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On the Inverse Problem of the Sturm-Liouville Type for some Class
of the Partial Differential Equations of the Fourth Order

by Stanishwa POSTAWA
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Introduction. In the paper [7] a formula was introduced the asymptotic dxstrlbutlon
of eigenvalues and elgenfunctlons for the problem

(N 2y~0%u =0 and ue Wi(bc)

The purpose of the present paper is to glve an answer to the question: what is a suf-
ficient condition which should be imposed on the sequence of eigenvalues of the problem

.(2) A*u—7tu+qu =10 and ue W3(bc)

so that the function g(x) =0 in D.

§ 1. Some properties of the trace of a linear operator. In this section we shall give
a definition of the trace of a linear operator and we shall cite some lemmas and theorems,
which will be used in the sequel.

The trace of a linear operator A4 on the Hilbert space H is the series

8
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where {x,} denotes any complete orthonormal system of vectors in H. (cf. [6], p. 125).
If the series (3) is convergent for any {x,}, we say that 4 has a finite trace. In the
sequel the trace of the operator A will be denoted by S(4).

LEMMA 1. If the operator A has a finite trace, then the sum (3) is independeﬁt of {x,}
and the series (3) converges absolutely for each {x,}.

LEMMA 2. If the operator A is positive, then the sum (3) has the same value (finite or
not) for any {x,} (cf. [6], p. 126—127). : :
We denote by ‘

T := A% and by D(T) := W3(bc) n Wi(bc).
D(T) = Ly(D) and T is a self-adjoint and positive operator,
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~ Let us denote by V: D(T)2u— V(u) = g-uelL,(D),
where ¢ is a continuous function in D. V is a self-disjoint and bounded operator on

L, (D). | | |

By T,:=T+ 0°E, where E is the identity operator on L,(D), and g is a real positive
number such that the operators 7, and T,+ V are positively defined operators on L,(D).
T, and (T,+V)™" are completely continuous operators (cf. [1]).

We shall denote by {12},cy and {y3},.y the increasing sequences of all eigenvalues
of T and T+ V, respectively, and by {¢,} and {y,} the corresponding orthonormal se-
quences of eigenfunctions. ' ‘

It follows from the assumptions of T and T+ V that limy, = lim4, = o, and {g,}
and {y,} form the complete orthornormal systems in Ly(D) (cf. [8], p. 579). '

The sequence of eigenvalues {4,} of the operator -»;T satisfies the following condition

(4) o )2 = Cn*™rom*™) when n— + oo

where C is a positive constant indépendent of n. (cf. [7], p. 9). Therefore series

' Z ' |
5 U —_—
( ) | ) . . (’]j_l_QZ)I-f-l

m
is convergent for ¢ >0 and 12[4].

~ We shall prove the following

T HEOREM 1. If 1° 22 = Cn*™ 4o (m*™)

|/12 |
— -~ IS convergem‘
then

(6) | llmQZ(l-l- 1)+m[2.S(T ! (T + V) I) — 0

0‘;‘0

m
where | denore the natural number such that | P [4]
 Proof. From the assumption 1° we get (5)., Hence by Lemma 4 of paper [3] follows
m
that 7,'~(T,+¥)"" has a finite trace for ¢>0 and /> [Z] and we get

D
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(N S{T'—(T,+V)™"} = 2 {—;VA*— —— #}
DO S, o ; - Get+e”)  (m+e®)
Using (7) we need to prove that |
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