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. A Note on Tensor Products of Semi—Grotips of Contractions

by Irena BROSZKIEWICZ

There are several classical results concerning tensor products of unitary representations.
of groups. The most interesting case concerns LCA-groups. On the other hand, several
semi-groups -of contractions in Hilbert spaces have unitary dilations — see [5] for
definitions and theorems. It appears then a natural question how the things are going
with tensor products of such semi-groups, namely the question of their dilatability and
the description of the properties of the corresponding unitary dilations. The present
.paper partly inspired by results of Berberian [2], contains some results in this field. '

For the sake of completness we start with the summary of some known results con-
cerning tensor products of semi-spectral measures and unitary representations (all spaces
are complex). Then the convolution of operator measures in consideration appears. We
follow here j2). The second section of the present paper deals with the question of forming
the spectral dilations of such convolutions. Next we describe unitary dilations of tensor
products of positive definite operator functions in terms of dilations of the involved
factors. In both cases the basic role is played by Naimark’s dilations Theorems — [5],
[7] for references. The two last essential parts of the paper deal with tensor products
of semi-groups of contractions, which do have unitary dilations by Sz.-Nagy theorems
as well some other ones unitarily dilatable semi-groups.

1. To begin with we recall shortly some definitions and some auxiliary theorems.

Suppose we are given a complex Hilbert space H. Vectors of H are denoted by
1, g, h, ... etc, the inner product in general by (-, -) and the norm by ||:|] possibly by
(> dg» ||l in order to indicate  H, simply because we shall deal with several different
Hilbert spaces. L(H) denotes the algebra of all linear bounded operators in H.

Let B be a o-field of subsets of the space X. A function F: B — L(H) is called a semi-

-, spectral measure if for every fe H the function u(a) d— (F(a)f,f) is a positive measure
on B. It 1s evident that if a4, a, € B, then a, < a, implies 0 < F(a,) < F(a,) <F(X). The
last inequality makes sense, because the values of F are selfadjoint positive operators.
Fis called normalized if F(X) = I;; — the identity operator in H. If F(a) is an orthogonal
projection for each ae€ B and F is normalized then F is a spectral measure, namely
Fla, n a,) = F(a,)F(a,) for a, a, € B.
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Recall — (see (1) for references) that if a complex, B-measurable function u is bounded

almost everywhere with respect to F i.e. if sup|u| < oo for sorne a € B, such that F(a) = 0,
X—a

then the semi-spectral integral | udF makes sense, i.e. jud(Ff, g) = (p)f, g) for some
| b’ X

@(uw)eL(H) and all f, g e H. Moreover {|o(u)]| < supgess|u]. If F is spectral, then ¢(u)
is a spectral integral of Stone-von Neumann functional calculus. .
Suppose X is a topological Hausdorff space. Let K(X) be the totality of all compact

subsets of X and O(X) the set of all open subsets of X. The semi-spestral measure
F: B(X) » L(H) (B(X) = the o-field of Borel subsets of X) is called regular if for every
ae B(X):

F(a) = sup{F(a,): a,€ K(X), a,<a} = inf{F(a,): a,€ 0(X),aca,}.

Let F;: B(X)) — L(H) (i =1,2) be regular semi-spectral measures, where X; are
topological Hausdorfl spaces. It is proved in (2) that there is the unique regular measure
F(-)e L(H,®H,) on the topological product X; xX, defined on B(X)®B(X>), the
o-field of subsets of X, x X, generated by a, xa,, where a; € B(X), such that for all

a, € B(X,), a, € B(X3)
(1.0) F(ay, xa3) = F(a)®F(a,) -

We call F the tensor product of F,, F, and denote it simply by F,®F,. If F, and F, are
spectral, so is F,®F,.
As it has been shown in [2], if

W o(a) = (Fi@)fis g, for i= 1,2, then

Fy ®F
(1.1) Kii@f2,91902 = = Uit 0 @ UL 41

where the right hand side is just the suitable product scalar measure on B(X X X))
Suppose that X, = X, = X is an Abelian locally compact group, simply X is LCA.
Define ¢(x,y) = x+).

DErFINITION 1.0 Let F; be regular semi-spectral measures on the LCA group X. The
convolution F xF, is a semispectral measure defined by the formula

(Fy*F))(@) = (Fi®F,)(¢™(a)), for ae B(X).

