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. Highly Noncontinuable Functions on Polynomially Convex Sets:
J6zef SicCiAk

Abstract. By the method of the extremal function @x (for the definition and properties of Pk see [12],
{151, [16]) for each polynomially convex compact subset K of CY we construct a continuous quasianalytic
function ¢@: K —> C that is holomorphic in the interior of K and cannot be continued analytically from
K in a strong sense. Moreover, we show that if D is a bounded convex domain in CY and K = D is the
topological closure of .D, then the function ¢ is ¥® on K and for every complex-line L the plane set
L D is the maximal domain of existence of the holomorphic function @|L n D. The same is true if Dis
a bounded domain with Lipschitz boundary and K = D is polynomially convex. Thus we get the
affirmative answer to questions asked by N. Sibony, Globevnik-Stout [3] and W. Rudin (11}, p. 415).

1. Introduction.

Globevnik and Stout [3] proved the following theorem:

If D is a bounded strictly convex domain in C N with a €* boundary, then there exists
a holomorphic funetion ¢ in the Nevanlinna class on D with the following “high noncontinu-
ation property”:

For every complex line L the plune domain L n D is the natural domain of existence
of olL n D. - |
" This theorem gives an affirmative answer to a question asked by N. Sibony. Glo-
bevnik and Stout [3] and W. Rudin ([11], p. 415) asked if it is possible to construct such
a noncontinuable function with continuous or smooth boundary values. Their technique
could not yield such functions. In this paper we answer their question in the affirmative
by the method of the extremal function @ ([12], [15], [16]). Let us recall that for every
compact subset K of CV the extremal function @y is defined by the formula

(1) By(x) s = sup(sup{|P(x)}, P e 2,, 1Pl <1})'", xeCY,
' nzl
where 2, = 2 (CV, C) is the set of all complex-valued polynomials of N complex
variables of degree at most n, and
1P|lx : = sup{|P(x)], x € K}

is the supremum norm of P on K.
We shall need the following properties of @ (see [12], [15]).
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1.1. (Bernstein-Walsh inequality).
|P(x)|<|[Plx Pk(x), xe C",'Pe 2,(C",C).

1.2. ®¢ = &3, where K is the polynomially convex envelope of K.

1.3, @g(x) =1 on K, & (x)>1 on C¥—

1.4, @, <P, in CV, if K,cK,.

1.5. &g is locally bounded in C" if and only if K is not pluripolat.

Let us recall that a subset £ of C¥ is called pluripolar if there exists a plurlsubharmomc
function W in C" such that W = —o0 on E.

1.6. If K; is a compact subset of C¥ (j = 1, 2) then

P, xxalX, 7) = Max{ By, (x), DM}, (x, y) € C¥ x CM2,

1.7.f N=1and KcC' = C is a compact set with posmve logarithmic capacity
then log®y is the Green function of C—K with pole at co.
1.8. If ||+|| is any norm in C" and B(a, r) = {xe C¥, ||x—a)|<r} is a closed ball, then

Pyan(x) = max{l, ||x—all/r}, xe CV,
The crucial role in our considerations is played by the following two Lemmas.
LEMMA 1. If K is a compact subset of C" then there exist an incredsing sequence of

positive integers (n;);5 and a sequence of polynomials (P;);s, of N complex variables such
that

() lim (V. /n)) = + o0,

j= o
(i) degP;<n;,
(i) @ (x) = sup[P ()™ = limsup|P (x)li_""", xeCV,

J= o

LemMMA 2. (An extension of the Ostrowski theorem on lacunary power series to the
case of series of polynomials of N complex variables with lacunary sequence of degrees,
see [2], [5], [6], [15]). |

Let f be a holomorphic function in a domain Dc::C Y and let E be a nonpluripolar compact
subset of D. Assume that (1;);> ¢ is an incredsing sequence of positive integers and let (P})i21
be a sequence of polynomials of N complex -variables such that

(a) degP;<n;,
(b) lim|/- z Py =

Then for every compact subset F of D
1!"5 .
hmlj| f~ Z =0;
in partigular

f(xy =Y Pi(x) forall xinD.
i=1
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Moreover, if Q denotes the maximal open subset of C¥ in which the series Y P; is locally
uniformly convergent, then the maximal domain of existence S of f is identical with the
connected component of Q containing D. In particular S is univalent.

