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An Asymptotic Distribution of Eigenvalues and Eigenfunctions -
| of the Operator 4%, r>1
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Introduction. This note is the first part of the more extensive study about the inverse
Sturm-Liouville problem. One of the methods used in the proofs presented in the papers
[1], [2], [3]), [9] is based on some asymptotic properties of eigenvalues and eigenfunctions.
of that problem. In these papers, concerning differential equatlons of the second order,
the extremum principle is of a great importance. - '

The purpose of this note (as a whole) is to extend results of the papers [3], [2] on
a certain class of partial differential equations of higher order. The way of the proof used
in [3], [2] descending from the extremum principle, can not be followed in this case. For
this reason the method applied in this note is essentially different from the approach
used in earlier papers on that subject.

\ ,
§ 1. Sequence of eigenvalues and eigenfunctions of the operator 42", r>1

Let D be a bounded domain in R™ and let 4D be its boundary. We define usual So-
bolev spaces: |

Wi'(D) := {u; ue LX(D), D*u e L*(D), ]a|<2r}

du o d4’ u) 2r—1,n
Wi(be) :=du; ue w3 (D)J};——aulap =0, ..., = — —oul,p = 0, 6 € C*" "1 0D)

n

The operator — A defined for u e W3'(bc), for o(x)],p <0 is sy.mmetrié,'non — negative
and can be uniquely extended to a self-adjoint operator. For the following Problems.

(D \ - Autiu =0 wue Wibo)
(2) | | A u-7"u=0 ue W¥be)
known properties of symmetric operators justify the followiﬁg.
THEOREM 1. If {@n}nen is @ complete sequence of eigenfunctions corresponding to cigen-

values {,},cn Jor the Prpblem (1), then {@,} is a complete sequence of eigenfunctions cor-
responding to cigenvalues {1} "nen Sor the Problem (2).
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-§ 2. Some properties of number series. In this section we are going to prove some
properties of number series. They are needed for a formula for an asymptotic distribution
of eigenvalues and eigenfunctions.

LEMMA 1. If sequences of real numbers {a,}, {b,}, {c,} fulfil conditions
1° A, = 0(n' %%, where 4,:= Y g
k=

2° 0<bn"*<-bn+15 bn = 0(n1+az)

3°0<e¢,<Cyry € = 00
;

4° 5"_ > f”".’l
) bn bn+1l
where 0 <o <%, then the series
[e.4]
| a,c
b,
. : n=1 )

COnverges.

Proof. Note that the series E - converges. Integrating this series by parts we get

D ¥ N

Equality (4) holds for each ne N. Assumption 2° yields llm — = 0, then (4) implies

R oo Uy

‘that the serlesr

- | ' I i.f
© Do o)
. 1

has non-negative elements and converges. Integrating by parts series (3) too, we obtain

: : ' n n—1 .
) DR E 4 (f”ﬁ_"k_“) x
| | | Ld by | "bn - by by
k=1 k=1

Note that limA4, -21 =0

-
nl o n

then the convergence of the series

. B /Cn Cn+l
7 A2~ L
( ) z nkbln bn+ 1)
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will corhplete the proof of Lemma 1. To prove that convergence let us -observe that

y (c,, c,,ﬂ) lAl(C" c"“)<|A‘|(1 ] ) cc (1 1 )
nl;" = HApl\ T T 1Ayl o~ Gslrnf——
bn bn—l—l | bn bn+1 bn b-u+1 bn bn+1

for n big enough, where C is a positive constant.
This inequality means that the elements of the series

C I |
“\b, b,
1
are greater than absolute values of the elements of (M. It con"verges because of (5), then (7)

converges as well. Thus Lemma 1 js proved.
We are going to use Lemma 1 in the proof of the convergence of the series

«K

‘ 2 2
Ou(X0) = 0,(10)
(8) | : E P _2_31_/_1_:_”4__94

n=1
where x,, 3, € D are fixed points, {@ulre n @ sequence of eigenfunctions, {2, }nen @ Sequence
of eigenvalues of Problem (1), and D is a bounded domain in R™, m=2.
By the asymptotic equality [[8], p. 240, (18.7.4)] we get

n

2 ‘ Jmi2 o
®) Pr(x) = — +O0U* Y for n — oo .
m
k=1 Z”nmfzf(-—- + 1)

‘ 2
(9) yields ’
ao 2 [0e(x0) = 0i(30)] = 0GR for n— o0

‘ k=1

|
Y

(10) and the asymptotic formula for eigenvalues 1, = O(n*'™) for n — oo, give

(11) Y [0i(x0)— 2(yo)] = O(n; ™™ for n - oo,
| o ‘
If we denote | '
(12) 4= PR~ @), b, = AR i

' 1
series (8) fulfils-the assumptions of Lemma 1 for o = y Thus (8) converges.
- i

Let p> > PeEN, 0e(0, o) be fixed.

