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On the Theorem of Fatou for the Biharmonic Problem in a Half-space
by Stanistaw BURYS and Elzbieta POLIT-GANCARCZYK

In the paper [1] the solution of the classical biharmonic problem for a half space
has been obtained. In our paper we shall generalize this result to the case of boundary
conditions given by signed measures. A similar problem for the #- -dimensional ball has
been solved by E. Keller in the paper [3]. Before the formulation of the problem we shall
give necessary definitions and notations, Points of the real n-dimensional Euclidean space
R" (n>2) are denoted by x = (x, ..., X;—1, x,) = (x', x,), the inner product and the

norm in R" ate defined by (x|y): = an’xi_yi and |ix]}: = "(?[?5, respectively, where
X=(x s X)), ¥ =150 Vo). We shall use notations:
Ry := {(x{,....,X,-1,0)€ R"} and R+ 1= {(x x,) € R", x,>0}.
i(R"—l) denotes the class of Borel subsets of R*™t. )
Let £ = (¢, 0) e R®, then

n
Ir'é,a):= {x = (x', x,) e R} ||{(x",0)—¢|| <ax,, 0<a = tgu, a <5}
and R; denotes the collection of balls K= R"™' containing the point £ € R"™'. Let u be
a signed measure, defined on L(R"™'), which is finite on compact sets and p(9) = 0.
The limit

im —,
KeRg (On—l(K)
On-1(K)—0

if it exists and is independent of the choice of the balis X, is called the derivative of measure p
at the point &' and is denoted by (Du) (&’ ) where (U,, ((K) denotes the (n— 1)-dimensional
Lebesgue measure of set XK.

We observe that

1 . K
(P)(@) = — tim 55
Tyeq1 r—0 F
KeRe '

where 7,_; denotes the volume of' the (n—l) dlmensmnal unit ball and r denotes the
radius of the ball K.
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If a point ¢ is the center of balls K€ R, then (Du)(¢') is called the symmetric deriv-
ative and is denoted by (D,u)(("). It is obvious that. if (Dg)(C") exists, (D,p)(C") exists
too, and (Du)(¢") = (Dsp)(<). -

The limit
; 1K)
m
o [ IE=( 0 dO, (V)]
KeR ,!;K
¢eRy

if it exists, is called the second symmetric derivative of measure u at a point &, where &' is
the center of the balls K. It is denoted by (D u)(é)
We have (see [4] page 36)

(D) = 7 fim w&)

1 r=0 re

where 0, denotes the surface area of the unit sphere in R".
The radial limit R—1im u(x) of a function u defined on R" at the point { =

x—+Z

1s defined as follows:

(&', 0) e RG

R—Ilimu(x) := lim u(¢, x,).

X b

If lim w(x) exists for every a >0 and does not depend on a, then we denote it

x-+&
xeI'(&, a)

by #—limu(x) and we call it a nontangennal lzmzt
x—+Z

Let signed measure pu and n be given, defined on L(R"™1).

ASSUMPTION A. p and n are of bounded variation.

ASSUMPTION B. There are non-negative constants C 1; C, and constants B, B,
e(n—1,n) such that |p(K)| < Ci¥** [n(K)| < Cor™, for every ball K< R"™' with suf-

ficiently large radius r.
Let

2 1
Pl n, RE) o4 j AT fnx T TR

for x = (x' x,) € R, , where
- dtn I

(r1+rz+ I MR

We shall prove that under Assumptions A and B and under suitable assumptions
with respect to measures u and # we have: - |

a) 4°P(u,n, R"1)(x) = 0 for xe R},
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b) 6— lim  P(u, 5, R 1) (x) = (Dp)(&),
x=E=({",0)

, 5 ,.
¢) 0— lim —Pu,n, R DH(x) = (D)) for ae. £eRD.
x-¢=(&,0) 0%,

It is easy to check that under Assumptions A and B functions

o . x;
okt L axke|lx— (', O’
o X

axkt . axtr flx— (3, 0)}j"+2’

where £k =0,1,2,3,4, k =k,+...+k, and k, ..., k, non-negative integer, satisfy the
assumptions of Theorem 132, Chapter IV, cf [8], Thus

o N 1 di(y")
X : ,
ot e\ ) =L o Y

6k 2
B Jl O oy [l = (', Ol

du(y’),

o* 1
1 ! 3 d ’
2 ox5 o™ f =G, o 1)
Rn-1 :