Now, if K is a polynomially convex compact subset of CV, the required function
¢: K — C with a strong non-continuation property may be defined by the formula

=

® | o) = Y 0YRP ), xeK,
i=1

where © is a fixed real number with 0<@ <1, and (n;);»; and (Pj)j>1 are sequences
satisfying the statements (i), (i) and (iii)) of Lemma 1.
It is clear that the series (§) is uniformly convergent on X, because |[P;{[g <1 and the

a0

number series Y. @Y% is convergent; the function ¢ is continuous on K and holomorphic
in the intariforj}f1 of K. The series (§) is divergent at each point x of C N _ K, because
| limsup (@VF[P(x)) /" = Gp(x)>1.
Observe that J

lo— ¥ @WiP)l,< Y OVN< MOV, M = const.
i=1 J=s+1
Therefore
{+) lim |jp— Y OVup||/™ =0,
5w Jj=1
. Hence as a direct consequence of Lemmas 1 and 2 we get the following main result
of this paper

THEOREM 1. If K is a polynomially convex compact subset of C" then the function ¢
defined by (§) has the following strong noncontinuation property:
(SNCP) If y: CM— C" is any polynomial mapping of CY into C¥ with degy>1, M>1,
and if h is a holomorphic function on a ball B(a, r)cCM with center a and radius r such
that h = @ < y on a nonpluripolar compact subset E of the set F := y~Y(K), then B(a.r)
< F. In particular ¢ oy has no danalytic continuation from the interior F of F.
Moreover @ oy is quasientire according to the terminology of W. Plesniak ([9],
pp. 21, 25), ie.
liminf%/g(¢ o 7. F) = 0,

where g,(¢ oy, F) := inf{{lp o y—Pl|z; Pe P(CH, OY}.

In fact it follows from (+) that for every y the function is (n;)-quasientire, because
llm Qn_,-((P oV, ﬁ)llnj = 0.
j— o

Under some additional assumption on K we shall study differentiability properties
of the function ¢. First we get -
T — Acta Mathematica XXV
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THeOREM 2. If K is a polynomially convex compact subset of C N such that

(%) P (x)<1+x8", xe CV, dist(x, K)<4, 0<o<1,

s o]

where », p are positive constants, then for every multiindex o € ZY the series ¥, @' DP;
/=1

) a oy ‘ a aN
is uniformly convergent on K. Here D" = (m——) (—-H) :
. . A 3x1 _ 5x N
This theorem is a direct consequence of the following Lemma 3 and of the fact that

. =93
. k T . s ’
the series z n; ©¥r; is convergent for every positive number k.
i=1

LemMMA 3 (Markov’s inequality). If K is a compact subset of CY such that the extremal
function @, satisfies the continuity condition (*) then for every polynomial P e Z,(C N.C)
and for all xeZ% -

|| D°P||x < ate(uny || Pllk

1

with o! = a,!...ax! and |0} = a2y + ... +aoy.

We shall see that the inequality (+) is true with u = 1/2 for all K satisfying the
following o |

1.9, Geometrical Condition (GC). There exists >0 such that for every point be K
one can find a point @ € K such that the convex hull of the set {p} U B(a,r) is con-
tained in K.

If K is a subset of RV (where R" is identified with the subset R" 470 of CcV), then it
- sufficient if GC is satisfied with balls B(a, r) = {xe R": ||x—al|<r} in R".

Hence and from Theorem 1, Theorem 2 and from the Whitney extension theorem
we get the following

THEOREM 3. If D is a bounded convex domain, or if D is a bounded domain with Lip-
schitz boundary such that K := D is polynomially convex, then there exists a function
©o: K — C with the following properties: |

(i) ¢ is ° on D,
(i1) ¢ is holomorphic in D,
(iti) @ has the SNCP.

S

Let D = B(0, 1) be the unit Euclidean ball in C" and let (4;) be a sequence of unit
vectors dense in oD. It easily follows from Lemma 2 that the function f defined by

& ' S = E; OYnlx, up™, xeD,
_ j=
X, u;p" _
or by [f(x):= S_.”_J_)_‘____ . xeb, -
i jtlogj!
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where (-, ) denotes the inner product in C", (»)) is an increasing sequence of positive
integers with limn;/n;,, = 0 and 0<@<1, is € on D, holomorphic in D and has the
SNCP. The last series was considered by the authors of [3], but they did not know if its
sum had the non-continuation property for complex lines L not passing through the
origin. -

Observe that in the (§§) the sequence.(©Y7);,; may be replaced by any sequence of
complex number (¢;);», with the following properties

