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A Difference Method for a Non-linear Elliptic Equation
with Mixed Derivatives

by Zbigniew KOWALSKI

§ 1. The purpose of the following considerations is the difference method of solving
the non-linear differential equation of elliptic type, cf. §4, containing all derivatives of
the second order of the function u:
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The proof of convergence of that method as given in the Theorem 2, cf. §9, is based
on the results of the preceding paper [l].

In order to obtain the error estimate which is more adequate for computing the
solution of the boundary problem, another proof of cqnvergence_has been given as well
as two error estimates, cf. Theorem 5, §18.

The second error estimate as given in Theorem 5 can be obtained with the aid of the
precise location of errors ¥, cf. Lemma 1, §12.

The question of existence of the solution t¥ of the difference equation, cf. (4.12),
as well as the properties (4.10) for difference quotients, are by all means the hardest to
settle, cf. [2], and we therefore postpone discussing it until latter.

§ 2. Let us denote by Q the set of po.int:; XER", x = (Xy,.es Xp)!
{2.1) 0:0<x;€0 (j=1,...,n), 0 <o = const.

We shall denote by M the seqﬁenee of indices
2.2) M= (m,my,..,.m),0<m<N(j=1,2,..., m,
and by x™ the nodal .point with coordinates
2.3) M= M KX,

‘where xf}‘f =mh (j=1,..,n), 0<h = o/N, N being the natural number.
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We shall introduce also the nodal points in the set Q characterized by the following
sequences of indices:
JM) = (my, .omy), my =m+1,m; =m; fori#j,
(2.4) ~j(M) = (my, ...,my), mj=m—1, m; =m; fori#j,

(i=1,...,n;j=1,..,n),
and for i # j:

(M) = (my, . ml), my = m ], my = m]

H'U(M) = (m'ls seey m:l)’ m; = mi"_la m; = m}+1 E2

(2.5) o ’ , '
_I_J(M) = (mla sees mn): m; = mi—'l, m} = m_,—l -
I_'J(M) = (m;3 sery m:l): m; = mi+l, m; = m1—~1 )

where m, = m, in the formula (2.5) for s =1,...,n; s#1i, s %j, cf. Fig. 1.

Xj
alil) xi (M) xij[Ml
h
-i (M} M (M)
X X X X,
| —
h
xi-itM! x-i (M} xi-itM}

Fig. 1. The nodal points xM, x¥®) /M) For the sake of siinplicity the nodal point x™ has been
located at the origin.

The nodal point x”™) can be denoted also by x*™ since we define

j(M) = ji(M), ~ij(M) =j—i(M), —i—j(M) = —j—i(M),

(2.6) | |
i—j(M) = —ji(M), fori#j(,j=1,..,n).

We denote by int Q the set of nodal points (2.3) which belong to the interior of the
set @, cf. (2.1), and by sym4 the set of nodal points x™ such that x* e int Q and xl_‘"
e intQ simultancously, x** and x” being symmetric with respect to the nodal point x*.
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§ 3. Let us denote by u™ the value of the function u(x) at the nodal point x™.
We shall consider the difference quotients

1 1 .
(3‘1) ulfj = E .(uJ(M)“uM): UI-‘-JJ = - .(uM—Zl_J(M)) ’

h

: . ] . .
(3.2) - uMl = > (M —yyTID)

for the first partial derivatives, and the difference quotients

| O S N LW S LN
(3.3)
Mij

uMY = Lo 20000 mHOD _Jmi00 4y im0y (2 )

for the second derivatives.
From the definitions (3.1) (3.2) (3.3) we obtain

. | S : . 1 . .
(3.4) M= M ™, M = M MYy
‘ 2 | h
We shall also use the difference quotients Taded uf”f, uMi uf’_’, cf. Fig. 1:
uf‘_{ _ h—Z(HU{M}_HJ(M)_”“M)+uM)’

