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On a Reasonable Choice of the Coordinate Functions
in the Faedo-Galerkin Method

by Jan BOCHENEK

‘Introduction. In Mikhlin’s monograph [7] conditions of a reasonable choice of co-
ordinate functions for an approximate solution of the operator equation

M | Au = £,

were given with the use of the Ritz method. It is shown in [7] that on the choice of these
coordinate functions, among other, the following properties depend:

1° convergence of the approximate solution and, possibly, convergence of the “resi-
duum Aw,—f” to zero,

2° rate of convergence of the approximating sequence.

In the papers [1], [2], [3] this result of Mikhlin is generalized and transfered to the
Bubnov-Galerkin method for the equation of the type (1), when the operator A is not
self-adjoint, :

The purpose of this paper is to give a certain fashlon of a reasonable choice of the
coordinate functions in the method of Faedo-Galerkin for the approximate solution of
the equation of the parabolic type (cf. [4])

Introductory concepts. Let X be a real separable. Hilbert space with the norm |+| and
- the inner product (-, *) and let A be a linear operator 'with domain D(4) cX. We assume
that A is a self-adjoint posxtlve definite operator i.e., the operator A satisfies the followmg
condition : |

(2) | (Au, u) '>p[u12 ue D(A), p>0.
Let us denote by L*(a, b; X) the linear space of the functions f: [a b] — X, such that

j |f(t)|2dt< o,

where |f(7)] denotes the norm of the element f(f)e X, and — o0 <a <b < +.00. The
space L*(a, b; X) is a Hilbert space with the norm -

O - 171 2= {f1fPar
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and with the inner product
(4y S <fg = [(f(1), g(0))ds,

in particular,
L¥X) := L¥(~o0, +0; X).

o Let us denote by DY, b; X), for arbitrary integer k>0, the set of ‘functions
f: [a, b] = X which are of the class C* in (a, b) such that f,f’, s J® e L%, b, X).

In the set D¥a, b; X) we introduce the structure of a linear space and the norm by

formula | ' .

- k lb |
(5) HS Hpxen, 5, xy + = {Z jlf(p)(t)lzdf}llz-

=0

The closure of the space D*(a, b; X) in the norm defined by (5) is denoted by H"(a, b; X).
Let 0 < T'< + oo be fixed. We shall denote by H5(0, T; X) the closure of the subspace
Di(—c0,T,X): = {feD (-0, T; X): fith=f (:) =..=f®1) =0 for r<0}

in the norm defined by (5)

In this paper the spaces H(0,T; X) = L*(0, T X), H'(0,T; X) and H(0, T; X)

play a substantial part. Smce all these spaces are subspaces of the space L*(0,T; X),

we shall assume that the norm and the inner product of these spaces are defined by the

formulas

: T
(©) . Wi = {J 1/}

(7) (g oj(f(t), g(t))dt .

Let P be a linear operator such that

®) . P HYO.T; X) > H°0,T; X),

defined by the formula

d
(9) Pu::-d—l:—i-.,du fOI‘ uEHé(O,T; X)S

where o is a linear operator such that .
o =120, T; X) > L*0,T; X)
defined by the formula | -
(10) (Lu)(t) := Au(t) for te [0, T] and ueLz(O,.T; X),
~ where A is the operator defined above. We shall prove the following

LemMma 1. The operatbr P deﬁned by the formula (9) has the inverse bounded operator
P77 in the space L*0,T; X).
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Proof. Let u be an clement of H5(0,T; X). If T<+ o0, then u: [0,T] - X is
a continuous function, therefore #(0) and «(T) have sense and u(0) = 0 (cf. [6], Ch. 1).
By (2) and (4) we have
T

{Pu,uy = J(u’(t), u(t.))dt+ J(Au(t), u(r))dt > % j% Iu(t)izdt
0 0 0 |

T

\ N 1 ) i
+p f u(t)|*dt = -2-IM(T)|2+1)II_HH2 > plluli?.
R 0 : .