If we consider the series

. \ . . N
(13) y (:,;?_”4 Qp 12’

we can prove the following
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LEMMA 2. A sequence of partial sums of the series (13) is uniformly bounded.
Proof. We can begin with the series "

o

| N - dy
(14) : Z (;Ln_[_Q)MIZ'—l/‘l-

n=1

and its partial sums {C,},cn:

n

a A mj2—1/4
é ().k—l-Q)mlz 1}4 E )MIZ 1/4 (Ak"}‘Q -

k=1 ~

n—-1"'

_ D( z )m/2—1[4+ ZD l:(*%kw‘)mﬂ—lﬁt_()bk-'_l*)nlljz—-l/&t]’
Iato 2 te "\ A1 te/
. k .

)] m/2—-1/4
where {D,},. y are partial sums of (8). For each g € (0, o) the sequence {(}—-*) }

~increases and {D,} is bounded, so that

1 mj2—1/4 1 mf2—1/4|
(15) IC,| <K HL) —~ Hl_) ]
' )"n+Q ’11+Q

and K = sup|D,|.

‘neN

From (15) follows, that

\. g \m2-1/4 ‘ | :
(16) sup |G, sK[2— (——i—) :IQZK, _for any o€ (0, + ).
neN ' j~1 +0 ) ‘

Partial sums of (13)

n n

B _ a; - mz a ( 0 )P-mfz
! Zk (+e)’ i | Zl Cat @™ 14\ 0 4o
=
. n—1 5 .
_ — W —m
_c i-)p mf2 _ra '3 )p /. - (_ 0 )p l]
"\uteo Z ¢ Ayt o Asr1to
k=1
are estimated:
’ ' ' 0 p—mi2
(17 B sup|C <2K
(17) |B,| < ml:l nl () . ) |

p—mf2 ‘
- because {(/Ti_) | } decreases for any g e (0, o). It brings the proof Lemma 2 to
ntQ : _

the end..
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Analogically as above we can prove that partial sums of the. series

| - a 27 0

18 . pomizf

19 | z(iﬁ@)""”“Q (lf+a)
n=1

for a fixed ke N are uniformly bounded with respect to ¢ € (0, ).

Lemma 3. For a,, 4,, @, p, k, defined as before, the series

K

a, p—m/2 2)#:9 )k J
A Z((ﬂnm")g (Afwz

n=1

converges for each ¢ € (0 ,.00) and | ' y

' / - a . 240 \*
20 lim g p—m[2 ml—) =0
0) e—».ooZ (/1,.+e)"g (22-!-02

Proof. Let {S,}, {0,} be the partial sums of series (18), ( 19) respectively. The followmg
formula is true

) 1 1/4 i ) 1 1/4 1 1/4
21 S, = o, + ot ——-- — | — _
@ (;Ln+9) Z %[(}"k’{'g) ()%«1«1 +Q) ]

1\ .
Because the sequence {(E-I-__) }decreases for all g € (0, o), which together with (21).
ntQ
implies
" 1\l

22 S, < su o*,, P

~ for any ne N and Q € (O 00). This equality and the uniform boundedness of {o,} 1mply
Lemma 3. -

§ 3. Formula for asymptotlc dlstrlbutmn of elgenvalues and eigenfunctions of the operator
4%, r> 1.

For clarity we will be assume |r == 1] in this section. The results and proofs can be ex-
tended to the case r> 1 without difficulty. In the paper [3] the followmg estimation for
elgenvalues of Problem (1)

2im
(23) 7 /L’ = 47 r(’_;. + 1) 2lm+0(n2[m)

u(D)
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and the equality

£4]

. 3 - ‘
(p"(x) 1 - TP - m m -k — -
@ R Gl G A

were obtained, where {1,} and {@,} are eigenvalues and eigenfunctions of Problemm (1),
- [m
o # —A,forn=1,2,..;keNand k> [E:I"d}k is a continuous function of x € D for

~ each ﬁxed' o >0, such that

25) J 194(x, @)ldx = 0(e™*™*")  for g - 0.
. D ‘ J

‘The purpose of this note is to educe the following formula

2]

| , |
= : ' (pn(x) mi2 - '
(20) | z : CZtody i C-om 72V _y(x, o)

n=1

where {42} and {¢,} are eigenvalues and eigenfunctions of Problem (2), / > [Z], [N,

