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. The Fubini Theorem for Semi-spectral Integrals |
and Semi-spectral Representations of Some Families of Operators

by Jan STOCHEL

Summary. In the first part of the present paper we show that Fubini’s theorem for semi-spectral
integrals doesn’t hold true, generally. In the second part we get semi-spectral representations of some
families of commuting or doubly commuting operators in a Hilbert space,

1. Let H be a complex Hilbert space with the inner product (*, g and the norm ||A||,
= (h, h){?, h € H. Denote by L(H) the algebra of all linear bounded operators in H.
I, stands for the identity operator in H. We denote by ||T|| the norm of T'e L(H), by T*
the adjoint of 7. The 2 stands for the commutant of N<L(H) ie.

W = {TeL(H): TA = AT for cvery A e A}

If X is a topological space;, we write B(X) for the class of all Borel sets in X.

In what follows we are interested in integrating of boundéd operator valued functions.
Suppose we are given a g-algebra B of subsets of the sct X. As usual, by a partition of X
we mean a sequence (B,),~; such that the sets B,e B, n = 1,2, ... are pairwise disjoint
and X = () B,. A bounded operator valued tunction S(-): X — L(H) is called simplé if

n=1

M | S( = TSI, xeX,

where (S,),%4 =L(H) and (B, is a partition of X (I, stands for the characteristic
function of B<X). We say that a bounded tunction S{-): X — L(H) is measurable if
there exists a sequence (S,()).=; of simple functions such that sup ]|S(x)—S,(2)|| - 0,
as n — oo, . xeX

Now let F: B — L(H) be a semi-spectral measure (i.e. F is a positive, operator valued,
weakly o-additive set function). Denote by & the set of all bounded measurable functions
S(): X — L(H) satisfying the following condition:

(2) S(X) < F(BY.

& r becomes a C*-algebra with the involution S$*(x) = S(x)*, x € X, and the norm defined
by [IS()llx = sup||S(x)]]. For S(-)e %, one can define the semi-spectral integral
[ S(x)F(dx) (cf. [4], [5]). Recall some properties of semi-spectral integrals. If S(-) € Fp
X
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is a simple function of the form (1), then the series Y S,F(B,) is strongly uncondittonally
convergent and n=1 -

) Xj S(x)F(dx) = iS,,F(B,,).

The mapping ¥re S(+) » | S(x)F(dx)e L(H) is linear and bounded i.c.
X .

@ 1 S FE < IFEOMISOllx.  S()eFr

Some L? type estimates for | S(x)F(dx), better than (4), can be found in [2].
X

2. Let B, be a o-algebra of subsets of the set X;, i= 1, 2. Denote by B, xB, the
smallest ¢-algebra in X, x X, which contains every measurable rectangle B, x B,, B;€B,,
i = 1, 2. Suppose we are given two commuting semi-spectral measures Fj: B, — L(H),
i=1,2 (i.e. F{(B,) = F,('B,)"). Assume that there exists the product measure Fy x F
(i.e. F, x F, is a unique semi-spectral measure defined on B, x B, satisfying the following
condition

Fyx Fy(B; x B;) = F|(B)F;(By), B;e3B,, i=1,2,

Here a natural question arises whether there exists a suitable formulation of Fubini’s
theorem for semi-spectral integrals. To be more precise, denote by § the set of all measur-
able functions S(+) € ¥, xr, Which satisfy the following conditions

(5) Xf‘S(xl, YFy(dx)) e Sr,, XI S(+, x3) Fy(dx,) € P,
(6) St Fyx Fyldy, dg) = [(f SCxi, X3) Fy(dx ) Fa(dx,)
22; (X.“ S(xy, xz)Fz(dxz))F1(dx1)

The condition (5) is correctly formulated because of the following fact: if S(*) € Fp, xr,-
then S(-, x,) € Sy, for every x, € X,. | |
Let S(-)€ Pr,, i = 1, 2. We write (§; x5,)() for the function defined on X x X, by

(S; X S2) (X1, X2) = 8,(xy) Sa(x2), x;€ Xy, i= 1,2,

Denote by &5, x &y, the smallest closed linear subspace of &g, xr, Which includes all
functions of the form S; x S,(+), where S;(*)€ Py, i = 1,2, and

). Si(Xi)‘c(Fl(%l) U Fz(%z))', i=1,2."
The following theorem is an answer to this question

THEOREM 1. & p, x P p, < &.
To prove Theorem 1 we need the following three lemmas. They may be deduced from

the conditions (3) and (4) via standard operator theoretical argumentation.
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LEMMA 1. Let F: B — L(H) be a semi-spectral measure, as in 1. Suppose that S(-) € Fp.
If Te F(B)', then

(i) TS(-), S(-)Te % |

(i) T § S(x)F(dx) = [TS(x)F(dx), | S(x)TF(dx) = [ S(x)F(dx)T.
If moreover T'e€ S(XY, then T e ( | S(x)F(dx)Y. |

LEMMA 2. §§ is a closed linear subspace of g, g,

LEMMA 3. Suppose that a sequence (1';,),=, of operators in H is strongly convergent to an
operator T; in H, i = 1,2. Then the sequence (T,,Ty)n=, is strongly convergent to the
operator T, T,.

