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The Navier-Stokes Type Equations

by Mariusz WOZNIAK

" Introduction. We consider in this paper some nonlinear equations in arbitrary
Hilbert space. The starting point is the stationary homogcneous Navier-Stokes problem
in a bounded open set Q of R", n =2 or 3:

For given f, find u = (u,, ..., u,) and p such that:

[ . :
vAu— Y u;D;u = f—gradp in Q
i1

0.1 I . )
divie = 0 1n 2

=0 on ¢Q.

Here u and p represent the velocity and the pressure of a viscous incompressible fluid

filling Q@ and v denotes the viscous coefficient.
This problem is cquivalent to the_ functional equation (1.3) in some Hilbert space.

We consider the natural generalization of (1.3). We study the existence and uniqueness
problems (Sec. 2) the dependence of the solutions on F (Section 3 and 4) and on v (Sec-
tion 5). In Section 6 we give some simple examples to illustrate the theory.

I am greatly indebted to Professor B. Szafirski for his invaluable encouragement and.

advice.

1. The formulation of the problem. The approach presented here is based on [2].
Let Q be a bounded domain in R”, n = 2 or 3. We denote by CJ(Q) the space of C*
functions ¢: @ — R with compact support in Q.

L*(Q) := {u: Q - Rlu is measurable and { |u(x)]*dx < + o0}
2

HY Q) := {ue L5 Q) Duel*(Q), i=1,..,n)

where the derivatives are taken in the sense of the theory of distributions.
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H(Q) is the closure of C3(Q) in H'(£). The scalar products in LE(Q HY(Q), Hé(g) |
are denoted by

(i, V)g2 = [uv, (u, v)g: = (u, v)Lz+Z (D;u, D;v),.
2 L i=1

((u, v)) :=.Z:1 (D;u, D,v)-

respectively and ||u||? = ((u, w)).
If Z is a Hilbert space, Z" denotes the space Zx ... xZ (n-time) with scalar product

n
(X, ¥)gn = Z (x:. )z, x,yezZ".
i=1

Definition 1.1. Let u = (uy, ..., u,), u; € Co(), i=1,...n.
¥V 1= {ue(CF(Q)"|divu = 0}
V= the closure of ¥~ in (Ho(@))".

We agree to use the same notation for the scalar product and the norm in ¥ and HO(Q)
We set

n
b(u,v.w)y= > [uD.o;wdx for u,v.,weV,

iLk=1g

It is well known that: (see 1], [2])

(L) b: ¥Vx¥VxV —>R is trilinear and continuous ie. there exists ¢>0 such that
b, v, W < clful] - []el]-[Iwl]

and that b(u, v, w) = —b(u, w,v) for all u,v. we V.

Definition 1.2. Let f'e V' (the dual space of V). We say that u is the weak solution
of (0.1) we V and
(1.2) ‘ v((u, 0)) = b(u, v, w)+f(v) for all re V.

For any fe V' applying the Riesz theorem we get a unique Fe V7 satisfying
((F,v)) = f(v) for all ve V.

From (1.1) we know that &(u, -, w): ¥ > R is a linear continuous form on V. By Riesz
theorem, there exists an element of V. (we denote it by B(u i )) such that

b(u,v,w) = ((B(u,w),v)) for all ve V.

We write Bu := B(u, u). The operator B: ¥V — V is continuous (see (1.1)). One can prove
{sec [2]) that it is a compact operator. Now we can write the equation (1.2} in the form

v((u, v)) = (Bu, v))+((F,v)) for all ve V.
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Hence we have
(1.3) | viu = Bu+F .

The operator N, = vE— B is called the abstract operator-of Navier-Stokes (see [2], [6]).
We consider the following generalization of the equation ( 1.3).

Definition 1.3. Let X be an arbitrary Hilbert space with the scalar product (-, )
and let B(-,): XxX — X be a bilinear operator such that

1° (B(u.w),v) = —(B(u,v),w) forall u,v,weX, .

2°. B(-,"): XxX — X is continuous i.e. there exists ¢>0 such that [|B(u, v)||
<clluf]-|v]| for all u,ve X,

3°. The operator B: u — Bu := B(u, u) is compact.
By the above assumptions the equation

viu = Bu+F _
is called the equation of Navier-Stokes type in the space X (shortly: of N-S type).

