),oza)-y(n(}f.oc; a,a),a,oa) a+h(x°, aa)ldi.

The last term is equal to zero (owing to (11) and (5)).
For i e I(x°, 0), by the similar reasoning as above, we obtain

gilx(a, o), 2a) = g(n(x; a, o), aa)
| ] | |
= j {ng,(n(/ux, a, 05),“0((1)'_}’(1’[(/10(; da, CI), a, OC).Oﬁ"i'gi(an Cia)}d/?,.ﬁ_o >
o .

(due to (10)).
Finally, for i¢ I(x°, 0), g,(x° 0)<0 Therefore,” by continuity of g,, there exists

a number £>0 such that g(x, «a)<0 for all i¢ I(x° 0) as ||x—x°||<e and ||aa||<e.
Again by the equicontinuity of the family #(-; 4, «) at t = 0 there is a number §>0
such that for all (a, o) € B;,(«®) X [0, 8,). |In(z, a, )—n(0; a, a)||<e if 0<t<s. Now
take a sufficiently small number r(a®), 0<r(a®) <4, such that r(a°)(||a | +r(a®))<e. We
have g(x(a, a), xa)<0, i¢ I(x°, O) for all (a, o) € B,0)(a°) x [0, r(a®)).

We have proved that given 4° € B,(0), there exists a r(a°)>0 small enough such that
x(@,x) = n(x; a, =) satisfies the conclusion (i) for all (a, &) € By(u0)a®) x [0, r(ao)) The
family {B,,(a); a € B{(0)} form a covering of B,(0). Let {B,(at)(a) i=1,.,1} be
a finite subcovering. Setting r = minr(a') we get the required number r.

Remark 2.5. Let x° be a local optimal solution for problem (P,) and the regularity
condition (R],) holds at x°. If at the begining of the proof we take the optimal vector y%
mentioned in the conclusion of Lemma 2.1 instead of taking an arbitrary y satisfying
(7) we get corresponding x*(a o) € S(xa) which has the following property: Let {a*}
be a sequence converging to a° and {o} be a sequence converging to 0, then by Proposi-
tion 1.3 we get

. f(x*(aks ak)ﬂ OCr’cak) _"f(xoa akak)
limsup :
k- 0,

= limsup V. f(n(7; a* o), Ofkak) n'(f; o) =

k— oo






