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Differentiability of Solutions with Respect to Parameters

by Teresa WINIARSKA

1. Introduction. Assuming that X is a Hilbert space we let B(X, Y)(B(X) = B(X, X))
be the vectorspace of all linear, bounded operators 4: X — Y. If 4: X - Y is a linear
operator, then D(A)N(A), R(A4), [A] will denote the domain, kernel, range and closure 4,
respectively. The identity operator will be denoted by 1. If Z is a linear subspace of a Hil-
bert space X then the orthogonal completion of Z will be denoted by Z*.

Let © be an open subset of R™. Let {4,} (with h € Q) be a family of linear operators
Ay X - Y with a dense domain D(4,). We consider the family of equations of the form.

(1) Ahuh =fh, fOI‘ hEQ,

where f, € Y is given and u, € X is an unknown point of D(4,).
In this note we shall study k times differentiability of the mapping

(2) Qsh->ucX,
where u, is a solution of (1). We shall use the following assumptions:

ASSUMPTION Z,: dimN, = a < o0, D(4,) = D, where N, = ker A,
For fixed a e Q.

ASSUMPTION Z,(a): there exist T, e B(Y, X} such thar T wA, = 1—P,, where P, is the
operctor of orthogonal projection of X onto N,.

ASSUMPTION Zj(a): there exists an open neighborhood U, of the point a such that
for every he U, the operator [T, A,) is bounded and the mapping
Uysh— [T,4,]e B(X)
is differentiable at a, i.e. there exists a bounded linear operator W, ¢ B (R™: B(X)) such that

) B I [TaAasn~Tad)— Wkl = O when [h] -0

ASSUMPTION Z4(a): the mapping
(4) Qah->T,f,eX
is differentiable at the point a. We shall denote by B, the differential of the mapping (4) at a.
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M. Schechter proved in [2] that if for every a € Q the assumptions Z;, Z,(a), Z5(a),
Z,(2) hold and f, € R(4,) for h e Q, then the mapping (2) is differentiable in Q. By ap-
plying this result to the family {4,}, & € Q of elliptic operators with all coefficients of C*
class with respect to both x and 4 it has been proved that the solution u, € Ny is differenti-
able in Q, with respect to /. Next step of Schechter’s proof (presented in [2]) of second

order differentiability of the mapmg h — u, is supported on the incorrect fact that

—_— E . ; .
ah h— > p

Another approach to the proof makes it possible for us to prove the theorem on
infinite differentiability of the mapping (2) with respect to /.

2. Helpful Lemmas. We begin with two lemmas that are not closely connected with
equation (1).

Let, us previously, be a Hilbert space with the scalar product <, >. Let U be an
open subset of R™. Let {{X ,,} for he U, be a family of a-dimensional linear subspaces
of X (1 <a< ). Let e,(h), ..., e,(h) be a base of X}, for he U. Then every vector x eX
can be uniquely presented in the form

' x = E(x, M+nlx, h),

where &(x, hye X, n(x, hye Xy for he U.

LemMA 1. If x,€ X for he U and the mapping
U 2 h —> ‘xh = X

is 1 times differentiable at a point a e U and mappings
Ush—-eh)eX, j=1,.
are at least | times differentiable at a, then the mappings

Ush—w,=n(x,NeXieX
and

Ush-uv,=E&(x, he XX
are [ times differentiable at a.

