UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XXV

1985

Tangent Cones and Differential Stability
of Parametrized Nonconvex Programming

by NGUYEN Dinh Hoa

Introduction. Tangent cones play an important role in the theory of the mathematical
programming. They have been used to deduce the most general necessary conditions
for an optimal solution of the mathematical programming problem. In this paper we °
show that tangent cones are also useful in studying the differential stability of parametrized
programming. Using tangent cones the upper and lower bounds of the directional Dini
derivatives of the extremal value function (as a function of a parameter) will be obtained,
provided that a regularity condition holds. The results in the present paper generalize
the similar statements obtained by the author in [4].

Notations and preliminary results will be given in Section 1. The parametrized non-
convex programming of a rather general form and a regularity condition, which was
given by Penot [7] in terms of tangent cones, will be presented in Section 2. Section 3 is
devoted to the fundamental Lemma, (Lemma 3.1) needed in the following sections and
to the “local” stability of the feasible set for the mathematical programming problem.
The main results, estimations of the upper and lower bounds of directional Dini de-
rivatives of the extremal value function, will be given in Section 4. Finally, we shall give
a comparison between two regularity conditions: (R1,) used in [4] and (R") used through-
out this paper, and some conclusions.

The author wishes to express his deep gratitude to Prof. Z. Denkowski for advice,
encouragement and many helpful suggestions.

I. Preliminaries, We begin with definitions and results we need in the sequel.

]. Tangent cones: Let X be a topological vector space and B be a subset in X,

The tangent cone T, B to B at a point x, € cl(B) is the set of vectors v e X such that
there exists a sequence (x,,1,) € Bx (0, +co) with limit (x,,0) and v = limz, *(x, — x,).

Some other cquivalent definitions of the tangent cone can be found in [7].

The radial tangent cone T; B to B at a point x, € cl(B) is the set of vectors v € X such ,
that Xo+1,v € B for some sequence ¢, in (0, 4+ 00) with limit 0. |

Obviously, T; B<T, B and if B is starlike at x,, in particular, if B is convex, then
T, B = cone (B~xy) and T, B = cl(T; B).
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The polar cone of T, B,
(T B’ = {x*e X": {(x*,x)<0 for all xeT, B},

where X' is the topological dual of X, is called the normal cone to B at x° and is denoted
by N,,B, i.e. N, B = (T, B)°.
2. Multivalued mappmgs Let F be a multivalued mapping from Z into X. We denote

domF = {aeZ: F(a) # &},
graphF = {(x,a)e X xZ: x€ F(a)}.

We say that F is convex (closed) if its graph is a convex (closed) set in X' x Z.

A multivalued mapping F from Z into X is said to be surjective if F(Z) = X. Let us
notice that the condition F(Z) = X is equivalent to p(graphF) = X, where p, is the
projection p,: XxZ — X.

We say that F is locally surjective at a point q,, if F carries every neighborhood # of a,
onto a neighborhood F(%) of F(a,). -

THEOREM 1.1. ([3, 10]): Let X and Z be two Banach spaces and let F: Z — X be a closed
convex multivalued mapping with the graph Ge X xZ. If for some (b, a) € G the projection
c X xXZ — X maps T(, ,,G onto X, that is:

px(T(b,a)G)\ =X,
then F is locally surjective at a.

Remark 1.2. The condition p (T3, ,,G) = X is equivalent to the condition which was
used by Robinson [10]: that b e X is an infernal point of the range of F and a e F™1(b).
Indeed, since G is convex, Ty 5 G = cone(G—(b,a)) and ‘the condition pAT, s G)
= px(cone(G (b, a))) X means that for any x € X there exists ze Z and ¢>0 such
that 7(x, z)+(b, d) € G or, equivalently, b+1x € F(a+1tz). This is equivalent to b being
an internal point of the range of F.

A multivalued mapping F is said to be uniformiy compact near a, if there exists a neigh-
borhood ¥ of a, such that cl( {J F(a)) is compact.

act

Assume that X and Z are two metric spaces. We say that F: Z — X is 0-Lipschitzian
on AcZ if ¢(F(a), F(a'))<0d(a,a’), where ¢(4, B) denotes the Hausdorfl distance
between A4 and B.

The following lemma ‘on multivalued contraction mappings, essentially due to
Nadler 6], will be used.

