UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XXVI

1987

Differentiability of Solutions with Respect to Parameters

by Teresa WINIARSKA

1. Introduction. Assuming that X is a Hilbert space we let B(X, Y)(B(X) = B(X, X))
be the vectorspace of all linear, bounded operators 4: X — Y. If 4: X - Y is a linear
operator, then D(A)N(A), R(A4), [A] will denote the domain, kernel, range and closure 4,
respectively. The identity operator will be denoted by 1. If Z is a linear subspace of a Hil-
bert space X then the orthogonal completion of Z will be denoted by Z*.

Let © be an open subset of R™. Let {4,} (with h € Q) be a family of linear operators
Ay X - Y with a dense domain D(4,). We consider the family of equations of the form.

(1) Ahuh =fh, fOI‘ hEQ,

where f, € Y is given and u, € X is an unknown point of D(4,).
In this note we shall study k times differentiability of the mapping

(2) Qsh->ucX,
where u, is a solution of (1). We shall use the following assumptions:

ASSUMPTION Z,: dimN, = a < o0, D(4,) = D, where N, = ker A,
For fixed a e Q.

ASSUMPTION Z,(a): there exist T, e B(Y, X} such thar T wA, = 1—P,, where P, is the
operctor of orthogonal projection of X onto N,.

ASSUMPTION Zj(a): there exists an open neighborhood U, of the point a such that
for every he U, the operator [T, A,) is bounded and the mapping
Uysh— [T,4,]e B(X)
is differentiable at a, i.e. there exists a bounded linear operator W, ¢ B (R™: B(X)) such that

) B I [TaAasn~Tad)— Wkl = O when [h] -0

ASSUMPTION Z4(a): the mapping
(4) Qah->T,f,eX
is differentiable at the point a. We shall denote by B, the differential of the mapping (4) at a.
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M. Schechter proved in [2] that if for every a € Q the assumptions Z;, Z,(a), Z5(a),
Z,(2) hold and f, € R(4,) for h e Q, then the mapping (2) is differentiable in Q. By ap-
plying this result to the family {4,}, & € Q of elliptic operators with all coefficients of C*
class with respect to both x and 4 it has been proved that the solution u, € Ny is differenti-
able in Q, with respect to /. Next step of Schechter’s proof (presented in [2]) of second

order differentiability of the mapmg h — u, is supported on the incorrect fact that

—_— E . ; .
ah h— > p

Another approach to the proof makes it possible for us to prove the theorem on
infinite differentiability of the mapping (2) with respect to /.

2. Helpful Lemmas. We begin with two lemmas that are not closely connected with
equation (1).

Let, us previously, be a Hilbert space with the scalar product <, >. Let U be an
open subset of R™. Let {{X ,,} for he U, be a family of a-dimensional linear subspaces
of X (1 <a< ). Let e,(h), ..., e,(h) be a base of X}, for he U. Then every vector x eX
can be uniquely presented in the form

' x = E(x, M+nlx, h),

where &(x, hye X, n(x, hye Xy for he U.

LemMA 1. If x,€ X for he U and the mapping
U 2 h —> ‘xh = X

is 1 times differentiable at a point a e U and mappings
Ush—-eh)eX, j=1,.
are at least | times differentiable at a, then the mappings

Ush—w,=n(x,NeXieX
and

Ush-uv,=E&(x, he XX
are [ times differentiable at a.

Proof, Since ¢,(h), ..., e,(h) is a base of X, there exist real functions d, ..., 0,1 U—> R

such that

v, = 6, (Me, (M) + ... + d (e, ).
Hence _

x, = o,(Me (M) + ... +8,(he, () +w,

Multiplying scalarly both sides by ¢e;(h), j =1, ..., 2 we obtain
(5) <Xy, e;(h)> = 5, (M<e(h), e(N)>+ ... +8,(M<e e y> Jj=1,..52

The determinant
A(h) = det<e(h), ei()>, i,j=1,...,4