¥, is a continuous function of x e D for each fixed ¢ >0 such that

(27) [ 1%)(x, )ldx = 0(@"*72* V) for ¢ = + 0.
D

The proof of an asymptotic equality for ¥, is an essential part of the work and authors
further attempts are submitted to it. We begin with
) _ ! |

LEMMA 4. For almost all xe D
- (28) | B(x,0) = 0(@"* 7Y

where @, is defined rby (24).
Proof. (24) yields |
Oa(x) }

= k! ym _m VMI2-'=*1_ ‘ Ay
(29) P, (x, 0) = k! {(2\/70 F(k+1 2)9 | (A,,+Q)k“
1

The estimation (cf.[2], p. 25 (41))

a0

SR .
¢n(x) mj2—k— 1

(30) .(A,,+Q)k+1 = 0(e

n=1



143
implies that there is an M < oo such that
' ‘ (p:(x) .Qk-}- 1-mf2
Gh | k+1
| L Goto™"

for each g€ (0, o0) and o # —4,.
By (29) and (31), for each g e (0, o) there exists L < .00 for which

<M

A

o0

= 2 k+1-mj2
- —— @, (x)o
32) Ve, o) = KR T (ke 1— T — Al <L.
(2 " TG, @)l = K2y 2) ) T <L
: . n=1 _
It follows from the assumptions about @, that for each Sequence {04} 04— o0 the sequence
{oa™ T2 ®(x, @,)} fulfils the assumptions of the Lebesgue theorem. This gives, because
of. (25), the condition:
(33) 0 = Timgy™ ™2 [1ay(x, )| dx = lim { g4* "™ @ (x, o,)|dx
now D _ nw D N _
which implies |
(34) lim** "o (x, @) = 0

¢| . }

for almost all x € D, which ends the proof of Lempma 4.
Denote

(35) | | D, := {xe D: limg"* 1 "™2¢ (x o) = 0}.

2]

As a consequence of the lemmas presented above, we can formulate:

THEOREM 2. For sequences of eigenvalues {22} and eigenfunctions {9,} of the Problem (2) -

JorleN, 1> [ﬁ’;] and for each xq,y, € D the following equality

‘P:(xo)_ ?r (Vo)
(12+Q2)1+1

(36) = 0@™* ")y for ¢ - oo!
n=1

Proof. (25) and (35) imply for any Xos Yo € Dy

oG

2 2
@a(x0)—@n(yo) 1
(37 \\ Z (/1°+Q),H = = 5 [0(x0, )~ B30, 0)]
. n=1 " .
and this, accordingly to (29), gives
| | | = qo:(xO)_qo%(yO) mi2—1—-1 ’
(38) Go—g) i = Ofp ) forpo—- 0.
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We can transform the expression in (36):

o . Y

39) ‘Pn(xo) @a (Vo) P20+ =m2 _ (Pf(xo)—(?f(}’o) (Ao +0)*¢ Y 20+ 1)~ m)2
(12 2)(l+l) = o (4 __l_Q)Z(H-l) (A:+Q2)(l+1)
n=1 n=

a, . 240 T
= ? Toawn @
Z _ I+1\ 2% 2.0 VU
(/1 + )Z(H-I) Q2a+1) 12 [1+ ( I )/17__{:———2— + ... + (15—_2)
a0 n e/

_ Y‘\ GHQZ(I-I-I)—?H[Z . A"{"I)Z angz(l-l-l)—mlz. . ZA"Q

Lo Ot 1 1 (Zo+0)*4 D 42402

n=1 . : n=

ad a92(1+1)—m[2 240 I+1
(}L n )2(1+1) 22+Q o

u—

where a, 1= ¢3(xo)— ¢n(¥o).
Lemma 4 and Lemma 3 with substitutions p = 2(1+1), k=1,..,0+1 give the

- proposition of the Theorem 2.
Note, that ¢ >0 the series:

: ‘ ' Pn ()C)
“ 2(/1%92)‘“

is uniformly convergent with respect to x € D. We can get, after a transformation similar
to (39),

D0 N0 M) (G0
Zaz -
n=1

s+ L Gat @Y (et

n=1
Pa(x) [ )”-"
Z(A +Q)2(H-r)( i,%+92 *

The series
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for any ¢ > 0 is uniformly convergent for xe D and

I+1\ 24,0 240 V!
2, 3 Tt 3
1 -An +Q )"n + Q
These two facts yield the uniform convergence of the series (40) in D (cf. [5] p. 370).
Let us define :