Proof of Theorem 1. In virtue of Lemma 2, we have only to prove that & includes
all functions of the form S, xS,(-). where S(*)e %%, i = 1,2 are simple functions

satisfying (7). Let S;(+), i = 1,2 be such functions. Then by Lemma 1 we have
Xj Sy x8y(xy, 1) Fildxy) :‘Xj Si(x) Fildx)S:() e &,
1 1

so again by LLemma 1 we obtain

(8) ] S1x 8500y, x2) Fildx,) Fy(diy) = X[ Sy(x,) Fi(dxy) §S5(x2) Faldx,)
X2 X; 1 X2
Now suppose that Si(x;) = > S,z (x)), x;€ X;, where (B,)>, is a partition of X,,
n=1
i= 1,2 Write T, for ¥ F(B,)S,. i =1,2. Then, by (3), the sequence Ty 18
k=1 - '

~ strongly convergent to "jSi(xi)Fi(dxf), i=1,2, so by Lemma 3 we obtain that the
sequence Xi

(9) Z FyxFy By xBy) S Sy n=1,2,..,

k,1=1
is strongly convergent to | S,(x;) Fi(dx,)|S;(x,) Fo(dx;). On the other hand
Sl XSZ(.) € 'gpF1 XFy»

so the sequence (9) is strongly convergent to _f St xS,(xy, x2) Fy x Fy(dxy, dx,). This
completes the proof. X1 %Xz

COROLLARY 1. Let X;, B;, F;, i = 1, 2 be as in Theorem 1. Suppose that X; is a compact
Hausdorff space and B; = B(X)), i = 1,2. If f: X;xX, = C is a continuous function,
then the following conditions hold true

(1) Xj Sxi, ) Fidxy) e L Fas XI SO, x2) Faldx,) € &L
(ii) j J(xp, x) Fy X Fy(dxy, dx,) = _f j S(x15 x3) Fy(dx,) Fi(dxy)

X% X3 X1 X2
= f ) I f(xy, x3) Fi(dxy) Fy(dx ;)
21
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3. The following example shows that not all functions from %, «F, 'satisfy the con-
ditions (5) and (6).
Example. Let X, be the real number field a.nd let X, be the set of all real numbers

o0

yeX, of the form y = Y r(3)37%, where r,(3)€{0,2}, k =1,2,... (X, is so-called

k=1

Cantor set). Notice that B(X, x X,) = B(X,) x B(X,). As usual L*(m) stands for the
Hilbert space of all square-integrable functions on X, with respect to the Lebesgue
measure m. Let Fy: B(X|) — L(L*(m)) be the spectral measure defined by the following
formula

F(B) f=1pf, fel*m), BeB(X),)
Denote by J, the open interval (k—1,k), k = 1, 2, ... Define for each r e X, the open
subset A(y) of X, by : :
| A(y) = U Ji

kirg(y)#£0
If we put A = |J A(y)x{y}, then
yeXa2
| |
(10) A=1 U A(m)x{( ,.v+~)mX2}
n=1ysX, n i)

so A € B(X,)xB(X,). Indeed, if (x, y) belongs to the right side of (10), then there exists
1 1

a sequence (y,)n=, < X, such that ye ( Yp— =, Yyt ) and xe A(v,), n =1,2,... Let k
n n

be a natural number such that x € J,. Since x € 4(y,) for each », we have r,(y,) = 2 for
each n. We know that y, > y as n — 00, s0 2 = r{y,) = ri(y) as n — 0. Therefore
r{(y) =2 and xeJ,. It follows that xe A(y) and (x,p)e A())x {1} < A.

Now we show that the function

X,2y —>Xj (e, M F(dx)y = F(A())

is not measurable. For if not, then there exists a partition (8,),~, of X, such that

(1D IS =SOHIP<Yy, »y,y'eB,n=12,.

