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Multiple Differentiability of Solutions
with Respect to Parameter

by Teresa WINIARSKA

Abstract. Tn this paper we will prove some theorems on continuity and k-times differentiability:
with respect to parameter 4 of the solution of a non-linear equation

2
§+G(t, Loult, D)=, B, 10, T, AeR
4

with the initial condition

10, 1) = @A), LeR.

Let X be a Banach space and let S = [0, 7], 7> 0 be a closed interval in R.

Let {G(¢, A,-)} be a family of non-linear (or linear) operators G(r, 1,"): X > X, 1€ S,
AeRand let f: SXxR—> X, u: SxR - X be two mappings.

We shall consider the equation '

. cu
(H —5;+G(t,/1,u(f,/1)) = f(t,2),te€(0,7T], AeR

with the initial condition
) w(©,0) = ¢(i), AeR,
where the mapping ¢: R — X is given.

We now state three known results that will be useful to us.

LEMMA 1 (Gronwall, see c.g. [1] Lemma 1.3). Let f: S — R be continuous and suppose
that g: S — R is non-decreasing. If for every te S

f(t) <g(t)+c (j;f(s)ds

then
f)y<eg(t) fortesS.

Let us now state an inconsiderable generalization of a known result (cf. [1], Lemma [.3)..
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LEMMA 2. Let F be a topologtcal Space and let a mapping H: & x X — X be such that
1) for every xe X the mapping &F 3t — H(z, x) is continuous,
2) for every 1€ & there exists a constant L,>0 such that

|H(z, x)—H(z, I < Llx—yll  for every (x,J)EXXXs
3) the function & 3t — L_e€ R, is locally bounded.
If a mapping v: & — X is continuous, then the mapping
O: Fat- H(r,v(r)eX

1§ continuous too,
Proof. Let us fix ¢>0 and 75 € #. Then there exist L>0 and a nelghborhood U

of 1, such that L, <L, |jv(t) —v(ty)|| < Z—E and |[H(z, v(zo))— H(7g, v(o))l]| < 5 for every
te U. If e U, then

1B(0)~ D@l = I1H(z, v(0) = H(z0, 0o
<|H(z, 0(0) = H(z, v@o)l| + || H(z, o(co))— H (o, v(zo))

£ & &
< L|jo(n)— +-<L—+4-=
o) =2 (@)l + TR

Theorem 1 ([1], p. 192). Let for every (4, x)eRxX: the function S>t — G(t, 4, X)
be continuous. Suppose that for every A€ R there exists a constant LA>0 such that for
every (t, x, v)eSxXxX

3 G, 2, x) =G (1, A, I < Lyflx— vl .

Let f: Sx R — X be continuous. Then, for every 2 e R, the problem (1)—(2) has exactly
one solution u satisfying the formula

t

4) u(t, 2 = @(A)— j( F(s, 2, u(s, /)) (s A))ds

| Moreover, the mapping
| Sst—u(t,))eX
is of class C1.
Now, we shall prove a theorem on the continuity of the solution of the problem
(I)—(2) with respect to both ¢ and parameter A.

THEOREM 2. Suppose that the following five conditions hold:

1) for every x e X the mapping SxR2(t, 1) —» G(t, A, x)e X is continuous,

2) for every L€ R there exists a constant L, such that HG(T /oy X)— G(f A,
<Lillx—yll for (£, x,y)e Sx X x X,

3) the function Re 2 — L, is locally bounded,

4) the function ¢: R34 — @(l)e X is continuous,

5) the function f: SxR3(t,2) — f(t, 7)€ X is continuous. Then for every e R there
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exists exactly one solution u(-, 1) of the problem (1‘)—(2). Moreover, this solution is continu-
. ous in SxR. ‘ | . |
Proof. Let us fix J,e R and 7, € S. By letting A = 4, in (4) we obtain

u(t, Ay) = ga(}lo)——oj' (G(s, Ao, uls, A0))—£(s, lo))ds .
" Then - | -

Hu(t, Y—u(t, Al = llo (D - (L) - g[G(S, A, u(s, D) —G(s, do, u(s, 4o))]ds

+ (f) L7 (s, 2)~f(s, Ao)lds < [l ()= @ (4o)l}

+ g 1f(s, D) =15, lo)lldS+0I IG(s, A, us, ﬂ))—G(s, Ay u(s, o))l ds

i

+ g 1G(s, 2, u(s, 2))—G(s, Lo, u(s, 4o))|lds

It follows from assumptions 2) and 3) that there exists §, > 0 and L > 0 such that the
conditions [1—1y] <d,, 1€ S imply. that

