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Some Properties of Generalized Systems

by Janina KEAPYTA

The present paper deals with some properties of generalized pseudo-dynamical systems
(X, G, A) in the sense of [4] (see Def. 1 below) for which we assume additionally
(A) (X, v) is a topological space with topology v and (G, +; <) is an abelian, ordered
" semigroup with the neutral element 0, which is also the minimal element.

Starting from the notion of recursivity according to Bhatia and Szegd [1], we transfer
the definitions of Poisson stability, completely unstability, dispersivity and parallelizability
of classical dynamical systems to generalized systems satisfaying the above assumptions.
The rtelations between these notions are considered. We also point out some differences
between the notions defined for the “single-valued” systems and the “multi-valued™ ones.

I would like to thank Professor A. Pelczar for his valuable advice.

Notations and definitions

Notations and definitions admited in this paper are just the same as in [3] and most
of them are those used in [2], [4] and [5]. _

We denote by (« (X), 2%) the space of all non empty subsets of a topological space
(X, 1) with the topology 2’ generated by families of the form : ‘

VL V) ={Bed(X): Be UV, BV, # @ fori= 1,..,n}
i=1

corresponding to all finite systems of subsets of X, open in topology v. Here “:=" de-
notes the equality by definition. By %(X) we denote the family of all non empty and
compact subsets of X,

Far an arbitrary A € o/ (X) we denote by %, ¥ 4 ... neighbourhoods of the set 4
interpreting as a point of the space (#/(X),2%), ie. the family ¥ €2, Aev 4. We
denote by U, ¥, ... the open scts in the space (X, v) which contain the set 4, L.e. V€ t.
AcV,. '
| The closure of the set A=X in the space (X, v) is denoted by A, while the closure

of the family Bc.o/(X) intgrpreting as a subset of the space (#/(X),2") is denoted
by clZ.
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In order to make the notations shorter we introduce the map
o: L(A(x)>B > J{B: Be B} e A(X).

The generalized pseudo-dynamical system generalizing the notion of the psecudo-
dynamical system has been defined in [4]:

Definition 1. A triplet (X, G, A) is called a generalized pseudo-dynaomical system,
when X is an abstract space, (G, +) is an abelian semigroup with the neutral element 0
and 4 i1s 2 map from G XX into </(X), such that for every #,s€e G, xeX, A e (X))
the conditions |

(1) Ao(x) = {x},
(2) ‘ ' % ( A))C’lﬁs‘ ) = Ag4o(A)
are satisfied, where A,(x) : = A(i x) and AfA) 1= o{l(x): x € A}.

A generalized pseudo-dynamical system (X, G, A) 1s called regular, when the additional
condition

(2" | AAA)) = Ay (A)

1s satisfied.
In the generalized pseudo-dynamical system (X, G, A) we admit the following de-
finitions (see [5}).

Definition 2. The set
{3) #(A) .= Ut)r(A) te G}

1s called the zone of emission of the set A€ sZ/(X) in the generalized system (X, G. A).
We put A(z) := A({z}) for every ze X.

Definition 3. The family of sets
{(4) . T(A4) = {}(4): te G}

~

18 called the trajectory of the set Ae o/ (X) in the generalized system (X, G, A).

Decfinition 4. A family Z’c&f’(X) 1s called invariant in (X, G, A) if T,(B)yc# for
every Be 4.

A set Zc X is called invariant in (X, G, 2) if A(z)cZ for every ze Z.

Let A be a set belonging to & (X). Under the assumptions we gave at the beginning
of this paper and relative to the generalized pscudo-dynamical systems (X, G, A) we
admit definitions of <-limit set and <-prolongational limit set of the trajectory of
the set A. '

Definition 5. The <-limit set of the trajectory of the set A e o (X) is the set

(5) | QA) = N (H{A(A): 1<s, s€GY).

te G
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Definition 6. The <-prolongational limit set of the trajectory is the family
(6) JU%A) := {Be A(X): V¥ ¥V VieGIseG, 1<s, ICe ¥,
such that A(C)€ ¥ 5} .

Other variants of <-limit sets and <-prolongational limit sets in generalized systems.
together with their properties and connections between them are described and discussed

in [3], [5).

In every “single-valued” semi-system (X, G, m) in the sense of [4] we shall denote
by A(x) the hmit set of the pomt x € X and by J(x) the prolongatlonal limit set of the

point x € X. |
We admit that in the examples which we shall consider in this paper the space R* is.

provided with the natural topology; so (R?, v) is with the topology v generated by
7 K(x.r) = (ye R (x,—y)? +(x—y,)? <r?}

for xe R%, reR.,.

Poisson unstability, completely unstability and dispersiveness of generalized dynamical systems

Let (X.G,4) be a given generalized pseudo-dynamical system in the sensc of
Definition 1, satisfying the assumptions (A). In this system some notions are defined,
genelallzmg the corresponding notions in semi-dynamical “single-valued” systems (see

[1], [4].