Since X, is an uncountable set, there exists a natural number » such that the set B, pos-
seses at least two points, say y; and y,. It is easy to see that

(12) SOV =SO 1= | [fffdm, feL*m),

A(PIAA(Y')

where A(OIAAQ) = (A(WNA(Y)) U (A(¥)NA(¥)). Since y; # y,, there exists a natu-
ral number k such that »(y,) # r(y,). Then ch:A( LI)AA(}Z) Substituting f = 1,
in (12) we have

1SS =1, y,ri€8,,

contrary to (11).
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4. As an application of Fubini’s theorem for semi-spectral integrals, we shall present

a semi-spectral representation for certain families of doubly commuting operators in
a complex Hilbert space H. |

- Denote by C.(H) (r > 0) the set of all operators T on the complex Hilbert space H

for which there exists a unitary operator U on some complex Hilbert space K = H such that

" =rPU"y, n=1,2,..,

where P is the orthogonal projection of K onto H. We write I' for the unit circle. It is
well-known (cf. [6]) that for every operator T'e C,(H) there exists one and only one
a tight semi-spectral measure F: B(I') - L(H) such that

(13) T" = [ 2"F(d2), n=1,2, ...
. r

(14) F(T) = rly
(15) {T, T*}" = F(BI))

Notice that C,(H) = {Te L(H): ||T|| <1} (cf. [6]).

Let W be a nonvoid set. Denote by I'(W) the set of all functions of W into I'. The
set I'(W) with the product topology and coordinatewise multiplication becomes a com-
pact Abelian group. Write Z for the additive group of all integers. The character group
r(w)N of I'(W) can be identified with the direct sum @ Z, of the groups Z, = Z,

weW
w e W, via the following formula

{n,yy T v, ner(Wh, yeIr (W).

win{(w)#0

Suppose we are given a family 7 = (T,), .w of doubly commuting operators on H
(i.e. T, € {T,, Ty} for all w# w'). Then we write ‘

n, Ty =[] T2, ner (W
w:n(w)#0
where N
r f ach n>20 .
[ or each n TeL(H).

"= IT*(‘”) for each n <0,

THEOREM 2. Let T = (T ,),,ew be a family of doubly commuting operators T, € Cyy(H1),
we W, where r(w)> 0 for all we W. Then there exists one and only one a normalized tight
semi-spcetral measure F: B(T(W)) - L(H) such that

(16) | {n,yy =r(m) | <n,y)F(dy), nel (W)
rw)
where #(n) = || r(w). Moreover the following condition holds true
win{w}# 0
(17) FBIwW))) = ({T,: we W} o {T5: we W}y

Proof. Let E,: B(IN — L(H) be a unique tight semi-spectral measure satisfying
the conditions (13), (14) and (15) (we W). Put F, = r(w)"'E, for we W. Then the
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family {F,: we W} consists of mutually commuting tight normalized semi-spectral
measures (i.e. wl(%(F))c:sz(B(F )) for all w; # w,), so by Prop. 4 (see Appendix)
there exists a unique tight semi-spectral measure F: %(F(W)) — L(H) satlsfymg the
following condition

(18) FC O {5 ymeB) = [1 FuB,). By B, we W,,

weWo we Wy

for each finite subset W, of W.
Moreover we have

(19) FB(Tw)y)) = (WEJWFW(%(F)))’

Using Theorem 1 we obtain

i gy= T] Ti=r) 1] [yFd) =r@ | 0 Fdy,  nel (MM

win(w)#0 win(w)£0 I r(w)

The condition (17) i1s a simple consequence of (15) and (19).
Now suppose we are given two semi-spectral measures F;: B(I'(W)) — L(H),
i = 1,2, satisfying the condition (16). Then for every h e H we have

§ {n, > (Fy(dp)h, )y = [(n,w(Fz(d?)h,‘h)n, ne I (W)!

rw) I'{w)

so (Fy(*)h, by = (F,()h, h)g for every he H. This completes the proof.

COROLLARY 2. [1] Let F = (T,),,cw be a family of doubly commuting operators T,
€ Coy(H), where r(w)>0 for each we W. Then there exists a complex Hilbert space
" Ko H and a family U = (U,), <w 0f commuting unitary operators on K such that

n, Ty =rn)P{n, Uy

where P is the orthogonal projection of K onto H.
The proof of Corollary 2 follows from Naimark’s dilation theorem for semi-spectral

measures (cf. [9]).

COROLLARY 3. Let T = (Tpez (Z, =1{0,1,2,..0) be a sequence of commuting
operators on H. If there exists a positive integer m such that

(20) the spectral radius of T, is strictly less than 1 for k = 1,...,m
2D [|T.]] <1 for k> m,

22) YTl <o
k=1

then there exists a complex Hilbert space K, a linear homeomorphism U: H — K and
a unique normalized tight semi-spectral measure F: B(I[(Z.)) — L(K) such that

{n, Ty =U"" [ {n,pF)U, nel(ZH"

I'z+)
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Proof. It follows from Corollary 1 of [8] (see also [8], Prop. 7) that there exists a com-
plex Hilbert space K, a linear homeomorphism U: H — K and a sequence & = (S,),cz.
of commuting contractions in K (i.e. ||S,|| <1, neZ,) such that

{n, Ty =UXn,#HU, nel(Z))

and . has a unitary dilation i.e. there exists a complex Hilbert space L = K and a sequence
" = (Vnez, ©f commuting unitary operators in L such that

n, ) =Pn, ¥ g, neF(Z_%)A,

where P is the orthogdnal projection of L onto K. Since every family of commuting unitary
operators is a family of doubly commuting contractions, we can use Theorem 2. This
completes the proof.