_ f & X
N B TR T ey

Rn—1

l,,+2dr1(y’)-

2 3
X X;,

’ n and ! n+2 *
=05 00" lx—= (", 0" 2"
¥' € R"™1, are biharmonic in R’ as tunctions of variable x, it follows that

it

for fixed

Hence and from the fact that functions

APl 1, R () = 0

for x e R} . Then the condition a) is proved.
To prove conditions b) and ¢) we first show some lemmas. Let us denote

| 2 ]
Py(p, R H(x) := il J— = du(y')
Oy ”x_y“
Rn-—l
. P 1
Py(1, R (x) 1= = x3 S dn(y)
' %y _ ”X""}“
Rn—l
n—1 2 [ ’
Py(u, R )(x) := —x, - du(y’)
ay  J llx—y

Rn-l
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| o n 1
"Py(p, RH(R) 1= —x, f_ Ap(y’)
L4 . Oly 1||x“'"‘y“ "
R~

- 3n | 1 '
Ps(n, R""_i)(x) P= oc—..x'% fmdﬂ(y\
Rn—l ‘

' ¥

-1 . nn+2) , 1 ,
B R0 = 5 | ),

Rn—1
where y = (3', 0) € Ry. ‘

Hence
P(u,n, RN (x) = Py(u, R" ) (x)+Po(n, " (x)
and by (1)’
g } .
=P, RH() = Pal, R D(x)—Palpt, R")(x)
| +Ps(1, R*™ 1) (x)=Ps(n, R"™H(x).
LEMMA 1. Let
s . rn+?
I .Xn .= .Xi dr,
. ( ) J‘ (r2+r2){1-j_£
0- Xn 2
(2 = 1,2,3,4,
where <ﬁ =2,4,6, then
y = 0,1,
Lﬁ'-’y:>]9
{a) lim I(x,) =0
: Xp—+ 07
Jor a—f+y+1>0,
b) I(x,) = constant
for a—B+y+1 = 0y.
Proof. Substituting r = x,-z, we have
' : on+Y
CI(x,) = xZTEEH J e dz,
o

but

, 3} |
an?

J (v 7=

0
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SO

a) lim I(x) =0 for a— ﬂ+y+1 >0,

xp—0+

(b) I(x,) constant for oc-—ﬁ+y+1 = 0.

LEMMA 2. Let u and n be signed measures on L(R" Y. We assume Assumption A and B
Jor u and n and we assume that

(D)(E) = (D)(E) = 0.
Then
— lim P(u, n, R 1)(x) =0,

x>
for xe R’ | .
If we assume additionally that (D}n)(¢") = 0, then

F
—hm;—P(u n, R"" 1)(x) = 0.

x—¢&

Proof. We shall prove the second part of proposition on an example of lntegrals P
and Ps. The proof of the first part follows analogously.

Let ¢ be an arbitrary positive number. From the assumption (D, (') = 0 it follows
that there exists a positive number ro = ro(€) such that

Q) o <

for r <ry, where K = K,.,. Hence we have

® R(K)| <z,

for 0 <r<v,.

Let

(3) _ P3(Ju'5 R”—])(X) = P3(,Ll, K;',rg) (X) 'i_PS(lun Rn_l\Kg’,ro) (X')
and let '

F(r):= [ du(y') = n(Ks,,).

. K§’sr
Then we have 5
ro

2 1
p K | (v = T dF(r).
s Ker (€ 3) = fll(é, ) x"f(xhﬂ)"”d )

— )" oy
0

Applying the integration by parts we get

o

F(ro) . - rF(r)

@2 4 ey
11 n

PB(H: Ké,rg)(g X ) = xu
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From (2) it follows that

- [F(Nl <ty-yr" e
for 0O<r<ry, so..

n | rn
- rF(n) | rE(r)
nx, f(x3+r2)n+ 372 d"i S..nx,, J(x3+rz)n+z/2 d"
0
ra ' &0 ’ . \

- r" ' r"
<nt,_ . ex dr <nt,_ 16X dr
= n—1 n -~ -3 3
(x3+r2)n+ 22 n n (x3+r2)n+ 2/2
0 0

but in view of Lemma 1

/

© n
X ' dr = const = C
e ’
3

“hence
|F(ro)l

(4) : . IPS(/J: Ké’,ro) (6’5 -xn)l ""<‘* Xn (—xr%:_r_?-)—ﬂlz

+e1,_nC.