WM = pm 2 M) T HAD My M)y

(3.5)

wMY = pm M -y TID yIOD T MYy
uMY = g2 M IO Iy o for £
From (3.5) and the definition of MY cof. (3.3), it follows that
(3.6) WM = %-(’zifiijtrl‘_"'?—l—ui‘f_j%—uTi_j).
We introduce also the vector ©™“ with coordinates
(3.7 M4 = @M M2 uMy
MO

and the » xn matrix u

(3.8) MU = MYy

§ 4. Throughout the rest of this paper we shall use the following Assumptions H:

AssuMPTIONS H. 1) Let us assume that the scalar function
flx,u, q,w), x = (x;,...,x,)€R", ue R, q =(q,, .... ¢,) € R", w = (w;),
is of the class C? in the set (4.1):
0<x;<0, —0o<u<+0w, —0<g;<+wo0,

@1

—w<w;<+ow (i,j=1,..,n), 0<o = const,
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wandI satisfies the condition
(4'2) I fWU =fw,i k4

in the set (4.1), where f,,, = dffow;; (i,j=1,...,n).
2) Let us denote by u, the vector u, = (u,,, u,,, ..., 4,) and by u,, the matrix u,,
= (Uy,,). We assume that the nonlinear differential equation

(4.3) | fOoe,u,u,,u,) =0,
is of elliptic type which means that 1° the quadratic form (4.4) is positive at every point
of the set (4.1): : |
n
(4.4) Y fwAidi>0 for 4, #0, 4, #0 (G, j=1,..,n),
Li=1

and 2° the derivatives f,,, ., fy,, f, satisfy the conditions
4.5) [faid <9 1Sl <B, £u<n1<0 in the set (4.1)

for i,j=1,...,n, y, p and n being constant. .
3) We assume that the function u = u(x)(x € Q) satisfies the followmg conditions 1°

u(x) is of the class C? for xe Q, cf. (2.1);
2° the derivatives u,, satisfy the Lipschitz condition

“.6) ey () = e XN S 3L =] (G j = 1,.om; X Q) ¥ € 0),
the points x and x" being on the x.-axis (s = 1, ..., n),
X=X, X)), X = (X1, X)), X F X, X, =x,(p#Es; p=1,..,n).
3° the inequalities
(4.7) | mjléz/l (i,j=1.,....n),

hold for x e Q, the constant A being indepénderit of x.
4° the function w(x)(x € Q) is the solution of the non-linear differential equation of

elliptic type

(4.8) " Sx,u,ue,u ) =0,
and takes prescribed values ¢(x) at - the boundary éQ of the set Q:
(4.9) u(x) = o(x), for xedQ,

¢ (x) being continuous for x € Q.

4) We assume that the discrete function ¢™ satisfies the following conditions 1° o™ is
defined at the nodal points x¥ € Q,

2° the difference quotients v™* satisfy the inequalities

oM =PI <L nL, o =R < RL,
(4.10) ¥ — o2 <3 L, (WYY - 0P | <1-hL |

(oMY B (< L-hL, for h>0,
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at the nodal points x™ and x%, P = s(M)(s = x1, £2, ..., £n), the distance between
xM and x* being A in the direction of the x,-axis. -
3° the inequalities

(4.11) MY <IA Gj=1,..,n),

hold for x™ eint Q.
4° the function v™(x™ € Q) is the solution of the difference equation

(4.12) FxM, M, M4 MO =0 . for xMeintQ,
and takes on prescribed values ¢ (x™) at the boundary 0Q of the set Q:
(4.13) M= p(x"), for x"edQ.

5) The characteristic roots s;, 5,>0 (k = 1, ..., n) of the form Y. fuwifihjare bounded:
Li=1

(4.14) 0<51 S.S'k-.{&z (k = 1, “en g n) -

the constants &, and &, being independent of the point of the set (4.1).

§5. Remark 1. Let us denote
5.1 - M= MM, for xMe Q.
From Assumptions (4.6) and (4.10) it follows that the errors r r™ satisfy the mequahtles_
P =PI <L, 1P - SAL,
(52) P4 — P <BL, 1P — P <R,
|PMU R\ <hE, (Q# ), for h>0,

at the nodal points xM and xF, P =s(M) (s = +1, +2, ..., +n), the distance between
x™ and x® being h in the direction of the x,-axis. |
From (4.7) and (4.11) we obtain also

(5.3) Ml A, for xMeintQ (i.j=1,..,n).

