UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XXV

1985

The Rate of Convergence of Iterates of the
Frobenius-Perron Operator for Lasota-Yorke
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1. Introduction. Tn this note we estimate the rate of convergence in supremum norm
of iterates of the Frobenius-Perron operator for the Lasota-Yorke type transformations.
We shall show that this convergence is gtometrical. |

2. Convergence theorem. Denote by (Ly, || ||;) the space of all functions defined on
[0, 1] for which | f] is integrable, and by m the Lebesgue measure on [0,1]. Let7: [0, 1] —
—~{0.1]be a measurable nonsingular function, i.e., if 4 is measurable, m(A) = 0 implies
m(T~(A4)) = 0. Given T, the Frobenius-Perron operator P;: L, — L, is given by the
formula '

Prfe) =~ j f(s)ds.

T~ 1([0,x])
The operator Pr is linear, continuous and satisfies the following conditions:

(a) Py is positive: f20 = P;f >0,
(b) Py preserves integral

1 1
{ Ppfdm = | fdm, feL,,
0 0

(¢) Py. = P} where T" denotes the n-th iterate of T,
(d) P;f = f iff the measure du = fdm is invariant under 7, ie., p(T~HA)) = p(4)
for each measurable A, .
(¢) If A is invariant, i.e., m{(AAT ~'(4)) = 0, then, for fe L, such that m(supp/i\4)
= 0, m(suppPrf/\A) = 0.
Denote by D = D([0,1], 2, m) the set of all nonnegative functions fe L, with
h =L -
Let T be a given transformation of the unit interval [0, 1] into itself satisfying the
following conditions:
(i) there exists a partition 0 = @y < ... <d¢, =1 such that for each 7 (i = 1,...,71)
the restriction 7 of T to the open interval (a;_; ;) is a C' function which-can

3

be extended to the closed interval [a;_, a;] as a C* function,
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(i) @i = (T; ')’ is of bounded variation over [0, 1] (i = 1, ..., r),
(iti) infyepo, 417 (x)>1.
The following results are contained in [3, 5, 6, 7).

THEOREM 1. If T: {0, 1] — [0, 1] satisfying conditions (1)—iil) has an absolutely continu-
ous measure |1 invariant under T with support equal to [0, 1], then

(1) there exists a finite family {g;}0., =D such that Prg; = ¢; (z"= I,....p),

(2) D; = suppg; is a finite sum of intervals (i = 1, ..., p),

(3) D, is invariant under T (i = 1, ..., p),
(4) D, are disjoint (m(D; n D;) = 0 for i # j) and -,

m([O: 1]\.91 ‘Dl) =0,

(5) there exists such k that for each fe L,

lim ||P:;(f]1),-)—9i Djfdmlh = 0

and consequently

n—-1 k-1

1 A 1 .
Jim - E PLf = lim p E PyP,f, where ¢ =T*
n—oo N n— o -
=0 i=

(6) there exists such q that for ¢, = T?and for each f e L, of boundedvariation (\/ f< )
0

1 1
\ Py, [\ S+ MIIF
for some 5, €(0,1) and M>0.

The main result is the following

THEOREM 2. Let T satisfies the assumptions of Theorem 1. Then there exist constants
K>0, ¢>0 and s € (0, 1) such that for all functions [ of bounded variation over [0, 1]

Por= Y g, [Fdml <K F+ellf L)

where ¢ is as in (5). : :
Denote by W, the space of all integrable functions of bounded variation over [0, 1]
1
such that suppf< D; and | fdm = 0. In W, we introduce the norm |[flly, = 11/l +\/S.
0

In order to prove Theorem 2 we need the following

LEMMA. Let ¢ be from (5). Then, ||Pyflly — 0 as n — oo uniformly in the unit ballin W;
=1, |
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Proof. Assume it is not. Then, there exists i and £>0 such that for any n € N there
exists k(n)>n and f, from the unit ball in W; which satisfy [|P¥®)f ||, >¢. By virtue of
Helly’s theorem the set {f,} is relatively compact in W;. Therefore, there exists a sub-
sequence {f,.} of {/,} which is convergent to f, belonging to the unit ball in W;. By this,
without loss of generality we may assume that the sequence ff,} is convergent to f, in L;.
Now, we have. ' '

PO foll, = [P fo— YL 4 PKO LI
> P, = P fo ol > o= 1P (o1l

g
Since ||[PE™(fo—tIli<lifo—Ffulli = 0 we obtain “P;(")fo||1>i for sufficiently large n.

On the other hand, since fp = fo —fo ((2)* = max{0, z} and ()~ = max{0, —z}) and
§fe" = [fo, by (5 we have Pfy = PYf —PY%5 — 0 as n — o« strongly in L;. This
contradiction completes the proof of the lemma.

Proof of Theorem 2. Let us fix ie{l, ;..,p} and put W = W,. By (6) there exists
constant M, such that for each f belonging to the unit ball in W and each ne N

(7 | \/ Pl f<M,
’ 0

and, moreover. there exists constant M, such that for each f of bounded variation

® VR R
(for details see [3, 6]). Set;iﬁg = T by (7) and (8) we have
©) _ ‘ VB,

for each f bglo’nging to the unit ball in W, n = 1,2, ... and
(10) \()I/P.;'iféﬁ\:’/Pﬂ_f.f+lelP$'jfiI1

for each f of bounded variation, where 5, = st. By Lemma and (9) there exists such 7 that
1- DY

1y | M, <%
and |
(12) MAIPL Sl <4 1Py fll; <%

for each f from the unit ball in W and n2#. By (10), (11) and (12) we have
' i B _ .1 - - _
(13) \O/Pi"f'JrllPi"flh <8% \O/P$f+MzHP$fll1+|lP$"f||1 <%

~whenever f belongs to the unit ball in W.
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Now, let us consider P, as the operator acting from the space W to the space W (it
is possible by (3) and (e¢)) By (13) we have

14) 1Pl <3 .

Therefore, by (c) and (14), there exist constants K and s € (0, 1) such that

(15) | II1Pollw < Ks™
It is obvious that for f such that | fdm = 0

1
(16) ' |f] < \o/f-

From the definition of the norm in W of the operator P, and by (15) and (16), for f e w
we have

(17) [Pef1 éKS”(\O/fHIfIIi)-

Now, let /20 be of bounded variation. By (2) f1, is of bounded variation. Therefore
Flp,~Wf1pilig:€ W. This and (17) gives us

, : 1
\Po(flp)—1f1p 19 SKS"(\({ fellfily)

1 1 1

for some K and c. Hence, since P, is linearand f = f* —f~, \/ f = \/ f*+\/f~ we have
0 0 0

[Po(flp)—g: Dj fIQR‘S"(\O/fﬂ?Hﬂ_!;)

whenever fis of bounded variation. Since D; are disjoint, the last inequality gives us the

thesis of Theorem 2.
From Theorem 2 and (5) we have the following

CoROLLARY. If T satisfies the assumptions of Theorem 2, then there exist constants
K>0 and ¢>0 such that for each [ of bounded variation

L 2 | 1,
;lzp;f__zgi ff‘gf(\o/fﬂ'Hf!h)-
ln i=0 i=1 Di | "
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