Proof, Since ¢,(h), ..., e,(h) is a base of X, there exist real functions d, ..., 0,1 U—> R

such that

v, = 6, (Me, (M) + ... + d (e, ).
Hence _

x, = o,(Me (M) + ... +8,(he, () +w,

Multiplying scalarly both sides by ¢e;(h), j =1, ..., 2 we obtain
(5) <Xy, e;(h)> = 5, (M<e(h), e(N)>+ ... +8,(M<e e y> Jj=1,..52

The determinant
A(h) = det<e(h), ei()>, i,j=1,...,4
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of coefficients of the system of equations (5) with unknown quantitics (%), ..., 5,(h) is
different from 0, for # € U (because it is the Gramm determinant) and the mappings

Ush— <xy,efh)y>, Ush—> A(h)

are / times differentiable at a. Hence, and from Cramer’s formulas we obtain / times
differentiability of 6; at a, for j =1, ..., o. Therefore the mappings h — v, and / — w,
are / times differentiable at g,

Let, as previously, a be a point of U and suppose that
(6) X;nX,={0} forheU

Since the dimension of any X, is equal to « < oo, the condition (6) implies that X
= X,®X; for he U, where @ denotes the direct sum. Then every x € X may be uniquely
presented in the form

x = Cx, M)+n,lx, h)
with {(x, 1) e X, and #,(x, h) € X7,

LEMMA 2. If x,e X for he U and the mapping
Ush—x,eX
is I times differentioble (I = 0) and
Ush—-ehy, j=1,..,2

are at least | times differentiable in U, then there exists a neighborhood V < U of a such
that the mappings

Voh-—nx,, he X+
and

V'ah - Culxy, 1) € X,
are | times differentiable

Proof. Since ¢ (), ..., e,(h) is a base of X, there exist functions 8, ..., 8,: U— R
such that

CalXps 1) = Bi(hye (M) + ... + B(h)ye,(ir).
Therefore

(7) X, = Bie (N + ...+ B (e () +n,(x;. h)
Multiplying both sides of (7) by ¢; = ¢;(¢) we obtain
(%) <Xy, e;> = pi()<e(h), cj-> + o B <e (), e;>, j=1,..,«

The determinant B(h) = det(<eh), e{2)>) is of the same class as functions /1 — e;(h)
and B(a) # 0. Hence there exists a neighborhood V< U of a such that B(h) # 0 for
lre V. Now, using Cramer’s formulas we prove [ times differentiability of the mapping

Voh - E(x, ).
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Since n,(xy, B) = xu— (x4, h) the, mapping

Vah - na(xk: h)
is / times differentiable too.

LeMMA 3. If the assumption Z,, Z,(a), Zy(a) hold then there exists o neighborhood U,
of a such that N} r N, = {0} every he U,. .
Proof. Let § = {xe X: |[x]| = 1}. It follows from Assumption Z, that the mapping

U,2h > [T,4,]
is differentiable at ¢. Then

[T,4,]x - [T,4,]x, when h — a,
uniformly on S.
But ||[7,4,]x]] = 1 for xe S A N}. Hence

r,4,]x|l =1, when s - a, :

uniformly on S n Ny. Therefore, there exists a neighborhood U, = U, of a such that

(9 H[TaAplxl| =23 for he U,
L x L | ST
Let x e N;—{0}. Then ﬂ—lle S n N; and (9) implies
X
(10) T, Auxl) 2 Hixll  for xe Ny, he U,

Hence
N;yAN,= {0} for heU,.

COROLLARY 1. There exists an open neighborhood Uy of a in R™ such that X is the direct
sum of its subspaces N, and NI for he U,.

LEMMA 4. Let Zy, Z,(a), Z3(a). If ve D and f, is defined by f, = A,v, then there exists
- a bounded linear operator B: R™ — X such that
(1D " NT(farw—SD)—Bhll =0, when h— 0.
Proof. It suffices to take Bh = (W, h)v.

