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On the Existence of Solution of Homogeneous -
Boundary Value Problem for Ordinary Differential Equations

by Anna KRAKOWIAK !

Denote by C" the space of all continuous n-dimensional vector functions (1)

= (&,(1), ..., &) on [0, k] with the norm [£(7)] = imax{[éi(z‘)]: te [0, hl}.
Let R" be the n-dimensional Euclidean space. i-zlonsider a system of differential
equations )
) X () = f(t, x(0)+4(t, x(D)),
where x(1) = (x,(?), ..., x,(¢)) is an element of C” space and
F, %) = ([its X1y ees %) s follts X1s o0, X)) 5
g(t, x) = (g, Xps oo Xa)s ees gty X15 ees X))

are n-dimensional real vector functions defined on [0, A] x R".

Assume that the functions f; (7, Xp, s Xo)s g; (1, X4, ..., X,) are continuous and f(t, x)
is homogeneous with respect to x, which means that for every x € R" and real number / the
condition f(z, /x) = Af(¢, x) is satisfied. | --

Suppose that

g2, Ot < @) +elx],

where (f) is a summable function in the interval [0, 2] and £ >0 is a constant,
Let L be a continuous, homogeneous mapping of C" into R”.

TurOREM. If the function identically equal to zero is the only solution of equation
2) | (1) = f(t, x(1))
with the condition |
(3‘) _ Lx =0, .

then there exists a constant k>0 such that for ¢ <k and for every r € R" there exists af
least one solution of system (1) satisfying the condition

4 | Lx =r.
125 '
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Proof. The solution of problem (2), (3) is equivalent to the solution of equation
(5) x(t) = 0jff(s, x(s))ds—i—Lx(t)f——x(O)
and the solution of pfoblem D, 4 1s equivalent to the 'solution of equation

©) .7(;(1)'= jtf(s, x(s.))ds+ jfg(s, x(s))ds+Lx(t)—x(©0)—r.
0 0

Denote by A a mapping of C" into C” such that ,
. ,
x(t) = [ f(s, x(s))ds+ Lx(t)—x(0)
0
and by b a mapping of C" into C” such that
J . .

x(1) ——>‘[ g(s; x(s))ds—i .

The equation (5) can be rewritten in the form

(N | x = Ax
and (6) can be written as |
(8) x = Ax+bx.

Consider the equation
(9) o x = Ax+bx

where A is a constant, 0 <A< 1.
Denote by S(4) the set of all solutions of equation (9). The mapping

x — Ax+Abx

is completely continuous. Hence, from the Leray-Schauder alternative [1], it follows
that in order to prove the existence of solution of equation (8) it is sufficient to show that
the set S(4) is bounded by some constant independent of the parameter A.

First we show that for u, v e C" satisfying the equation

(10) : u= Autv

there exists a constant n such that [ul <nlvl].
Suppose the contrary. Then for every natural number therc exists x,,, 1, in C" such that

|ty > 1]t

. un '
Setting w, = ﬁ we have
uﬂ

lw,| = 1 and

v

(]

1) Cow, = Aw,+ ol
i,
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By the complete continuity of the mapping A there exists "a subsequence {w, }
convergent to a point, say z*, :
Passing in (1) to the suitable subsequences we have at limit

It = AL
Since |z*] = 1, we have the contradiction with the assumption that the unique solution
of equation (7) is identically equal to zero.
Let x e S(A). Setting u = x, v = Abx, we get

x| < nAlbx] < n(oj @(s)ds+e £ |x|ds+]rl).

Hence, we obtain

n(of @ (s)ds+|rl)

1 —neh

(12) x| <

This inequality can be fulfilled only if

1
£< —.
nh

. .
If we set k = e then, by (12), the set S(4) is bounded.
i

This completes the proof of Thgorem.

Remark. In order to prove our Theorem we can also apply the Thqorem 2.1 [2].
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