(1) limc;|'™ =1,

Jrwo

(i) Zn’}lcj|<“+oo, k=1,2,..
i=1

2. Proof of Lemma 1.

Let K be a compact subset of CV. By Theorem 1 of [12] (or by Prop. 4.11 of [15])
there exists a sequence (Q));>; of polynomials of N complex variables such that

| Ky 1= degQ;<k;y 1= Qj4y

and |

Px(x) = sup |Q;(x)|'™, xe CV.
izl

Consider the foilowing sequence of polynomials

(1 1y Iss lz2 I31 132 las In1 | Lan
() 1 1 2 s 3 s 2 » 3 5 tees 1 2 3 eesy n oo

where I,; (j=1,..,n;, n=1,2,..) are positive integers. Put n; = k;l,,, n, = k 121, ‘
ny = kjly,, ..., the numbers /; being chosen in such a way that

J+1/ )2 j=1523°'

Let now (P;);», denote the sequence of polynomials (1). It is obvious that the sequences
(n;);>, and (P;);», have the properties (i), (ir) and (iii) stated by Lemma 1.

3. Proof of Lemma 2.

1° Let F be a compact subset of D. Let G be a relatively compact subdomain of D
such that £ U FcG. Put fs = Z P; and ¢, := |lf——fsllé’"’ Observe that

j=1
NANESIA e+ 1f=Slle = Hfllp+e=< M, = const, s>1.

By the Bernstein-Walsh ine’quality i.1

lfs(X)IéMlng(x)"‘, X € CN, s=1.

T
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Since E is nonpluripolar the function @ is locally bounded. ‘Therefore
Hf_fs”GQMns: S>la M = const .

1 —f )™ ~loge,
Now og| f(x) —f(x)| 8% h(x. E.G). x€G, s>,
log M —logs

where h(x, E, G) : = sup{u(x)}, the sup being taken over all plurisubharmonic functions
# in G with <0 on E and u<! in G. Therefore

hix,E,G)
If(x)—-fs(x)f’""ﬁss(-) <M, °, xeF, s>1,
€5

where M, is a positive constant and 3 : = sup{i(x, E, G); xe F } satisfies the inequalities
0<3<1 (because E is nonpluripolar). It follows that for every compact subset F of D

lim || f—fllF™ = 0.

s—*co o

2° Let now S be the connected component of ©Q containing D. Suppose that S is not
the maximal domain of existence of f. Then we can find a domain G and a holo-
morphic function g in G such that §n G 7 Q G-S#Y and g =fona nonempty
open subset of SN G. By 1°

9() = L Px). x€G,
i=
the series being locally uniformly convergent in G. It follows that G<S. This contradiction
ends the proof.

4. Behaviour of the extremal function ¢, near plane continuum E

4.1. PROPOSITION. If E is a compact connected subset of the complex plane C con-
taining more than one point, then

1
(1) P)<1+ \/—diE(z)Iz——al, zeC, ae FE,
c

where ¢ = c(E) is the logarithmic capacity of E;

(1+8)° 1
Hr;<2 -, 0>0,
(11) (I's) nc 145 6 >

where I(I';) is the length of the level curve
Iy:={zeC: ®z) = 145}
Proof. If fis the conformal mapping of C — E onto the set {{w|> 1} normalized by the
condition limf(z)/z = 1/c, then |

C®z) = |f(z)| forall zeC—E.
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If a isw a fixed point of E then the function
cJIf " Hw H—da] = wte,wi+ .., |wl<],
is univalent in the unit disk. By the Koebe distortion theorem ([4], p- 53) one gets
Il Y —al = e(t—w)/bwl, Iwl<1.
Hence by setting w = 1/f(2), ze C—E, we get
el f@I-1*<|fl|z—a], ze C~E, acE,

which is equivalent to the inequality (1).
In order to show (ii) observe that by the inequality (21), p. 117 of [4] we get

| 1
<1 jp)

1d
;E%f (w)

Hence

(1+6)°1
2468 &

dt<2nc

2n
d ,
T;) = J Ia}fﬁl((l +8)e")
0

4.2, COROLLARY. Jf E is a compact connected subset of C containing more than one
point, then

(a) P2)<14+x6"2, dist(z, E)<9, 0<d<1;
‘ 2 '
¢
b) dist(I'y, E)z ——, 6>0;
(b) dist(I';, £) Y

(c) I(Iy))<8nc/d, 0<d<Ll,
where

\1/2
_g (LHIED

< , El := sup{lz—w|; z, we E}.
1E]] { )

The inequalities (b) and (c) are obvious consequences of (i) and (i), respectively.
The inequality (a) follows from (i) and from the following known inequalities

_ NEl+dist(z, E) . ;
D (2) < (see inequality (2.16) of [13])
c

dez||E]] (see Theorem 2, p. 294 of [4])

4.3. Remark. Inequality (a) was earlier obtained in [14] by a method due to
F. Leja [7]. lThe present method based on the distortion theorem was suggested to the
author by W. K. Hayman some years ago.
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4.4. CorOLLARY (Markov’s inequality: see [10]). Let K be a compact subset of C such
that the logarithmic. capacity of each connected component of K is bigger than a positive
constant ¢,. Then for every polynomial P of a complex variable of degree n

, 2e -
1P|l < — n*||P]lk .

