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Operator for Transformations on the Real Line
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1. Introduction. In a joint paper by A. Lasota and J. Yorke [1], the authors gave
a criterion which play an interesting and important role in analyzing the convergence
of the sequence P"f of iterates of the Frobenius-Perron operator in L; norm. In particular,
it is easy to prove with the use of this criterion that the sequence P3f is convergent in L,
norm for a family of mappings of the real line into itself. This family contains as a special
case the functions of the form T'(x) = a(tg(bx+c)). In this paper we show that the con-
vergence Prf of iterates of the Frobenius-Perron operator corresponding to the point
transformation 7" under consideration is geometrical in the L; norm and in the metric
of uniform convergence if an integrable function f is of bounded variation on R.

2. Convergence theorem. Denote by (L;, || ]|;) the space of all functions f defined
on the real line for which |f] is integrable, and by m the Lebesgue measure on R. Let
T: R - R be a measurable nonsmgular function, i.e., if 4 is mea.surable m(A)y =0
implies m(T ~(4)) = 0. Given T, the Frobenius-Perron operator Py: Ly = L, is given
by the formula:

- d
Prf(x) = -~ f f(s)ds .
T'"-I(-—oo,x]

The operator Py is linear, continuous and satisfies the following conditions:

(a) P is positive: 20 = Prf=0;
" (b) Py preserves integrals:

+ o + oo
| Ppfdm = § fdm, feL,;
(¢) P;«= P7; where T" denotes the n-th iterate of T

(d) Prf = f iff the measure du = fdm is invariant under T, ie., w(T~1(A4)) = u(4)
for each measurable 4. -
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Let {1 )= , be a countable partition of the real line R such that

(i) each I, is an open interval
(@) I,nl; =0 for k #j
(iii) R— (J I, is a countable set

k=—o
(iv) sup|l| = L<oo, where |[] denotes the length of I,.
In our paper we will consider a family of mappings T: {J J;, — R satisfying the following

conditions: y
(v) for any k the restriction 7} of T to the interval 7, 1s dlfferentlable and its derivative

T, is locally Lipschitzean |
(vi) |Tw(x)|=g>1 for xel,
(vii) T,(I) = R for each k

(l :()))l SM<oo

(iX) w(x) = sup Yl

'

(viii)

is integrable on R where , = T; .

It is shown in [4] that for a function T satisfying (i)—(ix) there exists a unique finite,
absolutely continuous measure on R, invariant under T.
We shall show the following convergence theorem

THEOREM. Let T: \J I, = R be a function satisfying (\)—(ix). Then there exist constants
K>0, C>0 and 0<s<1 such that for every nonnegative integrable function f with bounded

_ variation on R we have

(1) Pr S~ <s"K(V S+ ClfIl)
and
) 1P /=gl il <s"K (N f+ClIAL

+ w0
where g, is the density of the probabilistic measure y invariant under T and \/ [ denotes

-

the variation of f over R.

Denote by D = D(R, m) the set of all densities, that is, all fe L, such that =0
and |If]]; = 1.

For all nonnegative Lipschitzean function in C(R) (C(R) denotes the space of all
continuous functions on R) we define “regularity” of f to be

Regf = Sup{‘}_ﬂ! x € R, f'(x) is defined and f(x)>0}.

Define
= {fe C(R): f=0, f is Lipschitzean, Regf<co and {|fll; = i}.
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It is easy to verify that the set H is dense in D in the norm [[-||,.
In order to prove our Theorem we need the following three lemmas.
Lemma 1. Let T be as in Theorem. Then for any fe D the séq‘uence P1f is convergent
in ||*||; te the function g, and consequently
(3) IPEfIly = O if n> o0 whenever [fdm = 0.

Proof. Using the results of [1] it is sufficient to show that there is he L;, h=0 and
1|hl}; >0 such that

- N@Prf~hb)7|l; -0 if n> oo, forfeH,;

where (z)” = max(0, —z). |
In view of the proof of Theorem 1 of [4] we have the following estimations

. . tw + w0 M .
@ V P<a V r+ I
and
" -1\ qM
) IP3f(0) sw(x)(Lq V f+ (1 o nfnl)),

where ¢ is from (vi), M is from (viii) and o is from (ix). Therefore by (5) there exists
a constant K, such that for any f of bounded variation with [[f||; =1

(6) IPLf(x)| € K w(x) for large enough n.