On the other hand, by Assumption B we get

! 1
du(y)| < | Alul(y’

Rﬂ—i\Kg’, rg Rn—l\K§’5 re

oo

L
< f ~ dF*() < C;,
S Jor

for an arbitrary fixed x = (', x,) € Ry, where F*(r) = |u/(K,,) and C; is a positive
constant. Hence |

(5) . IP3(H9 Rnul\Kg’,ro)(éfs xn)l < Xn C3 .
By (3), (4) and (5) we get
Pa(u, R™H(E, x,)] < &Cs

for 0 < x, < &, where C; is a positive constant and ¢ is a sufficiently small positive number.
Hence

R—1imPs(u, R" )(x) = 0.

x=+&
We shall prove now that

R—1imPs(n, R""")(x) = 0.

x—=E -
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By the assumption (DZn)(€) = 0, so

n(K)
6, .r"

<E€

1€, '

mmw<§mﬂﬂ

for 0 <r<r,, where r, is some positive number. Denoting

G(r):= [ dn(¥) = n(Ke,,)
Eor
we get
GG <=0, .
n

We have

3n
P5(ﬂa K{’,rl)(f's xn) = xr??.‘!— j

n
K&, ry

I ' 2 | 1 :
”x___(yf’ O)”u+2 d’](,}) = Xy I(x:+r2)n+2!2 dG(!')
0

Applying integration by parts we get

Fi

G(ry) rG(r) |
’ U2 1 2
PS(W: Kg’,rl)(é t xn) = Xy (x;:‘—l-rf)"”/z +(n+2)xn (x5+r2)n+4/2 dt‘.
: 0
It 1s
ri ry

| rG(r) ! riG(r)]|

| 2 2

!(n+2)xn f (x3+r2)"+4/2 drj < (n"l"z)xn (x’:,z+r2)n+4[2 r

0 0

but in view of Lemma ]

n+2 | ritl '
~—~3§"0"_ 1 (e 4 p2yran dr = constant = C,,
‘ H ‘
0

n

SO
|G (ry)l

P 9K’r1) 5’;‘3(" '-<-.X3 +C8.
[Ps(n e,r)( ) (x§+r%)n+2/2 4

Further we prove similarly as for integral Pj.

LEMMA 3. We assume that signed measures p, n defined on L{R"™Y) satisfy Assumptions
A and B and they are still nonpositive or non-negative. Moreover we assume that (D,p) (&)

= (D) (&) = 0.
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Then |
1° C 0—TimP(u, n, R D(x) =0

x—&

If we assume additionally that (D2 InD(EDY = 0, then

0
2° 6—lim —P(u,n, R""NH(x) =0.
7 Oy

‘|

Proof. We shall carry out the proof for integral P (}J R" ), for other integrals the

proof being analogous.
Let measures p and n non-negative. We are to prove that

. n—1 . 2 . 1 y —_
O mpe KO0 =1 hm(”Ri =T T ))'

x=g . | x—=&
Let us denote the axis of the cone I'(¢, a) by p and by w we denote the projection
of the point x on the line p. We have |

y | - |fw—x]|

lw—¢ll

for xeI'(&,a), so
=yl < llw=xl+[lx=yll Salw—_Ell+]Ix—yll < @+ Dllx—yl
and therefore there exists a constant Cs >0 such that |
| I 1 .
g C5 - ’
l1x— Il [w—xll

for every xe I'(¢, a) and ye R"1. We have now

. 1
D) = C —W#d ’ ’
jn O S ju BT

Rnl

where Cg := C’;, hence

0<0- hm J —dp(y ))<C5 — lim xn f . M(J’))
-2\ J llx=yll x> R_Hw— H

= CgR— hm(x,, I - du(y’ ))
w=r& |hV“ ”
but in view of Lemma 2 it is

0—
_ i‘_‘f;( jnx— & ”(y))