If, however, T = + 0, then for each T, < +00 we have

T

j (u' (1) + Au(t), u(r))dr>pj |u(t)| dt .
From this, letting 7, — +oc, we get
{Pu, u) = pllull®.
Therefore, for each 7 < + o0, we get

(1) . {Pu, u) = pllul|*.
- \
Putting v = Pu in (11) we have

: ~ 1
(12) 1P~ ol < ~1lol} .
p

The proof is completed.

Apart from the operator 4 we now consider a linear self-adjoint, positive definite
. operator B such that D(B) = D(A4). We assume that the operator B posesses a discrete
spectrum. We denote by {4,} the denumerable sequence of cigenvalues of the operator B,
and by {¢@,} the corresponding orthonormal sequence of eigenvectors which form a com-
plete system in the space X. ‘

From the assumptions on the operators.4 and B it follows that AB™*, BA™!, A~ ‘B
and B~ 'A are bounded operators in X (cf. [7], Ch. ).

Let us denote by # the linear operator such that

(13) #:=L*0,T; X)—L*0,T; X)
defined by the formula
(14) (Bu)(1) := Bu(t) for te[0,T] and vel*(0,T; X),

~where B is the operator defined above.
It is easy to prove that AR, BT, oA 'B and B/ are bounded operators
" in the space L*(0,T; X).

-
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LEMMA 2. The operator P % is a bounded operator in the spacé L*0,T; X).

Proof. First let us observe that for the operator P there exists the a.djomt operator P¥,
defined by the formula

(15) - P*p = — d_: +&v  for ve D(P¥),

where _ ‘
D(P*) = {ve H'(0,T; X): o(T) = 0} when T<+o0
and . | |
- D(P*)= H'(0, +0; X) when T'= +o'o y

Hence D(P¥) is a dense subset of the space: H(0, T; X) and, for any v e D(P*), we have
(Po, 0y — — [(00). )i+ § (o), o(0)de > — oI
. 0 i 0

T
+POI [o()2dt = Ho ) +pllol|* = pllvll®.
Therefore the operator P* has the inverse bounded operator (P*)~! and
o o ]
ey - 1P*) ™ s;.

We shall prove that R(P*) = D((P*)™!) is the whole space L*(0,7; X). To this
purpose it is sufficient to prove that R(P*) is dense in D(P*). Let z € D(P*) and y € R(P*).
We shall prove that if {z, ) = 0 for any y e R(P*), then z = 0. Indeed, if y e R(P¥),
then y = P*x, where x € D(P*), whence 0 = (y,z) = (Px,z) = {(x,0) = {x, Pz}, i.e.,

z = 0. On the other hand, by (11) we have pliz||> < {(Pz,z) = 0 whence z = 0. It
“means that R(P¥) is dense in D(P*). Since D(P*)is dense in H(0, T; X) and H'(0, T; X)
is dense in L*(0, T; X), then R(P*) is dense in L*(0, T; X). Since P* is a closed operator,
whence R(P*) is a closed and dense domain in L2(0 T; X). Therefore R(P*) = D((P*)™")
= L*(0, T; X).

‘From the deﬁnition of the operator # it follows that D(P*)< D(#4). Therefore we
~ can define Z(P*)" 1. Since the operator Z(P*)~! is closed and defined in the whole space
L*(0, T; X), it is bounded (cf. [8], p. 557). It follows that the operator P~ !4 is bounded
as the adjoint operator to Z(P*)™ L.

The Faedo-Galerkin method. The Faeo-Galerkin method is an apprommate method
which is used, among other things, tc, solve equations of the type

(17) Pu =1,

- where f is an element of the space L2(0 T; X), and P is the operator defined by the
formula (9). .
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Let {x,} be an orthonormal and complete sjtstem of vectors of the space X. Let us
denote

n

(18) u(t) := Y e{t)x, for 10, 7],

k=1
where ¢, (k = 1, ..., n) are real-valued functions defined on the interval [0, T, such that
for every te (0, T) the following equations hold

(1% (Put), ) = (), ), k=1,.

where Pu(t) := u'(t)+Ault) for every ue Hy(0,T; X) and te(O 7).