Using the same method as in the proof of Theorem 1 of [3] one can show that there exists
a constant ¢ such that for any fe H

(7 RegPrf<e for n large enough.

Since ||P1f|l, = 1 if f=0 and ||f]|, = 1, from (6) it follows that there exists an interval
[4, B] such that for any fe€ D with bounded variation

B
{P}fdm>%  for sufficiently large n.
A

Thus, for any sufficiently large n there exists x € [4, B] such that

Hence, by (7) for fe H we obtain
I
Prf(x)z —————-exp(—o(B—A4 for xe [A,B
100> 5 o exp(—e(B=A) (4, B]
and sufficiently large n. Putting
1

h = 5?5:23 exP(_Q(B"'A))'][A,BJ *
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where I 14,5 s the indicator function of the interval {4, B], we obtain
lim|{(P7f~h)"||l; =0 whenever fe H.

The condition (3) is a simple consequence of linearity of P, and the fact that f = f* —f~
(z* = max(0, z)). This completes the proof.

An other proof of Lemma 1 is given in [6].

Denote by W the space of all integrable functions with bounded variation over R and
such that

+ oo
{ fdm =0.

+ o

In W we introduce the norm: ||f|ly = Hfli+ V £

LemMA 2. Let T be as in Theorem. Then
\Prflly =0 if n— oo
uniformly in the unit ball in W.
Proof. Assume it is not. Then there exists ¢>0 such that for any k € N there are
n(k)>k and f, from the unit ball in W which satisfy ||[PF*f,]|, >e. By virtue of (5) there
exists a constant K, >0 such that |P,.f,(x)| < K,w(x) for every k, where w(x) is from (ix).

This implies that the sequence {Prf,} is weakly compact in L,(m). Then we may choose
a subsequence {Prf, } of [P+f.} such that Prfk ;= foe Ly(m) weakly, if j — . Now,

by (4) there exists a constant K5 such that \/ Prfi, <K, for any f; . Thus, there exists

a subsequence {PTfkj,} of {Pyf,,} which is convergent in [|-]]; to fo.
Denoting by k(i) = k;, and I(i) = n(k(i)), we have

IPEO=folly = 1P~ £y = PYO ™ Py fy i+ PEO T Prfecn |l
> IPEO ™ Pofucoll = IPEO ™ fo= PO Prfolls o~ 1P fo —PA ™ Pafigolls.
Since |

|[PAO= 15— pYO=3p p L <Pl fo = Prfaplle = O

if i — o0, we obtain the contradiction with the conclusion of Lemma 1. The proof is ended.

LEMMA 3. Let T be as in Theorem. Then there are constants K >0 and 0 <s<1 such that

|1Prilw<s"K for all n,

where |\PFlly = sup{IIP3/l; + \/ PRf: IIfIW = 13,

Proof. Since for any &
\PHIw <|IPF 15 Kss



207

where B = 5_— and K, = sup{||Pflly: k =0,1, ..., 2n—1}, for the proof of the lemma

it is sufficient to show that for x e (0, 1) there exists i e N such that

2
Pl <o

From (4) there exists a constant K, such that for all 7
+w
() V Prf<Ks

. - o
whenever fe W and ||f]], = 1. By Lemma 1 we can choose 7 so large that ||P7f]|, SE

and HPf-f Il < 2__% and q—’Ing %c for any functions from the unit ball in W, Thus,.
q
by (8) and from the fact that (see (4))

+ oo 5 + oo qM '
V PRI<a™ N Prf+ P

a+a+a '
- - - = q.
3 3 3

we obtain ||P2")|,, <
Setting K = a™'K, and s = 2, /a we have the conclusion of the lemma.

Proof of Theorem. Let >0 be an integrable function with bounded variation over R.
By Lemma 3 we have

PrS= gl sl = IAIAPERI IS Il s"K Al

hete h = -—— —g, . Therefore

s o] 1 o> + o0
IPé'rf~gul‘llels“flliS”K(_\_/ h+Ilhll;)SIlf!hS"K(“f“ _\/ S+ g,,-l—Z)

< S"K(V FHIF1 (K +2)<5"K( V f+Cilfll).

where C = K, +2. Thus, we have proved (1). The proof of (2) is similar.
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