" For non-positive measures u and n the proof is similar.
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We say that measure n (defined on L(R"™")) fulfils condition D ai a point ¢ e R*™*
if and only if there exists a function f defined on R"™! such that

1° f is differentiable on R"~? and 1ts ﬁrst derivatives are continuous at the point-
5 6 c Rn 1

2 f(y) = O(r) for r = o0, where r = ||)"||, € (0, 1),

3° the measure

- MB) = n(B)- J.f(y

(Be L(R*™ 1), (7(B) < w), satisfies the condition (DZA)(&) = O.

LEMMA 4. We assume that

1° measure y satisfies condition D at the point {'e R"™1,

2° there exists the bounded symmetric derivative (D,p}(¢') = b,
3% measures u and n satisfy Assumption A and B, .

4° | (Do (&) =0,
where 6(B) := u(BY=b{dy’, Be L(R" 1), 0,_,(B)< 0. Then
. B |
. 0
0— lim — —-—P(ﬂ 7, R""YH(x) =b.
x—& OXy

Proof. Let f be the function given by the condition D. Let us denote

| 0
I:=60-1lim P(u,n, R""H(x)-b.

x--»g xn

We need to proof that 7 =0.
Similarly as in [2] it can be proved that

b, R")(x),

x—=& 0Xy
where
z .
7 no, .
P(f b R"" 1)( ) - J~ nd"'l'_xn P n dy’-
llx—(y’, Ol Ay lx—(y’, 0)]|"* 2 ‘
Rn-— Rn--],
therefore
d
6—1lim-—P(f, b, R"” 1)(x)~ b.
x—=¢ 0Xy
. A ) |
I=0-1lim P(u,n, R* 1)(x) 6— Iim P(f,b, R""H(x), /
x=% 0X, ‘ x-g 0X,
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then
6 I=0- hm2 J( 1 du ()
| w[ x—0 o
_ R
bf S )] 01 [ ( J ! o
- m ,
. lx—(', 0)“ x-z| %, llx—()' O)Hn+2 ,U}
R~
' l | In (J’ |
wb . d’ 9"‘*1 2 d n
Rn_[“x-——(y’,o)nn+2 y)]+ ;‘I’T;[al =0, o2 'T(y)
C ) ] , [n(n+2) ( J | ’
- dy' |—-0-1 p
R"._lllx—(y’,O)H"” ¢ et Ix—(', o)||n+4 ()
SO ]
- __dy' | |.
=00l g )

Let r, denote a p031t1ve number such that
|(Ke, ,.)l <C,rP*  for r>rq.
By the condition D we have

1
= ~ Ydy'.
Jllx oo ) “x—(y i 10 jn o)u"“f(” i’

K:'iro K¢sr

For the measure o it is

f

jllx ' Olf" P = Jn -—(y,O)u" ()b fnx 0, Ol” e

K’y re

Hence and from (6) we have
I = I [ +I 2
‘where

0
I, := 08— lim —P(3, A, Ky ) (x),
- x=¢ x

0 %,
I, :=0- hm—-P(u n, R""I\Kg, )(x)—0— hma-P(f b, R \Kg, ) (%) .

X x—&

“But

IL1<6-1 dIsiy'
Il < 531( Jnx O Ol ”(y))

Kg s
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o1 3 _dls )
* ,3331( & fux oo PIe)

3n -
0— 1 2 dld )
+ 332( Inr Zo o YHO)

. n(n+2) , J" 1 )
+0— lim Xp = d1M()
xsf 0, lx=0y, Ol

Kz re

.
= §-— lim 5_ P(Ié}[» I/’{'l: Klﬁ’,ro)(x)

x—¢

2
<O~ lim — P(5], 121, R*™")(x).

x5

Hence and from Lemma 3 I, = 0.
In order to prove that 7, = 0 it is sufficient to check that