Tt is a natural generalization of (1.3). An analogous generalization has been considered
in [11] (cf. also [8]).

We shall study this type of equations in the sequel. The following simple properties
of the operator B will be often used. “

(1.4) (B(v,u),u) =0, in parti.cular (Bu,u)y =0
(1.5) . | B(utv) = Bu+Bo+B(u, v)+B(v, u)
(1.6) " B(tu) = t?Bu.teR

(1.7) | |1Bul| <cllul|? .

2. The existence and uniqueness problems.

THEOREM 2.1. a) For every v>0 and Fe X there exists a solution of the equation
(2.1) vu = Bu+F
b) If u is a solution of (2.1) then

: Hal
2.2) Hullé—-—;— and
F
(2.3 lull > == for F # 0 where & := v c||F|]| .
NEDEWY |

Proof: a) The existence of solution of (2.1) follows directly from the Leray-Schauder-
Schaefer theorem (see [5], [3], cf. also [2]). An essential step in the proof is to obtain the
a priori inequality (2.2).

3 — Acia Mathematica XXV
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b). We take the scalar product of (2.1) with u. Using (1.4) we get
vl|u|> = (F, w)< ||F||-||u|| and hence (2.2).

Now we are going to prove (2.3). We take the scalar product of (2.1) with Bu. Using
(1.4) and (1.7) we get

|Bull?> = —(F, B)y<||FI;-|[Bull < ||Fll-e-llul}® ie.

(2.4) ||Bul| <llull  where & = JellFll -

From (2.1) we have N ,
[\F||* = |lvu—Bu||* = V‘Z.IIulIZJrIIBMII2 -

Hence and from (2.4) we obtain

FIE <+ 5%l chas > _ e
N

It is easy to sce that the equality in the above inequality can take place only if F =0

THEOREM 2.2. If v>0 then the equation (2.1) has exacily one solution.

Proof. The proof is standard (cf. [2], [1]) .
Let B! denote the Fréchet derivative of the operator B in the point u. It is easy to see

that B, exists for each u and
(2.5) | B = B, )+B(,u).
‘We have the following |

Lemma 2.1. Either
(A) for all v>0 and for all u eX the operator vE— B, is invertable or
(B) for every v>0 there exists Fe X such that the equation vx-— —Bx = F has at least

two solutions.

Proof: 1 (~(A) = = (B)). Suppose that (B) 1s not true i.e. there exist vg>0 and uo eX
such that the operator voE—B,, is not invertable. Thus v, is an eigenvalue of B, i.c.
there exists ¢ € X, llo|| = 1 such that
(26) Voo = Bz'm((P) g
From (1.5), (2.5) and (2.6) we get
27 vo(ttg+ @) — Bt + @) = votto— Bug— B
vo(tto — @) — B(utg— @) = vouy— Bug—Bg .
Let v, = ug+¢

Py 1= Up— @

F] .= vGuO“'Buo—



Using (2.7) we obtain

vol;—Bu; = Fo, 1= 1,2 and v, # v,.

v |
Substituting v; = ~9~xi, i =1,2, and using (1.6) we get
v .

2
v
vx;—Bx; = F where F.= 5 F,
Yo
and 17 1s proved.
2°. ((B) = ~(A)). There exist v,>0 and F, € X such that the equation v,u—Bu = F,
~ has two different solutions u, and u,. -

u,+u uy—u
We put x = J—«f;—?—, y = ~L_2 Then we have

vo(X+3) = B(x+y)+F,
vo(x—=») = B(x—y)+F,.
Subtracting the above equalities and using (1.5) and. (2.5) we get
VoV = {9;()?)-

Since y # 0, the proof is complete.
THEOREM 2.3. (A) <> Vv>0, VF € X the equation vu— Bu = F has exactly one solution.

Proof: (<«=). Suppose that (4) does not hold. Hencé, by Lemma 2.1, we obtain the
contradiction with the assumption. .
(=). It is, in essence, a particular case of step 2° of the proof of Lemma 2.1.