Co

. Indeed, for a fixed point @ in E let F be the connected component of £ containing
the point a. Then by the Cauchy formula

. r 1 _2 6052
Pa) = — P(Z)(z—a)"*dz with g = ——
27!1 . 1 6

|z—al=g
Hence
1P’ (@) <||Plle(1 +8)"/a = [|Pllg(1+8)" " ]cod?, 6>0.

1
Now by setting & = - we get the required inequality.
n

5. Holder continuity property of @y for a class of compact subsets K of C N

5.1. PROPOSITION, Let K be a compact subset of CV satisfying the following Condi-
tion (P): For each point a = (ay, ..., ay) € K there exist plane continua Ey, ..., Ey and
an affine nonsingular mapping h: C¥ 3¢ v x = h(&) e C¥ of C" onto C such that

() ae h(E; x ... x Ey)<K; '

(i) ||Eli=d>0, j =1, .., N;

(i) ||A' | =m>0,
where ||E;|| is the diameter of E; and the constants d and m do not depend on the point a;
the expression ||I'|| denotes rhe norm of the Fréchet derivative of h (the derivative R is
a linear mapping of C~ onto C" and does not depend on the point at which it is computed).

Then there exists a positive constant x such that

P (x)<1+x5' 7, dist(x, K)<d, 0<d<l.

Proof. Given a point ae K let o = (g, ..es ay) be a point of CV with @ = h(x). It
is obvious that

Bie, x... xEx)X) = Pp,x.xpy(R71(x)) in CV,
Therefore by Propertieé 1.4, 1.6 and by Corollary 4.2
@K(x)<(pE1x xEN(h_l(x))

and Bp v x5y (E) < max{l+x#{E—0; |”2}<I+x0[5 a
‘ 1<j<N

12,
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where %< - /1+|]E|| J_.o , N. Thus

D(x)< 1+ x40~ 1(x) h™ 1(a)|1/2 [+ m|x_ qu

for all xe CY, ae K with |[x—a| <5< 1. We see that the reqmred inequality is true with
% = ®ofm and x<4x/l+|lE||/(md)

5.2. COROLLARY Let D be a bounded domain in R" (resp. in C") with Lipschitz boundary
Then K = D satisfies the condition (P) of Proposition 5.1.

Indeed, as observed in [1], pp. 166-167, the set K = D satisfies the following

Property (H,). There exists a nonempty parallelepiped n, such that each point x
of K is a vertex of a parallelepiped n, congruent with =, (with respect to orthogonal
transformations and translations) and verifying =, < K.

It is obvious that (H,) = (P).

5.3, PROPOSITION. Let K be a polynomially convex compact subset of CV satisfying
the Geometrical Condition 1.9. Then there exists a positive constant x such that

D (x)<1+x5"2, dist(x, K)<d, 0<d<lI.

Proof, It is enough to show that K satisfies the Condition (P). First we shall consider
the case when K is a subset of R" satisfying the Geometrical Condition 1.9. Given a fixed
point b of K let a be another point of K such that the convex hull of {b} u B(a r) is
contained in K. Without loss of generality we may assume that ||b—al|>r. Let ¢°, ..., v
be points in the ball B = B(a, r) such that ||_c’—a|| =r(j=2,..,N) and the vectors
b—a, ¢2, ..., ¢V are orthogonal to each other. The affine mapping '

1 o
h(&) :=a+ ¥ [E(b—a)+E(c* —a)+ ... + Ey(eN —a)], & = (&, ..., 5N.) eCV,

transforms the cube IV with 7 = [0, 1] onto a subset of K containing the points @, b, ¢?,
¢”. Moreover

deth’ = N™b—a) A(e*=a) A ... A(c"—a) =
= N~M[b—all[lc* ~al| ... |[c" —al| > (r/N)".

Observe that #'(€) = h(§)—a and (h™')" = (h")"'. Therefore

(™Y I<N! max. [e;,

1<i,jJ<€N