Definition 7. A family # col (X ) will be said to be recursive with respect to a family
CoodX)if
(8) VieGIse G, 1<5,ECe ¥: I(Cle A .

Let 4 be a set belonging to &/ (X). ‘
" Definition 8. The trajectory of the set A is Poisson stable (T,(A) is P-stable) if and

only if every nerghbourhood of the set A4 in the space (#(X),2°) is a recursive famlly
with respect to the family ‘A}, 1e.

(9) Vv Vie Glse G, t<s: A(A) e ¥ ,.

It is easy to sce, that for this system we have the following characterization of Poisson.
stability. -

THEOREM 1. The frajeciory of the set A is Poisson stable df and only if Ae Q(A).

Remark 1. This theorem gives.th;e compatibility of Definition 8 of Poisson stability
of the trajectory of the set 4 with the definition of this notion introduced in [5).
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Definition 9. A set 4 € o7 (X)) is called non-wandering if every neighbourhood of 4 in
the space (7 (X}, 2°%) is self recursive, i.e.

(10) VY, VteGlseG,1<s,3Ce ¥ ,: 3(C)e v,

Here we give also a characterization of non-wandering sets.

THEOREM 2. A set Ae o (X) is non-wandering if and only if A e J%(A).
We have the following:

THEOREM 3.  Every set belonging to a closure of the family of sets having a Poisson stable
trajectory is non-wandering.

Proof. Let <o/ (X) be the family of sets having a Poisson stable trajectory. We
take an arbitrary set B which belongs to cl2?. For every neighbourhood ¥, there is
aset Pe? n ¥ 3. Take ¥'p := ¥ 5 and observe that the thesis of this theorem follows

from Poisson stability of the trajectory of set P.
~ Let 4 be a set belonging to & (X).

Definition 10. The trajectory of the set A is Poisson unstable if it is not Poisson
stable.

Definition 11. A set A is wandering if it is not non-wandering.

Definition 12. The generalized pseudo-dynamical system (X, G, A) is called

(11) Poisson unstable if the trajectory of every set 4 e o/ (X), A # X is Poisson unstable,
(12) completely unstable if every set Ae o/ (X ) A # X 1s wandering

(13) dispersive if for every pair of sets A, Be .o (X ), A # X, B # X there exist neighbour-
hoods ¥, ¥"p€ 2" such that the family ¥"; is not recursive with respect to the
family #7,. Directly by definition we have some characterizations of dispersivity.

THEOREM 4. The Jollowing conditions dare equivalent:
(1) the system (X, G, L) is dispersive
(i) for every pair of sets A, Be A (X), where A # X, B # X we have BéJQ(A)
(iii) for cvery set A e s (X), where A # X, we have J%(4) =

Here is an immediate conclusion from the definitions and theorems.

Remark 2. Analogously as in “single-valued™ systems one obtains the following
implications

A1 = (12) = (13).
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Example 1. Let (X, v) be a space X = R™\{(—1,0)} with the topology induced
from (R?, v) (see (7)). There is given a semi-system (X, R,. n) (see [I]), which trajectories
are geometrically described: o '

Let us consider the generalized system (X, Ry, A) with
14y Ax) := {n(t,x)} for teRy, xeX.

1t is easily seen that the semi-system (X, Ry, @) is Poisson unstable, whilst the generalized
system {X'. Ry, A) is not Poisson unstable, because for example y e Q(y), with

p o= 5((0,0), IN{(=1,0)}, S((0.0), 1) := {xe R*: x}+x] = 1}.

The following example 1s pointing out the main reasons for differences between the

notions defined for the “single-valued” systems and the “multi-valued” ones considered
in this chapter.

Example 2. Let (R?, R, n) be a dynamical system generated in the usual way by the |
solutions of ' =0, x" = 1. le.

w(r () 1= (et (8,90, 30 (%, 90). where (x(-, (%, 30), 3 (%, )

is the (unique) solution of the Cauchy initial value problem. We take the generalized
system (R?, Ry, A) which is defined by (R?, R, n) in such a way as in Example 1 (sce (14)).
It is evident that the system (RZ, R, n) is parallelizable and the semi-system (R?, Ry, 7)
is dispersive (see [4]), however the generalized system (R?, Ry, A) is not even Poisson
unstable. It is so, because we have Q(A4,) = {4,} for A, = n(P,), though Q(A4,) = O
for A, = n.(P,), Pye R*." |
Differences between this properties of the dynamical semi-system (R?, Ry, ) and
the generalized dynamical system (R?, Ry, ) are caused by the possibility of taking into
consideration not only points but also sets and by the fact that the semi-system (R*, Ry. 7)
is derived from the system (R? R, n) and practically gives us the possibility of going
back without limit, i.e. the possibility continues inflowing of the points on the place of
shifting ones. Tt causes that for the trajectory of a point P, in the “single-valued™ scmi-
system, treated as a set (see A4,) in the generalized system, we have a family of <-limit
sets equal to the family contains the very trajectory as a single element. It is so, hawever
- the limit sets of points are always empty in the “single-valued” semi-system. If we cut
1.9 — Acta Mathematica XXV
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off the trajectory (see A,), then the family of <-limit sets i_s empty In the generalized
system, to0o. |

Example 3. Let us take the generalized system (Y, Ry, A) derived from the system
considered in cxample 1 by changing the space, where (Y, v) is a space

Y := R*(B((0,0), 1) U {(-;1,0)}), B((0,0), 1) : = {xe R*: x}+x3<1, x,<0}

with the topology induced by (RZ?,v) (see (7). The generalized system (Y, Ry, /) is
Poisson unstable, but is not completely unstable, since for every point xo€y N Y (see
ex. 1) we have ‘

J%xe) = {{x}: xeyn Y}.

