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On the Equivalence of Whitney (a)-régularity
and (a,)-regularity

by Zbigniew HAITO

Summary. C.T.C. Wall has conjectured in [1] that (a,)- regularity implies (@) -regularity.
This paper gives a proof of this conjecture. In [1], (a,)-regularity is called (A"")-regularity.
We will use the notations of [2]. In [2] D. J. A. Trotman gave a proof of Wall’s conjecture
only for semi-analytic sets. For a proof that (a)-regularity implies (a))-regularity see [1].

1. Let A and N be two manifolds embedded in R" su<_:h that N M — M and let x € N.

Definition 1. We say that M is (a)-regular over N at x (M, N) satisfies the con-
dition (a) at x) if the following holds: ) ,
For every sequence {x,,} of points of M tending to x such that T, M tends to t in the

~ Grassmannian manifold of k-dimensional subspaces of R" (k = dimM) we have
T' Ncr.

Definition 2. We say that M is (a,)-regular over N at x (M, N) satisfies the con-
dition (a;) at x) if for any local C'-retraction at x, T = R"x N, x has a neighbourhood U
such that I}, .y is & submersion.

Let G,(n) denote the Grassmannian manifold of k-dimensional subspaces of R";
G,(n) admits a structure of an analytic manifold introduced by the following atlas of
inverse charis: |

opr: L(E, F) 5f—f={u+fu): ueE}eGyn,
where F. F are lincar subspaces of R” such that E@F = R";
oer(L(E, F)) = G'(F)

where G'(F) denotes all algebraic supplements of F. Notice that for a base of I {e;},
i=1,.. .k and for feL(E, F) the family

pf) =e;+fle)y, i=1,...k

is a base of f.
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2. Assermion 1. Letv heR'< R? be a Jiﬁeomorphism such that domh s open and
x € domh. Suppose that a sequence {x,}cdombh tends to x, T, M tends to t and 1>T,N.
Then h(x,,) tends to h(x) and Ty, yh(M) tends to:

d.h(1)> Ty h(N) .

Proof. Since £ is a diffecomorphism, i2(x,,) tends to h(x). Choose an inverse chart ¢gp
such that T e G'(F). Let f,, e L(E, F) be a sequence of linear functions such that:

M =fm> T =j;-.
Hence the family
pi(fm)a l= 1,...,](

1s a base of T, M for each m. Then pi(fm) tends to pl,-(f,_.) (i=1,..., k) which is a base of T
and d, h(p(f,)) (i = 1, ..., k) is a base of Ty, ,i(M) and tends to d, h(p(f)) (i = 1, ..., k)
which is a base of d k(7). If 12T, N then d h(t)> Ty h(N).

Remark 1. Jt is easy to see that if ITcR"”x N is a local C!-retraction at x and x has
a neighbourhood ¥V in R” such that IT| .y is a submersion then A (¥) is such a neighbour-
hood of h(x) that

hollo h_llh(MnV)

is a submersion and |
‘ holl o h™|, 4y
is a local C’-retraction at A(x). ,

In view of Assertion 1 if (M, N) satisfies the condition (@) (resp. («,)) at x, (h(M ), F(N))
satisfies the condition (a) (resp. (a,)) at h(x). Similarly, if (M, N) does not satisfy the
condition (a) (resp. (a,) at x, (h(M), h(N)) does not satisfy the condition () (resp. («,))
at h(x). ‘

3. THEOREM 1. Whitney (a)-regularity is equivalent to (a))-regularity.

Proof of the Theorem 1. It is easy to show that (a)-regularity implies (a,)-regularity
(see [t]). Now we will show that («,)-regularity implies (@)-regularity. Let us suppose
that the condition (a) fails at x, then there exist {x,,} a sequence of points of M tending
to x such that 7, M tends to 7 and 17, N. In view of Remark | we can choose a dif-
feomorphism fc R” x R” such that x e domh and A(N) is an open subset of a linear sub-
space of R”. Thus we may assume that N is an open subset of a linear subspace N <R"
and x is the origin in N. Let e;, ..., e,, ..., ¢, be a base of t such that e, ., .... ¢, is a base
of 7 NgN (when 1 n N % {0)). Let us choose e, ..., ¢, in such a manner that
so1s s € is @ base of N (if t n N = {0} choose only €kt 1y --.» €5 1N such a manner that
Cht 1 oo f’s is a base of N') and let us choose e, 4, ..., ¢, such that e,, ..., ¢, is a base of R,
We may assume that ¢, ..., ¢, is the canonical base of R” (because we can construct
a suitable isomorphism). Let E, . be span {e,..., ¢} and

L(Eel, ey €5 ? E

—

/
9k+l:-ns€n) - G (Eeki-ls-",en)
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(he inverse chart of Gyfn); f denotes Ty M. We may assume that