§6. Remdrk 2. The solutlon u(x) of the equation (4.8) satisfies the followmg equdtlon
at the point x* 4

(6.1) FOM, M M uME) =M for xMeintQ,

M pheing dependent of xM.
Let us denote

©62) el = max oM.

xMeintQ
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It can be seen that
(6.3) eh)—»0, as h—-0,

because f is of the class C' and u(x) is of the class C?, cf. Assumptions H.

§ 7. We shall make use of the following theorems, cf. [1], proved under the As-
sumptions K: |

AssuMPTIONS K. 1) Let us suppose that the function r¥ is defined at the nodal
points x™ of the set Q, cf. (2.1). ‘

2) There exists the positive constant L>0, independent of the mesh size i such that
the difference quotients M7 (i # ) and rM¥ satisfy the conditions (5.2) and (5.3), cf. §5.

3) Let us consider the difference inequality for the function r™:

(7.1)

T =

n

M Mij M_ Mj

aj;r 4+ Y b MMz —e
i=1

i, 1

for xM eintQ, 0<e = const. We suppose that 1° the inequality (7.1) is of elliptic type

which means that Y a}i’;4; (x € Q) is the positive definite quadratic form, and
i,j=1 .

2° the coefficients afj, b}, c™ are bounded:
(7.2) lalil <7, 1B}1<8, M<n<0,

the constants y, f and n being independent of the mesh size A.
4) We suppose that r = 0 for x* € dQ, where dQ denotes the boundary of the set Q.

5) The characteristic roots sMosM~0 (k' =1,...,n), of the form z a?}lilj are
i!j=,1' '
bounded:
(7.3) 0<d,<s¥<8, (k=1,..,n)),

the constants 8, and J, being independent of the mesh size .

THEOREM A. Let us suppose that the function r™ satisfies the Assumptions K and the
quantity ¢ in (7.1) depends on h:

(7.4) - ' O<e=¢e(h)—>0, as h—0.
Let us denote
(1.5) A = max M, A4 =A(D).
xMeQ

Under these assumptions

(7.6) A® 50, as h-0.
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~ THEOREM B. Let us suppose that the function M satisfies Assumptions K, the inequality
(7.1) being replaced by the inequality

.7 Y Al M YR MI MM e
‘ ij=1 i=1
where 0<e = e(h) » 0, as h - 0.

Let us denote

(7.8) = minr™, B = B(h).

xMe()
Under these assumptions we have

(7.9) rP® 50, as h—0.

§ 8. We shall prove now Theorem 1.

THEOREM 1. Let us suppose that the Assumptions H are fulfilled. Suppose in addition
that the error r™ is defined by the formula (5.1) and the quantity e(h) by (6.1) and (6.2).
Under these assumptions r™ satisfies the difference inequalities of elliptic type:

(8.1) Z ag-rMij+ Z b?‘-er—i—cM-rM; —g(h),
hi=1 j=1 | |
n n
(8.2) S ap M Y B M MM (),
ij=1 i=1 .

Jor x™eintQ. In the formula (8.1) and (8.2), e(h) satisfies the relation (6.3), and the

M
coefficienis a;;, bM M are defined by

(8.3) aji = fu (~)s B = fo(~), ™ =fu(~),

the derivatives being taken at a suitable point (~).

Proof. From (6.1) and (4.12) we obtain

(84) f(.xM M MA ME]) f(x M M’J UML—_!) — El\'f,
for x™ e int Q. Now we can apply the mean value theorem to the lefi-hand member ot
(8.4) and we get by (3.7) and (3.8):

@5 A~ T () 3 fu() P =

the derivatives being taken at the suitable pomt (~).
(8.5) can be written in the form

(8.6) Z alf-rM 4 ZbM P MM g,

i,j=1 Jj=1
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because of (8,3), hence from the equality (8.6) and the definition of &(h), cf. (6.2), we
obtain two inequalities:

' n n
®87n Y oali M Y B M MM e,

i,j=1 i=1

.

and

n
Iai_’?.rM:;_F .Zibl}l'rMJ-l'CM'I‘MS.—I-S(h),
J:

(.8)

T =

i

for x™ eint Q.
This ends the proof- of Theorem 1.