Remark. The theorem analogous to Th. 2.3 is proved in [11]. The proof presented
here is more elementary. |

3. The dependence of the solutions on F.

THEOREM 3.1. Let u,, u be the solutions of the equation vx— Bx = g with the right-hand
sides g = F,, g = F respectively. Assume that

(3.1 * c||Fl| <v2.

If F,— F then u, > u as n - oo.

Remark. It follows from Theorem 2.2 that for » sufficiently large u,, u are thé unique
solutions.

- Proof:. We have
vu, = Bu,+F,

vu = Bu+F .
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We take the scalar product of the first equality with « and of the second equality with u,,.
Using (1.4) we obtain

v(u,, 1) = (Bu,, 1)+ (F,—F, u)+v|{ul}*
v, 1) = (But, )+ (F=Fy, 1)+ ][I
Let w:= u—u,, W:= F—F,. Adding the above equalitics and using the fact that
(B(u—u"),u) = (Bu',u)+(Bu,u’) for all u,u'eX,
we obtain |
viw||? = —(Bw, u)+ (W, w).
From (2.2) we get

VHWIIZSCIIWIIZIIHH+IIW|1_IIM’1ISC'IIH’!12 u +WHIwIL

Hence‘
w2 (v —cllFID < viw| [T

The assumption 3.1 allows us to write

w
e

v:—c||F||

Finally
llu, —ull <K,||F,—F|| where K;>0.

The proof is completed.
We need a few definitions to formulate the next theorem.

Definition 3.1. (cf. [6]) Let X and Y be two Banach spaces. An operator L € L(X,Y)

is called a Fredholm operator if

b) L(X) is closed

b) The spaces KerL and Coker L = Y/L(X) have finite dimensions.
If L is Fredholm, then its index is the integer equal to

dimKerL —dimCokerL .

Lemma 3.1. (cf. [6]) The operator of the form E—K, where K& L(X, X) is compact,
is a Fredholm operator and \

ind(E-K)=0.

Definition 3.1. (cf. [6]) A nonlinear operator N e CY(X, Y) is called a Fredholm
operator if N, its Fréchet differential in the point x, is a Fredholm operator. We put
ind N : = ind N,. One can prove that ind N, is independent of x (cf. [6]).
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Definition 3.2. Let Ne C(X, Y). A point ue X is called a regular point of N if
N! is surjective and a singular point if it is not regular. The images of the singular points
under N are called the critical values.

We have the following

THEOREM 3.2. (Smale, cf. [6]) Let N: X » Y be a Fredholm operator of class C%. If
g> max(ind N, 0) then the set of all critical values of N is nowhere dense in Y.

Let S(v, F) denote the set of all solutions of the equation
(3.2) | Nu=F

where N, = vE—B.
The following theorem gives a generic property of S(v, F) (cf. [8].

THEOREM 3.3, For every fixed v>0

(a) there exists a dense open set O(v)< X such that, for every Fe O(v), the set S(v, F)
is finite.

(b) For each connected component O,v) of O(v) the number of points in S(v, F) for
Fe OJ[v) is constant.

(c) Every solution is a C* funcnon of F for F e Oyv).

Proof: It is easy to see that the operator N, is of class C* (see (2.5)). We have
N(x) = vE—B,.

Since the operator B is compact, the operator By, is also compact (see [10], p. 55). From
Lemma 3.1 we obtain that N, is the Fredholm operator of class C* and ind N, = 0 (cf.
Definitions 3.1 and (3.1)).

Let K(v) denote the set of all critical values of N,. We put

(3.3) O®W) := X\K().

It follows from the Smale theorem that O(v) is dense in X. The other properties of O(v)
can be proved in the same way as in [8]. |

2

v
COROLLARY 3.1. Let K(0,r) := {Fe X|||F||<r} and let r< —. The equation vx —Bx
c

= F has the unique solution u for F € K(0, r) (by Theorem 2.2) and the function u = u(F)
s of class C™.

Proof: We shall prove that if Fe K(0, r), then F is a regular value of the operator
N, = vE— B. Indeed, suppose F is a critical value of N,. Then the solution u is a singular
point of N, and it is casy to see that v is the eigenvalue of the operator B.. So there exists
pe X, |lo]] # 0, such that

vo = B(¢) = B(u, )+ B(¢p, u).