' pl(fm)/\ "-Apr(fm)/\eki-l/\"" A€y, #* 0

for all m (it is so for m sufficiently large). Now we will construct [T, a local C!-retraction
of R" on a neighbourhood of the origin in N, such that

K, = span{p(f,), ... p.(f)}

will be a subset of kerd, II. In this case

imd,, 1|, M = span{d, (D, s ((fn)> -rs dx,;,H (Pfm)} N

(submersion will fail); It is easily seen that it suffices to construct IT as a local retraction
to E, ., .. = R'" because its composition with the ortogonal projection of E, ., .. e
on N =E, . . will be a local retraction of R" to N. For the required construction
we will use the C* case of the : -

Whitney extension THEOREM: Let K be a compact subset of R", fo. ... [,y a family of
continuous functions to RF. Then there exists f€ CY(R", R) such that:

0 0
4 zfr _j;‘

le K S ﬁx

=/,

K

f|K=fO:

n

if and oniv if the following condition is fulfilled:
(%) Folx) = fo( (X =y + .. +£,(3) (= ya) Folx =)

for x,ye K and |x—y| tending to the origin .

For the general proof of Whitney extension theorem see [3}. Our version is the C!
case of the version which can be found in [4]. Let us denote

8

o k|
.A—"' {-rnu' UX,

1

m

where X is a compact neighbourhood of the origin of (OIx R  =E, , . .e We wil
construct I7 such that

d. 11 =1T,.

where 7,, is a projection of R" on R"7", of the keinel K.
Let us introduce the following notations:
x, = (u", v™), wheére " e R, " e R T
x =(0,v) forxeX.

Now we construct fg, ..., f, as follows:

D) folo.v) = v, fou™ v") = v" |
i) for i =1, ...,7 f{0,v) = v, fiu", V") = T,fe).
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In this case we have T,(p{f,)) = 0. Hence

Tm(f;n (ei)) + Tm(ei) = 0 3 Tm(e i) = _fm(.ei) alld
lim T,(c;) = f,(e) = 0

m—

i) for i = r+1,...,n f(0,v) =e;_,e R*", f{u", v") = T, (e) = e,_,e R"".

It 1s casily seen that f,, ..., f, are continuous on XK.

In order to show that the family f,, ..., f, fulfils the condition (¥) of the Whitney
extension theorem let us recall that for functions fc R"x R?, g<=R"x R™ and a base of
a filter o7 f = 04(g) if and only if for any £>0 there exists 4 € o7 suchthat|f(x)| < ¢[g(x)|
for all x e A. ,

In our situation 7 is a filter base of neighbourhoods of the diagonal of K. There are

four possibilities:
1°x,yeX
o8}

2° x,y€ {xu}

m=1

3 xe X, ve Gl{x,,l}
4° xeoo{xm}, yex
ie. in eaﬁg 1case i (1=1,2,3,4) we will choose J;0 and then we will take
A= {(x,): [x—pl<min(S;o, ..., 540)} .
Case 1°: x = (0, v!) y = (0, v*) so we have in ()
o' = o? +‘el(v}_—vf)+ e, (vh_, —v_)+o|v' —v?
ie. 0 = oot —v?|.

Case 2°: x = (u%, 0") » = (% v*) where (%, vP) and (v% v tend to the origin, so we |
have 1n (*)

VP = v+ T (o)) ] —u)+ ... +Tole) (uf —ug)+e, (vf —v]) +
+ o ey (Vp—p— i) + 0|, vF)— (4, VY|

ie. Te) @ —u5)+ ... +Tylen) (up —17) = o], vP) —(uf, v*)|

it is obvious because T, (¢;) = 0 when g — 0. ‘
Case 3°: x = (0, v) y = (1%, v") where (u%, v%) tends to the origin, so we have in ()

?) = Uq+Tq(€1)(—u¢_{)+ +Tq(€r)("‘ug)+l?1(vl“vg)+ .
+ ey Uy, —V5-) +0](0, 1) — (1, v
ie. Te) @)+ ... + Tyle) (ur) = 0|0, v)— (@, v%)]

it is obvious because T, (e;) = 0 when ¢ — 0.
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Case 4% = (0.1) x = (. /) where (17, /) tends to the origin, S0 Wwe have 1n (#)

of = U—I-L‘Mi,-f- +Duf+€1(l)€—-b‘1)+ "'+en—r(vﬁ—rwun—r)+al(up: vp)_”(os U)l

ie. ol + ... +ouf = a|(u’, o")—(0, v)]
and it is obvious as well because we may take 040 such that 1t

1(1F, ) — (0, v°)| <040
then |v| is sufficiently small.
The assymptions of the Whitney extension theorem are fulfilled, so there exists.
a C!'-extension of f,, which completes the proof of Theorem 1I.
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