§ 9. THEOREM 2. Let us suppose that the Assumptions H are fulfilled and u™ is the so-
lution of the non-linear differential equation of elliptic type (4.8), and satisfies the boundary
condition (4.9).
| Suppose in addition that v™ is the solution of the difference equation (4.12) and satisfies

“the boundary condition (4,13), and let us denote by r™ the error r™ = 1M —v™.

Under these assumptions the difference method is convergent i.e.

(9.1) M0, as h—-0 (xMe ).

Proof. It is suﬂicxent to verify that r¥ satisfies the assumptions of the Theorem A
and Theorem B. | ,

For this purpose we shall consider the Assumptions K successively, ¢f. § 7.

From Remark 1, cf. § 5, it follows that part 1) and 2) of Assumptions K are fulfilled.

From Theorem 1, cf. (8.1)(8.2), we obtain the inequalities (7.1) and (7.7).

From the definition (8.3) and the Assumptions H, cf. (4.4) (4.5) it follows that the

condrtlons (7.2) for the coefficients ali is b?’, cM are satisfied and Z aM A;A; 18 the positive
i,j=1
defined quadratic form. Therefore the part 3) of Assumptions K is fulfilled.

Part 4) of Assumptions K is also fulfiled: r™ = u™ —™ = 0 for x" € 0Q, because
of the relations (4.9) and (4.13).

Part 5) of Assumptions K holds, because of the definition (8.3) and part 5) of As-
sumptions H.

Hence we can apply Theorem A and Theorem B and we obtain the convergence:

(9.2) max r¥ -0, min /™M -0, as h-0,
Mg xMeQ
and

9.3) M50, as ho0 (xYe Q).

This ends the proof of Theorem 2.
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§ 10. The error estimate can be obtained from Theorem 1, Theorem 2 and Theorem 3
of the paper [1], under additional assumption:

- (10.D) Ve, Ve, |X¥—x*z1, X -x"2h,
for e aV, x* € 8V’, where the sets ¥ and V'’ are defined by
(10.2) V= {x: g=xMi<h, b Im—al<E (=1, 0),
(10.3) V' = {x: |x;=x}|<h, b Im=bI<k* (j=1,..,n}.

In the formula (10.2) (10.3) the nodal points x%, 4 = A(k), 4 = (ay, ..., a,) and x°,
B = B(h), B = (b,, ..., b,), satisfy the conditions
(10.4) = max ™, r® = min ™,

: xMeQ xMe(
and. a is the constant, O0<a<1.

It is the assumption (10.1) which provides the error estimate unsatisfactory from
the numerical point of view. We could hardly expect that (10.1) can be verified con-
veniently when the boundary value problem (4.8) (4.9) is solved numerically.

Therefore we shall give the another error estimate, cf. Theorem 5 part 3% which is
more adequate for really computing the solution of the boundary problem.

In particular, we shall prove that under the suitable choice of the number « the sets ¥V
and ¥V’ can be defined in a different way so as to obtain (10.1) for every h>0.

Tt is worth noticing that the corresponding consideration furnishes the second proof
of convergence of the difference method, which does not involve the proof by a contra-
diction as in Theorem 2 in the paper [1]. This provides a better insight into the mechanism
of the difference method. |

§ 11. AssuMpTioNs K. We assume that the function r* is defined for xMe Q and
satisfies the conditions

(11.1) }-f?*':o, for MeoQ,

(IF1<h.8, for x™edQ, ¥Meint@g  (j=1,..,1),

11.2 . )

( _) 1|r“fjl<h..9, for xedQ, x " ™MeintQ (j=1,..,n),
and

(11.3) MUl A, for XMeintQ  (i,j=1,..,n),

where 0<3 = const.