Differentiability with respect to parametr,

THEOREM 1, Suppose that Z,, 7,(a), Z4(a), Z,(a) hold, let u, € D n Ny and let
(12) . Ay, =f,  for heU,.
Then u, is a unique solution of (12) (for he U,) and the mapping

Ul 2h — U, € X
is differentiable at a.
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Proof. The uniqueness follows immediately from the fact that N} A N, = {0} for
heUy. Let uye Ny be this wnique solution of (12) for e U,. According to (10) we
infer that

llwall < 2| Tadyuy|] = 2IT, Sl < G,
and conclude

(13) Ml <€y for he U,

Since u, € N; for he U, and N2 is a linear subspace of X, we conclude that Up— Uy € N;
and

(49 th—u, = T, Afu,—1) = T, Ay ~To Ayity + T, dysiy—T, A, 1,

= Ta(AaﬁAh)uh'l_Ta(fh— a)'
Assumption Z3(a.),"Z4(a) and (13), (14) imply

p—u,—~0 ash-a

Moreover, denoting A = a+4h, where Ah belongs to a neighborhood of 0 in R™ we
find that

IAhI"luua-i-dh—ua+(WaAh)1£a+Ah_BaAh“ ‘*<- IAhl—l”Ta(Aa_'Aa+dh
— Wadhl| Nty anll + AR T fop sa—f ) — By Ak = 0 as Ak — 0.

Since .
A8 1o A1) W g = )| S N Wall s sn—1el| » O as 4h >0,
we conclude that
AR g s an =11+ (Wo AR)ug— By dh|| = |4~ M| T(Ay~ Ay g)+ W, ARty 4 41l
AR Tl fas an—1a) = Bo bl + | AR | W, Ah (s gy—u)l| -0 as Ak — 0
Hence the operator Ee B(R™: X) defined by
EAh = —(W,Ah)u, + B, Ah

is the differential of the mapping 4 — u, at the point a. Similarly we can prove

THEOREM la. Suppose that Z,, Z,(a), Z3(a) hold. If u, € D n N is such that the mapping
Uiah->T,Au,e X
is differentiable at a, then the mapping

Ush-ueX
is differentiable at a. '

THEOREM 2. Suppose Z,, Z,(a), Z3\a), Z4(a). Then there exist & sufficiently small
neighborhood U, of the point a and a base e,(h), ..., e,(h) of Ny, for he U, such that the

—
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mappings
U,2h—-eheX, j=1,..,u
are differentiable at a.
i Proof. Let e, ..., ¢, be a basis of the subspace N,. Let U, be a neighborhood of

a such as in Lemma 3. Then X = N,®N, for fie U, and

(15) e; = aj(h)+b;(h),
where a(le N, b)e N, are unique.

Hence

(16) | Ane; = Aby(h))

and by Lemma 4 the function A — fi = Aye; satisfies Assumption Z,(a). Moreover, it
follows from Theorem 1 that the mapping |

Uy,sh—=bhy, j=1,.,4
are differentiable at a. Letting
a7 ei(h) = e;~bi(h), j=1,..,«
we see that the mappings
Uy,sh—efh)eX, j=1,..,

are differentiable at a. Now, it suffices to show that e (h), ..., e,(h) are linearly inde-
pendent. If : |

(18) Aey(D)+ ... +ieh) =0,

then 2,(e; —b, () + ... + e, b (1) =0

yields

(19) e+ ot a6, — b ()~ b, — ... —A,b,(h) = 0.

Since X = N.@®N;, we see from (19) that
(20) /1181-]— +)-.a€a = 0

Hence A, = A, = ... = 4, = 0, because e, ..., ¢, are lincarly independent.
Let u,e Ny <X be a solution of the equation A,u, = f,. Since X = N,®N;i, s0
u, = w,+v,, where w, € Ny, v, € Ny. Thus A, = f;.

"THEOREM 3. If v, € Ny is such that A, = f, and assumptions Z,, Z,(a), Z;(a), Z,(a)
hold then the mapping h — v, € Ny <X is differentiable at a.

Proof. It is a simple consequence of Theorem 2 and Lemma 1.

Suppose that for every a € Q assumptions Z,, Z,(a), Z;(a), Z,(a) hold. Then it follows
from Theorem 3 that the mapping @ 35 — v, € N; <X is differentiable at every point

of Q. This fact permits us to prove
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THEOREM 4. If assumptions Zy, Z,(a), Z3(a) are fulfilled at every point a € 9, theﬁ for

every ae Q there exists a neighborhood Us < U, of the point a and a base e (h), ..., e (h):
of N, for he Us such that the mappings

Uaah—>ej(h)eX| j=1,..,0

]

are d!'ﬂ‘erent’fab/e.