Appendix. In this Section we are concerned with the problem of extending an oper-
ator valued function F,: B, — L(H) defined on the family B, of subsets of the set X to
a function F,: B, —» L(H) defined on the family B, which contains B,. In the sequal
we consider only those families which are closed under the formation of set theoretic
products. The way we solve the problem differs from that of [10].

To begin with, we reformulate the problem of extension. Consider a positive operator
valued function F: B - L(H) defined on the family 8. Let € be a subfamily of 8, which
is closed under the formation of set theoretic finite unions. Then F is finitely additive
(resp. countably additive in the weak operator topology) if and only if (F() /1, h) e M5 (B)
(resp. (F(+)h, by e M3(B)) for every h e H, where M*.(B) stands for the class of all positive
finitely additive functions on B (resp. M3 (B) stands for the class of all positive countably
additive functions on B). Similarly, if the function F is monotone then F is inner ¢-regular
if and only if (F(-)A, h) e M, for every h e H, where M, stands for the class of all positive
inner %-regular functions on B,

All what we have said up to now justify the following definition. Having a class A
of positive functions on 3B, we say that an operator valued function F: B —~>L(H) is
M-closed if (F(-)h, h)e M for every he H.

Now the problem of extension can be formulated as follows. Suppose we are given
two families B, and B, of subsets of the set X and two subclasses M, and M, of M*(B,)
and M3 (B,), respectively, such that B, « B, and B, is an algebra. The question is:
what kind of conditions do have to satisfy the classes M, and M, in order that every
M ,-closed function F;: B, —» L(H) can be extended in a unique way to M,-closed
function F,: B, - L(H). The answer is given in the following

PROPOSITION 1. Suppose that the classes M, and M, satisfy the following two con-
ditions

(1) if f, g€ M, then cf+dg € M, for all real numbers ¢,d>0, k = 1, 2,
(i) for each fe M, there exists a unique function fe M, which extends f,
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Then every M,-closed function' F\: B, — L(H) extends in a unique way to the M ,-closed
Junction F,: B, — L(H). Moreover we have

(1) Fi(By)" = F,5(B,)"
If additionally the classes M, and M, satisfy the condition

(iv) for every fe M, and Be B, there exists a sequence (B, <B, such that
lim f(B,AB) = 0,

n—* o0
then F, is a dilation extension of Fy (for terminology see [T]).
From Corollary 3 of [7] it follows after mentioned

COROLLARY 4. [f the classes My and M, satisfy the conditions (i), (i) and (iv) of Propo-
sition 1, then every M,-closed function Fy: B; — L(H) whose values are orthogonal pro-
Jections exiends in a unique way to M ,-closed function F,: B, — L(H) with the same as
F, property.

Proof of Proposition 1. Suppose that M, and M , satisfy (i) and (ii). Then the mapping
M, - M;: > f has the following property

AD (e fit e ) =cifi+ o +efo, cqnny e, =0, JirsSneM, n=1,2,..

Using the polarization formula and the equality (A 1) we are able to show that the form
Fg (BeB,) defined by

Fp(h, k) = %{j‘h+k(B) "‘fh—k(B)"!‘lfhw' ik(B)_ffh~ik(B)}s h,keH, Be’B,,
where f, = (F{(-)h, h)(h e H), fulfils the following conditions
(A 2) Fylh, kY = (F/(B)h, k), h,ke H, Be B,
(A 3) Fyth,h) = f(B), he H, Be B,
(A 4) Fz is a positive sesquilinear form, (B e B,).

Now the monotonicity of f, (he H) implies the boundedness of the form Fj (Be B,).
Indeed, by (A 3), we have

Fy(h, By = f(B) S (X) = (Fy(X) B, B) < |Fu(X)I1 k)2, he H, BB,

Thus for every B € B, there exists a positive operator F,(B) such that Fy(h, k) = (Fy(B)h, k)
(1, k € H). In virtue of (A 2) the M,-closed function F,: 8, — L(H) extends F,.

Now if Te F\(B,)" then (Fy(-)h, T*k) = (F\(*)Th, k) for all h,ke H and con-
scquently by the polarization formula |

(A5) Shrarot -z = fo-zra+rpe U, k€ H, z = 1, 1)
But the equalities (A 5) and (A 1) imply that
(A 6) Jurzra -z = DhezrmtFrnsa (ke H, z = 1,1)

Using again the polarization formula and (A 6) we obtain the equality (Fy(-)h, T¥k)
= (Fo(*)Th, k) (h, k € H), which is equivalent to T e Fy(B,).