Hu(t, Dy—u(t, A} < llo (D) — @A)l + 6‘ 17 (s, A)—f(s, Ao)i|ds

2 4 . : F4 i~
+0j HG(s, 2, u(s, 20))—G(s, Ay, u(s, )uo))||ds+L(')j ||u(s,l A)—u(s, 2y)||ds

If we set JA—2,) <&, te S, then it follows from Lemma 1 that
. t

Hu(t, ) —u(z, Al < K(llo(D) — @A)l + [11f(s, H—f(s, Ao)l1ds
. 0

+ .[t ”G(S’ l’ U(S’ ;{0))_G(Sa )“0’ H(.S', ’IO))—”dS ] |
0 .

where K = exp(LT). | |
Let us take an arbitrary &> 0. Since ¢ is continuous, there exists d, <98, such that

the condition |A— o] <&, implies that |jp (1) — ¢ (L)|| < g

Let us obsefve that o
’ t . T _
Jllf(s, A)—f(s, Ao)llds < OI HSGs, D—f(s, Ao)ilds,

and that f is uniformly continuous on the set §x {21 1A—24] < 8,}. Tt follows from the
above that there exists d;3 <d, such that |
. e . 3
1/ (s, D—=1(s, Dpoll < P for (s, ) e Sx{A: |A~2o| <85}.
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Hence

N &

S |
' ”J|_|f(s,i)—f(s,lo)||ds< ‘holds with |1—2,]| <65 .
o :

Similarly, applying Lemma 2, we conclude that there exists 6 <J5 such that

t R
J‘ 1G(s, 4, u(s, A))—G(s, Ags (s, Zo)llds < % holds with |[A—1,] <&
0 . | | o -

Finally, if te S and ]A—4,] <4, then ]-]u(t,it)—u(t,lo)ll<§.- Thedrem 1 states that

‘there exists u> 0 such that
. |
(2, o) —u(ty, Ao)l| < 5 holds with [t—1,] < .

Let us now summarize. If we set U = {(t, ) e SxR: |[t—ty| <, |A—4o| <8} then
for (t, ) e U we have | '

lu(t, ) —ulto, 20|l <Hlule, D—ult, )| +|lufr, Ao) —ulto, 2)l| <é.

Since (7o, 40) is an arbitrary point of $ x R, the solution u is continuous in S x R.

Theorem 3. Let us suppose that

1) all assumptions of Theorem 2 are satisfied,

2) for every te S the mapping Rx X 3(A, x) — G(t, A, x) is differentiable
oG dG |
=’ 3 are continuous in SXRxX, .

ox
4) for every te S the mapping R3 1 — f(t, 2) is differentiable,

5) — is continuous in S xR,
04

6) ¢ is diﬁ'erentiable in R. | |
Then- the solution u of the problem (1)-—(2) is differentiable with respect to A.

Proof. Let us take A # A,. Then

‘aé‘z‘:'(r, )= Z?(t, Aoy +(G(t, &, u(t, D)= G(2, Ao u(t, D))

+(G(t’ 105 u(t5 )“))—G(ta )'09 U(f, AO))) - f(t, A) "-'f(t, 1‘0)
and u(0, H)—u(0, 1) = ¢(A) -0 (%).
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Applying the Peano formula to differences in the brackets and to the right- hand SIdes
we obtain

ou oG "
(&) —(f /1)-~(T /10)+ (l‘ lom(f N)A—=A)+ P A=)