LemMa 1.3. Let B be an open ball with center ay and radius r in a complete metric space X
Let F: B — X be a 0-Lipschitzian on B multivalued mapping with closed nonempty values,
where 0<8<1. If d{do, F(ay,))<(1—6)r, then F has a fixed point X € B, i.e. X € F(X) n B.

Moreover, for any §>0 one can find a fixed point X which satisfies:

. 1+é y
d(x():' x)"‘<-~ i_____e d(x()v F(XOJ} :
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3. Convex process. A multivalued mapping F from Z into X is called a convex process
if its graph is a convex cone in X xZ, containing the origin.

Let X and Z be two normed spaces. A convex process F is said to be bounded if there
is a number ¢>0 such that

F @) = sup |Ix[]|<cllall,
xeF(a)

for all aedomF.
If F is a convex process, then the multivalued mapping F* from X" into Z’ defined by

F*(x*) = {a*e Z': (—x*, a*) € (graphF)"}

is also a convex process. It is called the conjugate of F. S

 ProposITION 1.4. Let X be a reflexive Banach space, Z be a finite dimensional normed
space and F be a closed convex process from Z into X. Let F* be the conjugate of F. The
following statements are equivalent to each other:
(i) domF = Z
(i) F*(0) = {0}
(iil) F*(x*) is bounded for some x* € domF*
{iv) F*(x*) is bounded for every x*e domF*
(v) F* js bounded. ‘ -

Proof. It is clear from the definition that (v) = (iv) => (iii) = (ii). It suffices to prove
that (i) is equivalent to (i) and (ii) = (v).

By definition, we have {a*, @) <0 for all 4 € domF and a* € F*(0). Hence, domF =272
implies F%(0) = {0}. Conversely, if domF # Z, using theorem on separation of convex
sets, we get F*0) # {0}. So (i) is equivalent to (ii).

Suppose that F is not bounded. It means that there exists a- sequence (x¥, g) such

eI | o O a (m\
that af € F*(x}) and —— — 0. Since F* 1s a convex process, —— € F*[——]. Sub-
[l - | |l el

-sequencing if necessary, we can assume that the sequence converges to dg, d # 0.

dy

ax

Since F* is weak*-closed, af € F*(0). This contradicts (ii). So (ii) implies (V).

ProroOSITION 1.5. The assumptions are as in Proposition 14. If domF = Z, then for
all x5 € domF* we have

n - sup {{a*, ay: a* € F¥(x3)} = inf{{x}, x): xe F(@)} .
Proof. By the definition of F*, we have —{x¥, x> +<{a*, ay <0 for all x e F(a) and
a* e F¥{(x*). Therefore, :

(2) sup{{a*, ay: a* € FX(x5)} <inf{(x5, X): X e F(@)} .

X
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Let us denote G = graphF and y = sup{{a*, a): a* e F*(x¥)). By the assumption,

y 1s finite. Given an arbitrary number £>0, we shall show that there exists a convex
neighborhood # of x5 in X' such that the set I', = {(—x¥, a*): x*e %, (a*, ay>y+e}
does not intersect G°, that is I', 1 G® = @. If this were not the case, then we can find
a sequence {(xx,dx)} such that x, —» x, and af € F*(x}) and (4}, a@>>7y+¢,. The se-
quence {ay} is bounded. Indeed, if there is a subsequence {ar'} with [|af|| - oo, then by
the similar reasoning as in the proof of Proposition 1.4, we get F¥0) # {0}, which
contradicts the assumption that domF = Z. Hence, without loss of generality, we can
assume that the sequence {ai} converges to aj. By the closedness of F*, a} e F*(x).
On the other hand, we have {(a5,a) = lim {a}, a)>y+¢, which is impossible.

k-0

Now, using the theorem on scparation of two disjoint convex sets, we get the existence
of (xg, ay) € X X Z, (x4, dy) # 0 and

(3) {(x*, xop+{a*, agy=0 for all (x* a*)el,
(4) {(x*, xop+{a*, apy<0 for all (x* a*)e G°.

Fixing x*e %, we get from (3) that if {a*, a)azy-i—a then {a*, a,)>0.
Hence the following implications follows:

35) (a* dgp<0=<{a* a)<0 and <{a* ay<0={a* aq,><0.

