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The Navier-Stokes Type Equations

by Mariusz WOZNIAK

" Introduction. We consider in this paper some nonlinear equations in arbitrary
Hilbert space. The starting point is the stationary homogcneous Navier-Stokes problem
in a bounded open set Q of R", n =2 or 3:

For given f, find u = (u,, ..., u,) and p such that:

[ . :
vAu— Y u;D;u = f—gradp in Q
i1

0.1 I . )
divie = 0 1n 2

=0 on ¢Q.

Here u and p represent the velocity and the pressure of a viscous incompressible fluid

filling Q@ and v denotes the viscous coefficient.
This problem is cquivalent to the_ functional equation (1.3) in some Hilbert space.

We consider the natural generalization of (1.3). We study the existence and uniqueness
problems (Sec. 2) the dependence of the solutions on F (Section 3 and 4) and on v (Sec-
tion 5). In Section 6 we give some simple examples to illustrate the theory.

I am greatly indebted to Professor B. Szafirski for his invaluable encouragement and.

advice.

1. The formulation of the problem. The approach presented here is based on [2].
Let Q be a bounded domain in R”, n = 2 or 3. We denote by CJ(Q) the space of C*
functions ¢: @ — R with compact support in Q.

L*(Q) := {u: Q - Rlu is measurable and { |u(x)]*dx < + o0}
2

HY Q) := {ue L5 Q) Duel*(Q), i=1,..,n)

where the derivatives are taken in the sense of the theory of distributions.
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H(Q) is the closure of C3(Q) in H'(£). The scalar products in LE(Q HY(Q), Hé(g) |
are denoted by

(i, V)g2 = [uv, (u, v)g: = (u, v)Lz+Z (D;u, D;v),.
2 L i=1

((u, v)) :=.Z:1 (D;u, D,v)-

respectively and ||u||? = ((u, w)).
If Z is a Hilbert space, Z" denotes the space Zx ... xZ (n-time) with scalar product

n
(X, ¥)gn = Z (x:. )z, x,yezZ".
i=1

Definition 1.1. Let u = (uy, ..., u,), u; € Co(), i=1,...n.
¥V 1= {ue(CF(Q)"|divu = 0}
V= the closure of ¥~ in (Ho(@))".

We agree to use the same notation for the scalar product and the norm in ¥ and HO(Q)
We set

n
b(u,v.w)y= > [uD.o;wdx for u,v.,weV,

iLk=1g

It is well known that: (see 1], [2])

(L) b: ¥Vx¥VxV —>R is trilinear and continuous ie. there exists ¢>0 such that
b, v, W < clful] - []el]-[Iwl]

and that b(u, v, w) = —b(u, w,v) for all u,v. we V.

Definition 1.2. Let f'e V' (the dual space of V). We say that u is the weak solution
of (0.1) we V and
(1.2) ‘ v((u, 0)) = b(u, v, w)+f(v) for all re V.

For any fe V' applying the Riesz theorem we get a unique Fe V7 satisfying
((F,v)) = f(v) for all ve V.

From (1.1) we know that &(u, -, w): ¥ > R is a linear continuous form on V. By Riesz
theorem, there exists an element of V. (we denote it by B(u i )) such that

b(u,v,w) = ((B(u,w),v)) for all ve V.

We write Bu := B(u, u). The operator B: ¥V — V is continuous (see (1.1)). One can prove
{sec [2]) that it is a compact operator. Now we can write the equation (1.2} in the form

v((u, v)) = (Bu, v))+((F,v)) for all ve V.