+ a‘(r, Ros u(t, 2))(ult, D-ut, Zo))+ ndu(t, )—ut, do))

p .
= 52—: (t, ;\-O)(A_AO) + Cr(’1 - ’10)

(6) ’M(O., A)—u(0, o) = @'(A) (A~ Ao) +x(A—4g)
' Dividing both sides of (5), (6) by (A~ 1) we have

u(t, n) u(t, /10) u(t, )—u(t, i)
az[ FEyA J+a (1, 2oy u(t, 40)) =

m(u(t D—u(t, D) lu(t, H~ult, Ao)| _ Y (1,20
Tl H=u(t, Aol A—=2g °

0G V(A—2)  LlA—2o)
——(t, Ay, u(t, A))— ,

u(O A) u(0, lo) o' x(A—2y)
A— g 2 A= Ag

If we set

of oG Uih=20) | C(A=1o)
0 zo)—_-;t-(r doy ult, W)= 2 2

ford # A¢
F(tazs AO) P

) 0G N | .
i( Ao)— m (¢, 20, u(t, A0)) | | for A= 14

”

, 3% (A— o)
@' (2o) + >
DL, Ag) 1=+ A—2o

for A # Ay

lo'Gio) for A = A
then we have |

B u(t, A)—u(t, iy) u(t, )—u(t, 1y)
@ ar[ Y ] (1 oy e, 20) == Yy

| nu(t, D—u(t, Ao) |lu(t, )—ult, Aom = FQ, 20)
, BRI ETOFS Ve I

w0, )—u(0, &)
® | A—ly

= ®(4, 4o)

gt
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Let us observe that

(. D=u(t, o)) llut, H—u(t, o)
”M(lf, j,)-—-u(f, /10)” : )"“AO

u(t, D—u(t, Ay)
A— 2,

nu(t, D—u(t, 2))
(e, D=, o)l
"t(u(t ]-) u(f '10))
e, D= ue, Al

= sgn(4—4o)

Letting w(?, 2, Ay) = sgn(i—

we have

u(t, - u(t, i)
= dg

nu(t, ) —u(t, 4y)) llur, —u(t, Aolll _
Hu(t, A)—uft, lo)“ A=Ay

€ w(t, £, Ao)

By letting (9) in (7)_we obtaln
(10) 1’:11(1 A) u(t, )o)] oG (t o, u(t, }0))11(1‘ A—ul(t, 2y)

u(t A)—u(t, Ay)

= F(t, 4,2
A—2 (- o)

+w(t /, /0)

Le% us write
u(! L) =u(t, /10)

8, 4 )0) =
0 .

“and
F@ '
——ﬂ-(r Ao, ult, )0))w+w(1‘ Ay dolliwll - for A #

A(f, '3'9 AO: H’) :

N

0G | N S
o (t, )&0, u(l‘, },0))%’ fOI‘ /1 = A’O
| Ox _

for any we X. |

Now, equalities (10) and (8) have the forms

(11) 2;9 +A(t, A, )LO,S(t 2, 20)) = F(t, 2, Ao)
(12) 3(0, i) = DA, i)

Straightforward computatlon yields that the operator A(t R AO, ‘) X — X satisfies
condition (3). Indeed, for 4 # 4, ‘we have

| oG , |
A1, 4, o, 8)— A(t, 2, Jo, Sl = “-bx (1, Fs (1, 203} 84+ (0, 4, JMIBIl

oG : ‘ K
- E;(t’ Ao, u(2, in)) S, —w(t, 4, Ao)l!sz“l
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N -
= 1201 Ao (1, 20))(8 = 92) + 00, 4, Jo) (18, 11— 119411

A

oG
o (1, Ao, u(t, Ao))

19 = 1l +Hlo(, 4, 2119411 = 119,11 /

+llo(, 4, lo)ll)||91*—9zll = M(t, 2, 2)|18; =9,

/166G
< (“5); (2, Ag, u(t, 49))

where M: SxR3(t,2) » M(t, A, )€ R, is continuous. Therefore, for every 6 >0
there exists M >0 such that the condition (¢, A)e Sx[i;—0, Ao+0] implies that
M(t, 4, Ay} < M. Hence

A, 2, Aoy 8= A, 2, 20, DS MIIS, ~ 95| for (1, D)€ Sx[2—08, 2+, 4 # X

P

| oG
A(f, )g, /10, W) - a——'(f, },0, Zl(f, 2,0))W

1s a bounded linear operator. Therefore it satisfies condition (3).