Proof. Let ¢ € Q and let U, = U, be a neighborhood of a such that N, n NI = {0}

for he U, (it follows from Lemma 3). Let el,.. ¢, be a base of N, Since ¥ = N.ON:

there exist (exactly one) e;(h) € N, by(h) € N;- such that

We sce that

and the proof of Theorem 4 is similar to the proof of Theorem 2. Combining this theorem
with Lemma 2 we obtain

COROLLARY 2. If U, is a such neighborhood of a as in Theorem 4, f, € R(A4,) for he @
and Assumption Z,(a) hold then for every he U, there exists a solution u, of the equation
Ay, = [, such that

a) u,e N for he U,

b) there exists a neighborhood V < U, of a such that the mapping

Vaoh-»ueNycX
in differentiable in V. ’

Suppose that v, € X fulfils equation A4,v, = f, for h € Q and suppose that dxﬂ'erentlatlons
Aps U, fy (with respect to ) are sensible. Then A,v;, = fi— A, = f,. Therefore v, is
a solution of the equation of the same type as equation (1). In this case it may happen
v, € Ni and vy ¢ Ny. Then the theorem on differentiability with respect to parameter
of v, € N, does not make it possible for us to prove the theorem on 2 times differentiability
of v, (cp. [2], p. 607).

We shall present an approach which makes it possible to get the following three
theorems on higher order differentiability of v,.

THEOREM 5. If assumptions Z,, Z,(a) and Z4(a) are fulfilled at every point a € Q, f,
€ R(A,) for he Q and for every a e the mappings

« Qah->T,foeX and U,5h— [T,4,]€ B(X)

are | times differentiable at (1= 1) then

o Jor every a e Q there exists a neighborhood U, of a such that N, n N& = {0} for
h e Ua, -

2, for every he U, there exists exactly one u, e N& such that Apuy, = [,
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3, for every a € Q there exists a neighborhood V, < U, of a (independent of [) such that
the mapping
V,eh»>u,eX

is | times differentiable in V,.

TueoreM 6. Under all the assumptions of Theorem 5, for every a e there exists an
.open neighborhood U, of a and a base e,(h), ..., e,(h) of Ny for he Q such that the mappings

Ush-emeX, j=1,..,0

are | times differentiable in U,.

THEOREM 7. Under all the assumptions of Theorem 5, if v, € N is such that Ay, = fy
for he Q, then the mapping '

Qoh-»v,eX

is | times differentiable in Q.

_Proof of Theorems 5.6.7. Suppose that Theorem 5 holds. Then reasoning similar
to that in the proof of Theorem 3 gives Theorem 7. Similarly, we obtain Theorem 6 by
using the reasoning of the proof of Theorem 4.

If ] = 1 then, by Corollary 2, Theorem 5 is true. According to Corollary 2, the

mapping
V,ah > u,e NfcX

is differentiable. Moreover, we have
@D T, Ay, = T,f,, for heV,
Differentiating bothr sides of (21) with respect to 1 we obtain
Ladpt, = Tof) = Tadi) .
If />2, then we observe that u;e N and
T,Ayup, = F, for heV,,

with F, = (T, f) —(T,A,)'u, and it follows from Theorem la that i — uy is differentiable
in an open neighborhood of a. Now continuation of inductive reasoning’is clear.

Now we recall an example. Let as in [2], G be a bounded domain in R” with G®
boundary 0G. Let

Ah = Z d“(x, h)Dp

[ €m

be appropely elliptic operator of order m with coefficients a, of class C® in G x Q, where
Q is an open subset of R*. Let |

B, = E'bju(x)p”, 14;’@%

|uj Smy