1+1
2

| | @n(x)
4D : Hix,p0) := Z Zaoy T
n=1

and ‘integrate this equality in D. The result is

@u(x) _ 1
jHI(x o)dx = z J\(Xz+gz)l+1dx = Z_uf'{'QZ)IH

n=1 D
I+1 - 27,0 V!
(l +Q)2“+1) 1 12+Q T \AZ 42
| Z : 1
I+1 - :
éz (/1 +Q)2(l+1)'
n=1

[2], formula (33) gives

ﬂ(D)F(Z[*i—Z— -2"3) |
2¢+111 [ @ymmed+a—m

mi2—2{+ 1))

J.HI(x, 0)dx <21 oo

D

and this means

“ | J Hix, dx = (D) Ad”~0(@"

m ,
where o < 3 —2(/+1).

Our next purpose is to determine the value of «. The Tauber’s theorem will be used
{cf. [8], p. 433). Let the number of eigenvalues of Problem (2), not exceeding ¢> be de-
noted as N(o?). Note, that N(Qz) =n for 22<0*<22,,. Thus

2
An+1

i N(@) s = n 1 B 1 } _*
(t+0)'*2  I+1 (5 +e?)' (/1,,+1+@2)‘“
A2 . -

10 — Acta Mathematica 26 o o i m
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and therreforc

+ o0 o

43) N(t) » 1 n n }_ 1 Z 1
( (f+Q2)l+2 — l+l (A§+Q2)l+1 (;{;"’-—}.1_’__92 I+1{ [+1 : (23+Q2)l+1’
0 : . | . pogas

n=1

42) yields | |
| | z : 1 Au(D)
44 e~ for
( ) N - ()«3+Q%)1+1 Q-—aa‘ Q - ©

In virtue of Tauber’s theorem, (44) gives

Au(DYT(1+2)

riv2+ 5\r(=%)
2 2
or, if we suppose 02 = A2, N()2) = n and we get

o a\]7! | |
F(1+1+—)F(-—) :
2 2, Az(l+1+“/2)+0(ifﬂ+ 1+°=l2))|_,

= n

Au(D)IL(I+1)

2(1+1+a/2)+0(z_2(1{r1+m/2)) :

N(@?) =

|

_ . | .
. 1“([_|_2+ g)p(_f) 2(1+1+a/2) . 1

" Au(D)L(+2) -

Therefore

Comparison of (23) and (45) allows us to write

1 2
2(l+ 1+ %)
2

which means
( m
(46) _ o= 20sn).
‘Summing up, the following equaﬁ{y
47) DjH,(x, 0)dx = H(D)AQZ(H1)_”'/271—0(&)2(”1)_'"/2)

was proved, and Theorem 2 for x,, v, € D gives

(48) limg™?~2¢* D(H(xy, 0)— H{(ye, 0)) = O.

@|w
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These two results imply, for xe D, J
(49)  Hi(x,0) = PV lyy(x, o),

where the constant C does not depend on g¢. To prove,(27), we need :

. LeEmmaA 5. If:
1° ¥, is a continuous function for x € D
2° [ ¥y(x, 0)dx = o(¢®) for g > ©
D
3° lim @™ *((¥(xo, 0)— iy, Q) =0 for x4,y0€ Dy D
ejw _
then for each xe D
(5°) ¥(x, 0) = 0(¢") for ¢ - . |
| Proof. We fix X, € D,. Let us assume the contrary i.e. that 9~ *W,(%,, ¢) does not
tend to zero when ¢ — oo. Thus a sequence {g,} exists, for which g, — oo whenn — oo and

limQ;agj_t(J?Os Qn) = ‘gn"

where g # 0.
It follows from 1° that for cach Xo € Dy, hmp™*¥ (x,, 0,) = g. Formulas (49) and (41)

imply nleo

qon(x)

there i1s L < oc such that o~
| |¥,(x, 0)] < Lg".

If we note that

Then | |
: lon "W i(x, 0| <L for neN.

It means that the sequence {0, “¥,} fulfils the assumptions of the Lebesgue theorem.
Thus 2° yields | il o

0 = lim j 0, “W(x,0,)dx = [limg, “T,(x Qn)dx = Igdx = gu(D)

ruoD D nlw

D has a non-zero measure, then g = 0, which contradicts the assumption g # 0.
That contradiction proves |

Vi(x,0) = 0(2*"" V™2 when g >

and, as a simple consequence, we obtain (27).

©O10*
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The proof of the equalitf/ (27) completes the proof of (26); which is the main purpose
of this note. |

Remark. An apphcatlon of (26) to the i inverse Sturm- Llouvﬂle problem for Problem (2)
will be given in the next paper.
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