We see at once that the problem (11)—(12) has the form (1)—(2) with G = 4. More-
over, operator A, the right-hand side of (11) and the initial condition (12) satisfy all the
assumptions of Theorem 2. Since 9 is the solution of the problem (11)—(12), it follows
from Theorem 2 that 9 is continuous in S x R. By letting A = A, we obtain . |

3, 20) = lim i, A=l 2o) a( 20).

A—+do ). ;0

Hence u is differentiable with respect to A. Passing in the problem (11)_-(12) to the limit
for 1 — J,, we obtain \ -

Ju oG | 26
w_<a))+—v (f /'05 l{(t /0))3) ),(r’ ig)"*é}"l—(f, ZO: ll(-t, }'O))

-~ and

Ou y
| 5 0, 4o) = ¢'(4) .
Since Ao € R is arbitrary, we conclude that for every e R, 7 € (0, T] the partial deri-

ou - | . | .
vative Y of the solution « of problem (1)—(2) satisfies the following equality
d [ou - %) oG : |
—— (‘) + - (t ) L!(T /))— f:(r, /1)_" 'a (t> }'5 ll(t, j')) n (0’ T] xR

07

and the initial condition ,

ou
o 0,2 = ¢'(1) for AeR.
A
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THEOREM 4. Let all the ussumptions of Theorem 3 be satisfied. If ¢: R — X is of class C*, .

a.
then the derivative 5% of the solution u of problem (1)—(2) is the unique solution of the

problem

89 G | of '8G
13 (A u(, ) = — (1, )= —(¢t, A, u(t, 1)),
(_) | Py +,ax( u( ) 57 (D) az( u(t, 2))
(14 - 80, ) =9,

| | ou
with (t, A) € S x R.. Moreover, the mapping SXxR3(, 1) — 07 (t, Ay € X is continuous.

Proof. By Th;c_orem 3 there f:xists thp derivativ‘e*% of the solution of the problem
()—(2) and it is a solution of (13). Straightforward computation using the fact that ¢ is
of ‘class C*', and (2) yields that 3 = % .satisﬁes the ini'tial condition '(14).. Adsumptions
_of Theorem 4 imply that problem (13)—(14) satisfies all the assumptions of Theorem 2.
Therefore, by Theorem 2, the solution ZZ is continuous.’ |

| Let us observe that the above theorems enable us to state new theorems on the higher
order regularity with respect to parameter J of the solution of problem (1)}—(2). For

example, if we would like to get a theorem on existence of the second order derivative

*u - .

£ of the solution & of problem (1)—(2), it suffices to assume the following four con-

ditions: |
1) all the assumptions of Theorem 3, ,

2) the existence and continuity in SXRx X of mappings ?Z—G ?20 EZ—G—
- N ox?’ 04% dlex’

2

3) the continuity of 6/12_ in SXR,

4)' the continuity of ¢”" in R.

Let us end with one example.

Example. Let X = R", n>1 and let mappings F ='(F'1, ey Fp) SxRx X — X,
F=(fy, s f)): SXR =X, ¢ = (¢y,..., 0,7 R— X be given. If we set G(t,/,x)
= f(t, ))—=F(t, 4, x), (1)—(2) becomes the system, with parameter, ordinary differential
equations |
du;

15 = F, A uy,.u), T=1,000
(15) _ 5 ( 1 .
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with the initial condition

a w0, = 9, i=1,..n.

- Theorems 1,' 2,3, 4 are the existence, uniqueness, continuity and differentiability of
solution of the linear problem (15)—(16) with respect to parameter A.
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