We shall show that (5) implies a, = Aa, A1>0.

Letusset Q = {a*eZ': {a* dy)<0},0 = {a*e Z’: {a*,ay<0}and § = {}a: >0}
Then, by (5), @ = Q. By definition 0° = {a*eZ': {a*,a)<0} = 0 = Q. Since § is
closed, 0% = 0 = 0° = Q° Therefore, g, = Aa, A>0. If 1 = 0, then (3) implies that
xo = 0, which contradicts the fact that (x,, a,) # 0. Hence, A # 0. We can assume that
A=1, |

We get from (4): |

{x*, xg)+<a*,a><0 for all (x*, a*) e G°.

Since G is a closed convex cone, the above inequality is equivalent to the relation
(x5, )€ G, or x4 € F(a). Substituting x* = —x3 in (3) we get (x§, xo» <y+e.

We have proved that given an arbitrary number ¢>0 there exists x, € F(@) such that
(x5, gy <7y+e. This together with (2) gives the required equality. From the proof of
Proposition 1.5 we get casily the following

COROLLARY 1.6. The assumptions are as in Proposition 1.4. Given a e 7, let us set
J sup {{a*, ay: a* e F*(x*)} if x*e domF*

u¥

m(x*) =
l—oo if x*¢ domF*

Iy domF = Z, then the functional m(x*) is upper semicontinuous.

Remark 1.7. Let F: Z - X be a convex process. If we set

Fo(x*) = {e* e Z': (~x* a*)e —(graph F)°},

»
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then F, is also a convex process from X' into Z'. By definition, we have {x*, x)
—<a*, ay<0 for all x € F(a) and a* € Fy(x*). So

inf{{a*, a): a* e F (x*)} = sup{{x*, X): X F(a)}.

a* x
By the similar reasoning as in the proof of Proposition 1.5, we can show, with the same
“assumptions, that if domF = Z, then
(6) inf{{a* a): a*e F (x*)} = sup{{x*, X): Xe F(@) for all x*edomF,

%
a x

(7) the functional x — w(x*), where

inf{{a*, a): a*e Fyu(x*)} if x*edomF,

%) —
) {+oo if x* ¢ dom F,

1s lower semicontinuous.

Remark 1.8. Consider the convex programming problem
(8) {minimize{xy, x}, subject to x € F(a)} .

The problem {maximize {a*, @), subject to a* e F*(x{)} can be viewed as the dual
one of (8). Hence, Proposition 1.5 and Corollary 1.6 give us a sufficient condition for
having the duality relation.

11. Regularity condition and Kuhn-Tucker vectors. Let X and Y be two Banach spaces,.
B and C be two subsets in X and Y, respectively. Given the functions f,: X — R and
go: X = Y, we consider the following mathematical programming problem:

{ minimize  fo(x)

(Zo) lsub_';ect to xeB and g4x)eC.

Let Z be a finite dimensional normed space and A4 be an open subset in Z and 0 € 4.
Assume that f, g are functions from X x 4 into R and Y, respectively, and f(x, 0) = f,(x),
gix,0) = go{x) for all xe X.

We shall deal with the following perturbed problem of (%)

{ minimize  f(x, a)

(Za) lsubject to xeB and g(x,a)eC.

For a fixed parameter a € 4 the feasible set for (#,) will be denoted by S(a), that is
S(@) = {xeB: g(x,a)e C}. For a =0 the set S(0) is, of course, the feasible set for
problem (2y): S(0) = Sy = {x € B: go(x)e C}.

The extremal value function f ;(a) is defined by

‘@) = finf{f(x,a): xeS(a) if S(a)# O
finrta) = |+ a0 if S(a)=0.
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We define the solution set of problem (£,) as follows

P@) = {xe5@): f(x,d) = fi(@)} .

So a — S(a) and ¢ — P(a) can be considered as two multivalued mappfngs from A into
the subsets of X and they will be denoted by S and P, respectively.

Let x, be a feasible solution for problem (£,) and g be differentiable at x,. The
following regularity condition was given by Penot (see [7]):

(Rr) g O(xO) (I:o 'B ) o(xo) C Ys and
(L) TxoSO = TxoB M g’o()Co) - l(Tgo(xo) C) .