Example 3 points out the differences between the notion of Poisson unstability and
the notion of complete unstability of the generalized system.

Parallelizable dynamical systems

Definition 13. A generalized pseudo-dynamical system (X, G, 4) (in the sense of
Definition 1), where (X, v) is a topological space is the generalized dynamical system if
the map is continuous.

In order to state some theorems on connections between properties of the generalized
dynamical systems (see Theorem 8) we admit the following natural generalization of the
notion of parallelizability of the system. ‘

Definition 14. A generalized dynamical system (X, G, A) is called pseudo-paralleliz-
able if there are the families yc.o/(X), ¥ & and a homeomorfism h: y — G x& such that

(15) h(x(1, A)) = (t, A)
(16) | 1= UA&): 1eG}.
A generalized dynamical system is parallelizable if it is pseudo-parallelizable with

¥ = A(X).

Definition 15. A family <.« (X) is called a section of a generalized dynamical
system (X, G, A) if for every A € o/ (X) there are unique 1(4) € G and B, € ¥ such that
Ay By) = A. '

THEOREM 5. If & is a section of the generalized dynamical system X,a,4) with the
map t(-) continuous on AL (X), then the family & is closed in ((X), 2°).

Fhe proof is evident if we observe, that for every set Becl¥ we have 1(B) =0
from the continuity of the map (-). '
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The following necessary condition of paralleizability of the seneralized dynamical

system 1s an immediate conclusion from the Definitions 14 and 15.

THEOREM 6. If the generalized dynamical system (X, G, A) is parallelizable, then there.
is a family & which is section of (X, G, ) with the map t(-) continuous on & (X).
Assuming some additional, conditions about /(X)) we can prove the following

THEOREM 7. If (2 (X), 2°) is a compact Hausdorff space and (X, G, 1) is a generalized
dynamical system, then parallelizability of the system (X, G, 4) follows from the existence
of the section with the continuous map t(-).

Proof. We define the map h: o/ (X) - G x & in the following way h(A) : = (t(A4), B,)
(see definition 15). Since h~*z. B) = 4,(B), we have the continuity of the map h~'. We
shall prove that the map / is continuous. Suppose there is a set 4 € &/ (X) in which # is
not contmuous, i.e. there is a neighbourhood ¥7, 4 5, such that. for every neighbour-
hood 7", there is a set C € ¥, such that (t(C), Bc) ¢ ¥ a). 5, Let YV edy, B = Vel(d)x
" x¥g,. We take an arbitrary V,,,c V3, From the continuity of the map 7(-) we have

vztA)aﬂfp/‘uA: VCE ﬁA | T(C)EIZ(A).

For every 'Z(A)C VTO(A) and for every /VACVNA there is C'e ¥7, such that ©(C) e IZ(A)
and B, ¢ ¥ ?,A. From the compactness of /(X)) there 1s Be &/ (X) such that

Vv, ACe ¥ ,: Bce V'3, B# B,.

There exist separated neighbourhoods ¥, and ¥, because 4 = A, (B,) # Aeay(B)
=: A°. In virtue of the continuity of the map A we take Veay X ¥ g for the neighbourhood
¥ 40. There is Ce¥", such that 1(C)e V,4) and Bce ¥y, It is clear that Avc)(Bc)
= C' € ¥ 4 and this gives the contradiction, since the neighbourhoods ¥, and ¥ . are
Separated.

Analogously to “single-valued” dynamical systems obtains:

THEOREM 8. If the generalized dynamical system (X, G, L) is parallelizable, then it is
dispersive.

Proof. Suppose there are sets 4, Be o/ (X) such that 4 # X, B # X and B eJ%A).
We take arbitrary bounded * neighbourhoods V., Vs and choose for them by conti-
nuity of 7(-) ¥", and ¥, accordingly. Since BeJ?(4), we have for chosen ¥ ,, ¥ 5
which implies

VieGlse G,1<s,ACe ¥ ;: 1(C)e ¥ .

According to the choice of ¥", and ¥ we have t{C)e V, 4 and 7(4(C)) € V ), s0
{t(4(C)): s choose for te G} is bounded. On the other hand t(4,(C)) = s+1(C), i.e.
{(4,(C)): s choose for 7€ G} is not bounded. This completes the proof.

* V' C G is bounded if there are p, r € G such that for every e V we have p=<<{t<r.
19*
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