It is not difficult to prove, see (2), that
(1.2) The convolution F,;*F, of Def. 1.0 is a regular measure on B(X); if F,, F, are
| spectral measures, so is Fy*F,; and

. FyxF» Fi F>
(13) ‘ Hf i ®f2,9:®g2 = = Hyi, g0 ¥lf2,02 0 -

where the measure on the right-hand side of the above formula is an ordinary convolution
of scalar measures appearing in (1.1) — we refer for the Fourier analysis on LCA groups
to Rudin [8].
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Let X be the dual group of X and (s, x) the values of se X at x € X. The Fourier
transform of the regular measure u on X is defined as

AG) = [<s, xdp,
X

Next
~N
, Hy*py = A1,
for regular measures g, iy on X,
It follows now from (1.1) and (1.3) that

(1.4 [ (5, XYAF A F) = [ (s, x)dF()® [ (5, X dFols)
: X X X

for xe X. If F, and F, are spectral measures corresponding to unitary representations
U(:): X->L(H) (i=1, 2) then

(1.5) o U,(xBUx) = f<s,x>‘ds(F1*F2),
see [2].

2, In all what follows we refer for terminology, definitions and proofs to Mlak [5]
as well as to the original papers quoted in [7]. x
We start with Naimark’s theorem see [5] for references

(N,) Let F: B(X) > L(H) be a semi-spectral measure defined on a o ﬁeld B(X) of sub-
sets of X. Then there is a Hilbert space K, a linear bounded operator V: H — K and
a spectral measure E(-): B(X) — L(K) such that |

20) F(a) = V*E(@V for ae B(X). -
. Moreover, if K is the minimal dilation space i.e. if K= \/ E(@VH, then the
ae B(X)
triple (E, K, V) is determined up to unitary equivalence and (2,0) is called the cano-
nical representation of F and E the minimal spectral V dilation of F. If F is normalized
then (2.0) takes the form | -

(2.1) F(a)f = PE(a)f, ac B(X), fe H,
where H= K and P is orthogonal projection of K onto H and the minimality of K

means that K = \/ E(a)H. We then say that F is a projection at E i.e. the minimal
aeB(X)

spectral dilation of F.

COROLLARY 2.0 If X is a Hausdor(ff topological space and F is regular then E is regular.

Let X; (i = 1, 2) be Hausdorff topologlcal spaces; we shall now prove the following
(theorem: -

THEOREM 2.0 Let Fy;: B(X)) - L(H)), (i = 1,2) be regular semi-spectral measures
and let Fi(a;) = VFE a)V; (i = 1, 2), a; € B(X)) be their canonical representations. Then
the canonical representation of F{®F, is
13 — Acta Mathematica 26
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(22) Fi®F, = (V,®V,)*(E, ®E2)(V1®V2)
and consequently, the corresponding minimal dilation space K = K,®K,, where K, is.
the minimal dilation space for F; (i = 1, 2). |

Proof:
Let a;€ B(X)); /i, 9:€ H; for i = 1 2. Then

((F1®F2)(a1 X a,)f1®f2, 91 ®gz) (F1(51)f1a 91)(F2(az)f2s 92)
(E1(a1) Vifis V191)(E2(az) szza Vzgz) Pvl,ﬁ V;g;(al)aqufz Vzgz(ai!)

E1®FE
ﬂV1f1®szz V191®Vzg2(a1 X aZ)

= ((El RE,)(a, xa ) (V1 ®V)(f1®/2), (Vi® V)9, ®92))
= ((V,@V)*(E,®E)(a; xa)(V,@V2)(f; ®/f2): 91®93))

by (1.0) and (1.1). Since elements f®g, fe€ H; g € H, spanH;®H,, the formula (2.2)
foltows by regularity of F,, F, and from the statements related to (I.0).
In order to proof the minimality property we must show that

@ 3)  ERE)@(V.OV,)(H,®H,) = K,®K,
acB(X1)@B(X2) .
- Plainly: |
(2.4) }B{ ’)(E1®Ez)(a1xaz)(V1®Vz)(H1®Hz)cK1®Kz, i=1,2
a;e B(X;

where K,®K, is the closed linear span of elements E,(ay)V,f1®FE;(a;) V> f>. Since
(E; ®E,)(a) € L(K,®K,), the left-hand side of 2.3 is included in K;®K, and includes
the left-hand side of 2.4, which completes the proof.

The second celebrated Naimark’s theorem, see [5] for references, reads as follows:

(N,) Let T(+): G — L(H) be a positive definite function on the group G. Then there is
a Hilbert space K and a linear bounded operator V: H — K such that

'(2.5) | L T(9) = V*U(@@)V (for dll geG),

where U(*): G = L(K) is a unitary representation of G, called a V-unitary dilatation
of T("). If K is minimal i.e. K = \/ U(g) VH then the triple (K, V, U(: ) is determined

getG
up to unitary equivalence. If T(-) is unital i.e. T(e) = IH (e is a unit of G), then (2.5)

reads as follows:

(2.6)  T@)f=PU@S, geG, feH,
where Hc K, P is orthogonal projection of K onto H and then ‘the minimal
K = \/GU(g)H -
g€

The formula (2.5) is called the canonical representation of T if K is minimal.