§ 12. We shall prove now Lemma 1 on the location of the function ™ for xM e Q.

LeMMA 1. Let us suppose that the function r™ satisfies the Assumptions K, and let us

consider the function ,
(12.1) z= (3 A+PH ¥, 0<y<+o0.
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Under these assumptions
122) MG A+8) ¥,

where y denotes the Euclidean distance o(x™, 0Q) of the point x™ e Q from the boundary 30,
y = oM, 00). In the formula (12.2) we have the strong inequality for o(x™, 8Q)>0,
cf. Fig. 2

z=( -12-A + &)y’

Fig. 2. The location of the function r™. The set Q = I, II as seen from the edge in the case n = 2

The proof of Lemma 1 is simple. But we shall use it in subsequent papers, therefore
let us see once only how this can be done.

Proof. Let us denote by xM* (s = 1,2, ...) the finite sequence of nodal points that
are lying on the straight line parallel to the x;-axis (j =.1, ..., n).

Let us assume that x"' € 90, x™*eintQ (s = 2, 3, ...), O<xj“’£§ c(j=1,2,..,n),
the distance between two successive nodal points being .

Then we have

5

(12.3) M= MMy o2 0 3,

i=2

since rM' = O because of the assumption (11.1).
But from the definition (3.1) of difference quotients it follows that

(12.4) pMi_pMizt = ppMind 20 3 ),
hence |
(12.5) | Moo= e Y M (=23, )
i=2
The formuia (12.5) can be rewritten in the form
(12.6) M= he Y Y (5=3,4, ).
i=3

If we write the terms on the right-hand side in the form
(12.7) pMi-u = Z(rM"’ ryeth4 Y (s =3,4,0),

and if we take into account the definition (3.4) of the difference quotients of the second
order, then we find that

(12.8) piT pMieetd o g MdE (=203 L)),
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hence from (12.8) and (12.7) we obtain

i~1

(12.9) pMi-id o p. _zzr"‘k”wi“f (i=3,4,.).
J=

From (12.9) and (12.6) it follows that

/ s i—l
(12.10) P = RS (he Y M M g M
| i=3 k=2
s i-1
=1Ly Y M b (s~ (s=3,4,.).
i=3 k=2
But we have
s i-1 . s—1 ' . :
(12.11) Y, LT = ¥ (slhMI (=34, ),
i=3 k=2 =2
hence
s—1
(12.12) F<h? A Y (5= D)+ B (s—1)- 8 (s =13,4,.),
I=2

because of (12.11)(12.10) and the Assumptions K.
s—1 .
The formula ) (s—1) = 1-(s—1)(s—2), (s = 3, 4, ...), and (12.12) yields

=2
{12.13) |rf‘“|<%-iﬁ/1(s-1)(.9——2)+h2-(_s—1)-,9 (s =3,4,.).
In the formula (12.13) we can write (s—D(s—2)<s? s—1<s?, therefore we have
(12.14) | [P <A+ 9 2R (s =3, 4, NE
Let us consider the function ) |
(12.15) 2= (3 A+ % 0<y< + w0 .,
It can be seen from (12.15) and (12.14) that for s = 3,4. ... we have

(12.16) P I<(3-A+9)-32,  for y = hs (s = 3, 4, L)

From the assumption |[r¥Y|<h-9, cf (11.2), it follows immediately that (12.16)
remains valid for 5 = 2, ie. for /2. In fact,

(12.17) IPFY) = pm M My g
But +™* = 0, thercfore P2 <h?- 9. The inequality h?-9<(4- A+ 9)- 42 implies that
(12.18) |2 <(L- A+ 9)-(2h)2,

cf. (12.16).
If the nodal points x™* follow in the direction opposite to the direction of the X;-axis

(/= 1,2, ..., n) beginning with x™' on the boundary 8Q, then the calculations can be
performed in a similar way.

This ends the proof of Lemma 1.
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