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. A Note on Tensor Products of Semi—Grotips of Contractions

by Irena BROSZKIEWICZ

There are several classical results concerning tensor products of unitary representations.
of groups. The most interesting case concerns LCA-groups. On the other hand, several
semi-groups -of contractions in Hilbert spaces have unitary dilations — see [5] for
definitions and theorems. It appears then a natural question how the things are going
with tensor products of such semi-groups, namely the question of their dilatability and
the description of the properties of the corresponding unitary dilations. The present
.paper partly inspired by results of Berberian [2], contains some results in this field. '

For the sake of completness we start with the summary of some known results con-
cerning tensor products of semi-spectral measures and unitary representations (all spaces
are complex). Then the convolution of operator measures in consideration appears. We
follow here j2). The second section of the present paper deals with the question of forming
the spectral dilations of such convolutions. Next we describe unitary dilations of tensor
products of positive definite operator functions in terms of dilations of the involved
factors. In both cases the basic role is played by Naimark’s dilations Theorems — [5],
[7] for references. The two last essential parts of the paper deal with tensor products
of semi-groups of contractions, which do have unitary dilations by Sz.-Nagy theorems
as well some other ones unitarily dilatable semi-groups.

1. To begin with we recall shortly some definitions and some auxiliary theorems.

Suppose we are given a complex Hilbert space H. Vectors of H are denoted by
1, g, h, ... etc, the inner product in general by (-, -) and the norm by ||:|] possibly by
(> dg» ||l in order to indicate  H, simply because we shall deal with several different
Hilbert spaces. L(H) denotes the algebra of all linear bounded operators in H.

Let B be a o-field of subsets of the space X. A function F: B — L(H) is called a semi-

-, spectral measure if for every fe H the function u(a) d— (F(a)f,f) is a positive measure
on B. It 1s evident that if a4, a, € B, then a, < a, implies 0 < F(a,) < F(a,) <F(X). The
last inequality makes sense, because the values of F are selfadjoint positive operators.
Fis called normalized if F(X) = I;; — the identity operator in H. If F(a) is an orthogonal
projection for each ae€ B and F is normalized then F is a spectral measure, namely
Fla, n a,) = F(a,)F(a,) for a, a, € B.