Remark 2.0 If G is commutative, then the positive deﬁnimess of T(-) is equivalent
to the positive definitness of the function ¢@(g) = (T(9)f.f) for every f— see [5].
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Remark 2.1. If G is a topological group and T(-) is weakly continuous at g = e, then
T(+) and U(-) are strongly continuous — see [3]. :
Using arguments even 51mpler then in the proof of theorem 2.0 one proves easily the

following

THEOREM 2.1. Let T(g)e L(Hy) (i =1,2) be two positive definite functions on the
group G with canonical representations: T(g) = V¥U(@V; (i = 1, 2) and minimal spaces
K., K,. Then the functzon T(9) = T(gY®T,(g) is positive definite and has the cannonical
representation

Q) 1) = MEVIU@RU)V.®V,)  for geC

with -the minimal space K = K;®K;.

3. Let G be a group and S a umtal (e € S5) subsemlgroup of G. Suppose T(s)e L(H)
is defined for ge S.

DEFINITION 3.0. We say that T(s), s€ S is S-unitary dilatable if there is a Hilbert
space K, a linear bounded operator ¥V: H — K and a unitary representation U(+): G —
— L(K) such that '

3.0) T(s) = V*U(s)V  for se S
Noiice that if T'(e) = I then (3.0) reduces to fdrmula
3.1 | T(s), = PU(s)f se€8, feH,

where P is the orthogonal projection of K onto H < K. Then we say that 7(+) is an
S- projection of U(+); we then write T(s) = prU(s), s€S. Notice that if §; is a sub-
semigroup of G, e; is a unit of G; (i = 1, 2) then §; xS, <G, xG, 152 unltal subsemi-
group of G, x G, with coordinatewise defined operations.

Remark 3.0 The function T() is S-unitarily dilatable if and only if it has a posi’tive
definite extension on the whole group G.
The following theorem is now in order:

THEOREM 3.0 Let the operators T, i(Si) eL(Hi) (i=1,2) be defined on unital sub-
semigroups S,, S, of groups G,, G, respectively. If T(s;) is S;-unitarily dilatable, say
Tys) = VEULs)V,; for s;€ S, U(-) being suitable unitary representations, then T(s,, 5;)

df
= T,(s)®T,(s,) is S, x S,-unitary dilatable and

G2 T, (s)®Tx(s:). = (Vi@ V)*Uy(s)@Uy(s2)(V1 ® V)
for 5;€8;, (i =1,2)

13+
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Proof:
We have for 5,€ S;, f;e H;:

(T1(51)®T2(32))(f1 ®f3) = (Vi* U,(sy) V1f1)®(V2* Us(s) Vo f3)
= (FTU1(s) V1)@V Uslsy) V) (11> |
= (VFRVH(Ws) Vi /,®Us(s) Vafy)
= (V@ VU, (s)®Uys)) (¥, @ V) (/1 ®f>)

as was to be proved, because in general (V,®V,)* = V¥QV}.

It follows now from Naimark’s theorems and for G of class LCA and formula (1.4),
and theorems (2.0), (2.1), (3.0) that for T(-): S —» L(H) (i =1, 2, ..., P), where § is
a unital subsemigroup of G which are S-projections of unitary representations Uf*)
of G we get, by an easy induction, the main result, namely the basic formula:

(B) T,()@TH (D ... ®T,(x) = pr(V, (M@ U0 ... ® Uyl)
= (s, x)d(F\x...xF,) for xe§
3 | -

where Ty(x) = [ (s, x>dF(s), xeS (i=1,2,...,p)
P4 _ ,

and the spectral dilation of F; is the spectral measure of U,(-). Formula B is a far going
generalization of formulae appearing in theorems of Berberian’s paper, namely theo-
rem 2 in case S = Z, = additive semigroup of nonnegative integers, 7(x) = T%, T <1
A more general version of (B) appears with suitable V-s operators just like in theorem 2.1,
when combined with Stone’s theorem for unitary representations of LCA groups.

Let us recall now some umtarily S-dilatable semigroups of contractions, in fact the

ones that are S-projections.

(3.3) Let G be a discrete subgroup of the additive group R of reals. Suppose S = G A R
and let 7(+) be a semigroup of contractions over § ie. T(0) = Iy, T(t+s)
= T(1)T(s) for 1, s€ S and ||T(?)|/| < 1. Then T(-) is S-unitarily dilatable, namely
has S-projection i.e. T(s) = prU(s) for se S, where U(-) is a unitary representa-
tion of G. o

The above result of [4] generalizes the classical results of Sz.-Nagy see [7], namely when

(34 G=2Z — the additive group of integers; then S = Z, = the semigroup of non-
negative integers and 7(s) = 7° when se€ Z,, T being a fixed contraction
and -

(3.5) G = R with the usual topology and $ = [0, + ) and T(s) (s>0) is a strongly
contmuous one parameter semigroup of contractions,

In case (3.3) we have
(A) T() = [{s,x)dF, for xe S

G

with normalized semispectral measure F on G.









