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On a Reasonable Choice of the Coordinate Functions
in the Faedo-Galerkin Method

by Jan BOCHENEK

‘Introduction. In Mikhlin’s monograph [7] conditions of a reasonable choice of co-
ordinate functions for an approximate solution of the operator equation

M | Au = £,

were given with the use of the Ritz method. It is shown in [7] that on the choice of these
coordinate functions, among other, the following properties depend:

1° convergence of the approximate solution and, possibly, convergence of the “resi-
duum Aw,—f” to zero,

2° rate of convergence of the approximating sequence.

In the papers [1], [2], [3] this result of Mikhlin is generalized and transfered to the
Bubnov-Galerkin method for the equation of the type (1), when the operator A is not
self-adjoint, :

The purpose of this paper is to give a certain fashlon of a reasonable choice of the
coordinate functions in the method of Faedo-Galerkin for the approximate solution of
the equation of the parabolic type (cf. [4])

Introductory concepts. Let X be a real separable. Hilbert space with the norm |+| and
- the inner product (-, *) and let A be a linear operator 'with domain D(4) cX. We assume
that A is a self-adjoint posxtlve definite operator i.e., the operator A satisfies the followmg
condition : |

(2) | (Au, u) '>p[u12 ue D(A), p>0.
Let us denote by L*(a, b; X) the linear space of the functions f: [a b] — X, such that

j |f(t)|2dt< o,

where |f(7)] denotes the norm of the element f(f)e X, and — o0 <a <b < +.00. The
space L*(a, b; X) is a Hilbert space with the norm -

O - 171 2= {f1fPar
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and with the inner product
(4y S <fg = [(f(1), g(0))ds,

in particular,
L¥X) := L¥(~o0, +0; X).

o Let us denote by DY, b; X), for arbitrary integer k>0, the set of ‘functions
f: [a, b] = X which are of the class C* in (a, b) such that f,f’, s J® e L%, b, X).

In the set D¥a, b; X) we introduce the structure of a linear space and the norm by

formula | ' .

- k lb |
(5) HS Hpxen, 5, xy + = {Z jlf(p)(t)lzdf}llz-

=0

The closure of the space D*(a, b; X) in the norm defined by (5) is denoted by H"(a, b; X).
Let 0 < T'< + oo be fixed. We shall denote by H5(0, T; X) the closure of the subspace
Di(—c0,T,X): = {feD (-0, T; X): fith=f (:) =..=f®1) =0 for r<0}

in the norm defined by (5)

In this paper the spaces H(0,T; X) = L*(0, T X), H'(0,T; X) and H(0, T; X)

play a substantial part. Smce all these spaces are subspaces of the space L*(0,T; X),

we shall assume that the norm and the inner product of these spaces are defined by the

formulas

: T
(©) . Wi = {J 1/}

(7) (g oj(f(t), g(t))dt .

Let P be a linear operator such that

®) . P HYO.T; X) > H°0,T; X),

defined by the formula

d
(9) Pu::-d—l:—i-.,du fOI‘ uEHé(O,T; X)S

where o is a linear operator such that .
o =120, T; X) > L*0,T; X)
defined by the formula | -
(10) (Lu)(t) := Au(t) for te [0, T] and ueLz(O,.T; X),
~ where A is the operator defined above. We shall prove the following

LemMma 1. The operatbr P deﬁned by the formula (9) has the inverse bounded operator
P77 in the space L*0,T; X).