He has proved that (R") implies (L), provided B and C are closed convex subsets in X
and Y, respectively, and g is strictly differentiable at x,. In the case when Y is finite di-
mensional, (R") can be replaced by

(R) go(xo) (TxoB) o(xo)C =Y.

Clearly, (R") is stronger than (R).
Using the regularity condition given above, Penot deduced the necessary condition
for a local minimum of problem (£,), which we summarize in following
PROPOSITION 2.1. Let x, be a local minimum for problem (2,). Assume that B and C
are convex sets and that fy, g, are differentiable at x,. If the regularity condition (R) and (L)
hold at x,. then there exists a vector y*e€ Y’ satisfying
9) y*e NyoxeyC - and
0 e fo(x0)+3* o golxo) + Ny, B.

Moreover, the set K(x,) of all such vectors y*,
(10) K(x0) = {3* € Nyo(aqr C: 0 € (o) + 1% 5 gh(x0)+ Ny B} «

is weak*-closed, convex and bounded.

A vector y* satisfying (9) is called a Kuhn-Tucker vector (or Lagrange multiplier) as.
sociated with the local minimum Xx,.

Now we assume that g is differentiable with respect to (x, a) at (x,, 0) and we denote
by g'(xy,0), g.(x,,0) and g (x,, 0) the derivative and the partial derivatives of g with
respect to x and ¢ at (xq, 0), respectively. So, it is known ([1]) that

g’ (x9,0) = g3(x0,0) 0 po+9galx4,0) 0 p, = golxy) o petgalxe. 0o p,,

where p, and p, are the projections from X xZ into X and Z, respectively.
Let us denote by G the graph of S, that is

G ={(x,a): ae A, xe B and g(x,a)eC}.
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We shall consider the following conditions which are mdtivated by (R") and (L):
(RG) g (%0r 0)Tng, 0B X A) = Tozp0C = ¥
(LG) Tere.00G = Tiso,0B X A) 0 9'(%0, 0) ™ Tyis0.00C)
Since A is open and 0 4, Ti, 0(BxA) = T,,BxZ. So (R') implies (RG"). Moreover,

. assuming that B and C are closed convex sets and g is strictly differentiable at (x,, 0),

we get the following implications
(R") = (RG®) = (LG) .

The following lemma will be useful.

LemMa 2.2. Let x, be a local minimum for problem (2,). Assume that B and C are
closed convex sets and that the function f is differentiable, the function g is strictly -dif-
ferentiable at (xg,0). If (RG") is satisfied, then

(1) fa*eZ': (—fi(x0,0), a*) € [T(o,0)G1°} = {a* € Z": a* = y* o gl(%e, 0), y* € K(%o)},

where K(x,) is the set of Kuhn-Tucker vectors corresponding to x,.

Proof. By the assumptions, we get (LG), that is
T(xo;O)G = T(xo.O)(BXA) M g'(x()s 0)_1(Tg(xo,0)c) ,

Since the tangent cone are closed and convex and the condition (RG") holds, we have
(see {71}
(7 xo, O)G]O = [T (x0,0)(B X A)]O +9' (%05 0)*[Ng(xo,0)C1 s

where g'{x,. 0)* is the conjugate of g'(x,, 0). Hence,
[T(xo,O)G]O = N, B X {0} + g’ (X0, O)*[Ng(xo,t))c] .

This means that (—f1(xe, 0), @*) € [T(x,,00G1" if and only if there exists x*e N, B and
1% € Ny 0,C such that (—fi(xe,0) = x¥+% o gx(Xo,0) and a* = ¥ o gaxo, 0). The
proof of Lemma is* completed.

L. Stability of the feasible set. We shall show that if the regularity condition (R')
holds at x, € S(0), then the feasible set S(0) is stable at x, in the sense that for any
sequence ‘a,} converging to 0 a sequence {x,} can be found such that x, € S(a,) for suf-
ficiently large » and {x,} converges to X, as n — o0.

The following Lemma, which will play an\importa.nt role in establishing our results,
is essentially due to Penot [7]. We only adopt it to the case when the parameter a 1s taken
mnto account. |

‘Lemwmia 3.1, Let B and C be closed convex subsets of X and Y, respectively. Let u: B— Y
be a function, xo€ B and u(xy) e C. Assume that
(a) u(BY—C is absorbing in Y