The system (19), as follows from the definition of the operator P, is a linear system
of n ordinary differential equations of the first order with the unknown functions c¢q, ..., ¢,.
The system (19) is called the Faedo-Galerkin system for the equation (17). The sequence
{u,} defined by (18), where the coefficients ¢, (kK = 1, ..., n) satisfy (19), is called the
approximate sequence for the equation (17) in the sense of Faedo-Galerkin. It is proved
that for any orthonormal and complete system {x,} in X, the sequences {u,(t)} and
{u,(1)} are convergent to u(r) and u'(z), respectively, for every te(0,T), where u is the
unique solution of the-equation (17) (cf. [9]). We shall prove the following

THEOREM 1. If in the Faedo-Galerkin method for the equation (17) we take the sequence
{0,} of the eigenvectors of the operator B, defined above, then for every te ©,7)

(20) - 1Pu()—f(1)] =0 if n— +c0.

Proof. Let us denote by M, and L, the closed limear subspaces spaned by {¢4, ..., ¢}
and {¥, ..., §,}, respectively, and by P, and 7, the projectors of X onto M, and L,,
respectively, where ¥, = AB '¢,, k = 1, ..., n. By the definition of the operator P and
by (18) the Faedo-Galerkin system (19) takes the form

eh c‘}(t)t_zlék(f)(Afpk, o) = (/). 9), Jj=1,....n.
Let us denote ‘
(22) o 2,(t) 1= Au, (1)
and let us observe that
z,(2) = Au,(1) :kzlck(t)A(Pk :kzlc"(.t);{"AB‘__l Py, :kzlak(t)% »

where ay(7) = A1), Vo = AB ‘o, k=1,..,n
Now the system (21) may be written in the form

(23) 'C_’i(t)“}';;ak(’)(wka q)_p) ~ (fa (t)s q)j): .] = la vy M,

or in another form

(24) ' Py (t)+Pyz,(t) = P,f(1), te(@0,T).
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. In the paper [2] it was proyed that for every v, € L,, we have the inequality
(25) : v, < CAZ|B™%P,u,|, C>0.
Since z,(t)—n,[f(t)—u ()] eL,, by (25) we get
| l2ut) =m0~ ()] < B P )= mL (O~}
From this, by (24), we have

9 1o -nLO-u < BRI~ D]~ [A(1)- ()}

Owing to the paper [2], the operators B~ and P, are commutative for every « > 0 and
ne N. From this and from inequality |P,| < 1, by (26), we have

@7 [2a(t) — 7, L) —un(O) < C23|B™H{[f(1) = 7, f(D)] = [wa(t) — 7, u.i(f)]}l :

Making the most of the boundedness of the operators AB™! and B~ 'A4, the com-
pleteness of the sequence {¢,} and {¥,} in the space X, the convergence of the sequence
~ {uy(?)} in the norm of the space X and reasoning analogously as in the proof of the
‘Theorem 1 in the paper [2], we can get | '

(28)  Lim A BT (1)~ m, S0~ [ug(t) — m,up (D]} = 0
From the inequality (27) by (28) follows that
(29) C im [z~ m LSO —uln)]] = 0.

Let us observe that . |

(30) (1) + 20— (O] = | A0 = 1) = 2,0)]
= L) — O] =1L F () = (OF} — {20 — m, LA — (D}
< ) = ()] = mLF () — O] + |20~ LF () — s 0]

and |

Gl ) =D = ml F O — (O] < L) = 1 f (O] + U ) — (1))
(1) = gt ()] + | [ ) = ' (D) < | f(0) = 7, )

20— w (O + ) - md ()

‘where u'(¢) is the limit of the sequence {u,(t)} for every te (0, T), in the norm of the

space X.
From the inequalities (30) and (31) by (29) and the completeness of the sequence {,},