2 * | 1 1
g—-lim| — - d vY—b = "dy’)J = 0,
(7) x=g _Ocnx ( N ”x“"(y's OJHn N(y) ' j IIX—(}’,O)H

R~ INKg, r Rn=1INKg', re

™ "

_ 1
0—lim{ —x; s Ay’
x+&] Oy ( J Hx=0, 0

R*~INKy, ro

1
—-b d =0
f =0, 0y 2 ¥ )] ’

Rr= 1\K‘='u ro

1
9—lim| — x| e dn()')
x»:[% ( .[ llx— (', 0)]|"**

Rn—- l\ng. re

0% )]
- d =0,
f i—on oz ? )=

Rn-l\Kg’-r.
. n(n+2) 4( J\ 1
0 —lim x* (v
x—*:[ U "\ -”x___(y’, 0)||n+4 ’7() )
Rn- 1\Ké". i'"o’ :
| S )]
- ¢ dy' =0 .
j [lx—(, 0)||"**
Rﬂ_l\K':’lfo

These equalities are true, because the integrals in these equalities are bounded by a con-
stant, independent of the point x sufficiently near to the point (£, 0).

1% — Acta Mathematica 26




210

LEMMA 5. If f is absolutely integrable with respect to the Lebesgue measure on R*™1, then

(%0 1) )
0 —lim{ — dy' } = f(& L.
@ J-??(anwux—(yzonl" )T e
and
L SO N e
® B"Fi’f?(ocnx”mj NTETATEE ) S/ ae

Proof. (a) is a consequence of Theorem 1, Chapter VII of [7]. We shall prove (b).
In virtue of -

——

, 1 o

dsy ...ds,.; = —

_[(Sf—}-...—{-s;‘f-i-l)"”/z ! Yon
Rn-1

(see [1], page 228), applying the change of variables z;—k; = x,5; ({ = 1, ...,n—1) we
have, for arbitrary k; (i =1,...,n—1)

R
=

3 f i d
® CrHlz =kl

Rrn—1

z2=1(24 .0, 25_1), k= (ky, ... kyy), dz = dzy...dz,,. We have now

" )
I:: — 3 d r ?
anx. Hx__(}ﬂ,o)nn+2 Y f(é)
Rr-1
a 1€ =2) |
T T372 47—
anx Rn_l(xi_;_nz_(g’_xr)“z)n 2/ (<)

and because of (8) we have

ns 1 ~2) ]
") R Hlla— @ =)

Rn—1
n oy [ (&)

P N A GEE D e
Rn—1

_r f XI[f(E =2)—f(EN] .
%n (x§+||2—(ﬁ’#x')l|2)n+2/2 zZ.

Rn-1

n .
It is easy to check that for a fixed a, 0 <o < % there exists a constant A, such that

X2 4|lz= (E=x)P 2 A2 411211
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for arbitrary ze R"! and ||¢'—X'|| € ax,, where a = tga. We have

‘ 3

1< -4, J G € A~
Rn-1

44

for x,> 0.

Let & be an arbitrary fixed Lebesgue-point of the function f (a set of such points have
full Lebesgue measure, because f is integrable; see [7], § 1, Chapter 1).

Let us fix an arbitrary ¢>0. There is 6 >0 such that

1
(On-— I(Ké’, r)
K

j /O ~AE)dy < .

for 0 < r <.
Let

nL_ S =AY Tor fy' =L <o,
hO") = {0 for ||y’ —¢&'|| > 6.

Then we have

1 . £
&) (Mh)(E') := fglg(m j lh()’)ldY)< 24,
%

7

Let us denote

Xn

(g 12117

z
oi(z) 1= e Vg (;)

for ¢>0. We have (see [7], Chapter 11I, Theorem 2a)

¢(2) 1=

and

sup
>0

f @S —2)dz

Rn-1

an
< 2 (MB)(£) .
R

In particular, for ¢ = 1 we have

I J @1(DIA(E ~2)|dz
Rn—1

o, _
< —(Mh)(S)
n . .

1.e.
3

i &7 %n ,
f (X§+||Z[]2)"+2/2 lh(é -u.)]dzg . (Mh)(é),
Rn-1

14*