‘we get the equality
lim |u,’,(t)—l—z,,(t)mf(t)f =0 forte(0,T7),
'which is equivalent to (20) i.e., ‘to the thesis of Theorem 1.
The rate of convergence of approx1mat1on in the sense of Faedo-Galerkin. Analogously
as in the casc of the equation (1), we shall prove the following
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THEOREM 2. If the operators A, B, o, Q and P are the operators defined in section 1, then

(32) | ey —ull = 0 (3 ),

where {u} is defined by (18), u is the unique solution of the equation (17), but {4, } is the
sequence of eigenvalues of the operator B.
Proof. Let us denote

(33) | 0, = Pu,~f

and let us observe that fqr every te(0,T), we have
d(1) = ki(c‘in(r), Pi) P

By orthonormalization of {¢,} in the space X, wé get
BOF = 3 16,0, 001

On the other hand, by (19), for x, = ¢, k =1, ..., n, we get
(8.(), o= (Pu,(t)—f(), 9) =0 fork =1,..,n.

It means that

(34) &P = Y 160, @)%

k=n+1

Now we shall estimate |B™19,(¢)|. We have

B2, = Z (B16.(1), po)f* = Z G0, B~ 1)

Z[(én(t) » edl* I(5.,(t),<0k)lz< |8u(0)1*

Af j“n+1

k=n+1
Therefore

190N

An+1

From the estlmatlon (35), by the definition of the operator & (cf. (13) and (14)), and
by (6) we have

(35) | BT <

- - _ 1184112
|2~16,01% = _"I(@ 15,)(t)lzdt=le 10,7 dt < PE Jlé‘ (1)|?dt = P
o _ 5 n+1 n4+ 1
that is
O,
&5, < 1ol
An+1

11 — Acta Mathematica 26



162

On the other hand, we have

(36)  |lu,—ull = ||P™ P(u,—u)| ==_|lP"’(?un-—f)l1 = [[P774,]
1P~ 21)116,]

= 1P~ BB28,1| < [IP~ B 12 ~"5,)| <

722n+1

In virtue of Lebesgue’s theorem, we have

lim ||6,])? = lim j|5,,(t)|2d: jum |5,,(z)|2)dz = 0

n—co n—+w 0 u-*oo

Since by Lemma 2 ||P~12|| < C, so (36) implies (32), that is the thesis of Theorem 2.
Theorem 2 gives an estimation of the rate of convergence of the sequence {, } in the
norm of the space L2(0 T; X) As it follows from the definition of the norm in the space
L*(0, T; X), the convergences in the spaces L*(0, T; X) and X are not equivalent.
To prove the next theorem, we shall need- the- following

Lemma Fatou (see [S). If {f,} is a Sequence of nonnegative an integrable functions
on the set G < R" which converges to a function f for almost every x € G, then |

(37) ] j fx)dx <lim [f,(x)dx. -«

S e N

THEOREM 3. Under the assumptions of the Theorem 2, the following estimation is true

(38) - () —u(®)] = o(4, 1),
Jor almost every te (0, T).
Proof. Let us denote |
(39) 1) 1= Aut)—u(®), t€[0,T], neN,

where 4,, v, and u have the same meaning as in Theorem 2. From the previous consnder-
ations it follows that for every ne N

f,: 0,71~ R
is the continuous and nonnegatwe function in the interval [0, 7). From this, by (32),
we have -

40 o lnn jf,,(t)dt

" p=o 0

On the other hand because u,(¢) — u(t) for every ¢ € [0, T], when n — o0, we have
lim £,(¢) = -f(t)  for every 1€, T],

) n-w
where f is any functlon defined in [0, 7']. By (40) owing to Theorem 6 of [5], we get that
. the function f is integrable in (0 T). From this, by Lemma Fatou, we have

41) | jf(z)dt < lim jf(t)dt =0.

n—+o O
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By (41), we get
42) lim f,(t) = 0 for almost every te(0,T).

n-* 0

The equality (42), by (39), is equivalent to the estimation (38), that is the thesis of
Theorem 3. |
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