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1. Introduction. This paper deals with slowly oscillating periodic solutions of the
equation |

®) | (1) = —f(x(0), x(1—1)).

A know example of such equation is the Wazewska-Lasota [3] equation of the red blood
cells survival: -

(F) e u(t) = —au(t)+e_"(‘_”),

where u(z) denotes the amount of cells in the time ¢, and ¢ is the coefficient of destruction.
In 1974 'S. N Chow [1] proved the existence a nonconstant periodic solution of equation (F).
For the proof, he used the theorem of Browder on nonejective fixed points. Later in 1977
J. L. Kaplan and J. A. Yorke [2] studied the behaviour of solutions of (E) in the (x(¢), x(¢))
phase plane by a geometrical method. They proved the existence of slowly oscillating
periodic solutions of equation (E) (see Def. I below). They also estimated the amplitudes
of such solutions. In this paper we shall estimate the period of slowly oscillating periodic
solutions of equation (E) and we shall apply our general result to equation (F).

2. Results. Throughout the paper we assume that / is continuously differentiable and,
at various stages, we shall require some or all of the following hypotheses on f:

(1) Jf(0,0)=20

(2) | @floy)(x,y) > 0 for all (x,y)e R?

(3) N=(ffox)(x,y) = 0 for all (x,y)e R* and for some' N
(4) f(0,y) > —B for some B>0.

DErINITION 1. We say that (E) is oscillatorilly unstable if its linearization
(L) (1) = —ax()—ax(t-1),
where a; = (9f/0x)(0,0) >0 and a, = (9f/0y)(0, 0) >0 is ur;stable.
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DEFINITION 2. A differentiable periodic function x: R — R with period p> 0 is said
to be slowly oscillating if it satisfies the following two conditions:

1° There are three consequtive zeros z;, z,, z4 of x such that z, >z, +1, z3 = z;
+p>z,+1 and such that x(¢#) >0 for te(zy, z;) and x(¢) <0 for 7€ (z;, z3).

2° If x(#,) # O for some 7, then 7, is not a local minimum of |x(t)|.
- From Theorem 2.7 in {2] follows

THEOREM 1 (Kaplan and Yorke). Let /= R — R be a continuously dzﬁ'erentmble Sfunction
which satisfies the hypotheses (1)—(4) and let (E) be oscillatorilly unstable Then there
exists a slowly oscillating periodic solution of (E).

We shall prove in section 3 the following theorems:

THEOREM 2. Let x be a slowly oscillating periodic solution of (E). Assume that f satisfies
(D)—Q3) and that (E) is oscillatorilly unstable. Write

M= maxx(), m=minx(), a1 = @0,

te R . teR

Then ‘the period p of x satisfies the inequality

2<p<4+ap,
where o = max f2(0: y)) B = max fZ(O:' y)'
' osysM m<y<0

THEOREM 3. Let 0 <o < 1/e be fixed. Then for any sufficiently large h >0 there emsts
a nonconstant periodic solution of (F). Its period p satisfies

) | 2h<p < 4h+(hoy)e” M,

-7

where 7 is the positive real root of the equation gy = e

3. Proofs. Proof of Theorem 2. Let z,, z,, z5, z4 be a sequence of consecutive zeros
of the solution x. Set p, = z,—z, and p, = z3—2,, then p = p, +p,. We may assume
that the function x is positive in (zi, z,). We prove that pl-g 2‘+a,8/2. A necessary con-

dition for unstability of (L) is az 7 ThlS implies that o > Z 5 and p= > and consequently

" we may assume that p, = 3.
For te(z,+1, z,) we have x(¢) >0 and x(t— 1) > 0. By (1) (2) (3) we obtain x(1) <0
for re(z;+1, z;). Hence

x(t) = —fi(x("), x(f"-l)) () —fo{x (1), x@—1D)-x(t-1)>0
for 1€ (z,+2,2,) (where f,(x,¥) = @f10x)(x, ). .
By the concavity of x in (z;+2, z,) |

©  x0<xer+ G < Me -0l -2

z;—(2:+2)
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We shall estirﬁate x in [z,, z3]. For te[z,,z,+1] we have jc(t) < 0, hence
(1) = =f(x@), x@—-1))> —f(0, x(t-1)) = —ax(t—1).

By (6) we get for 1€ z,,z,+1] _.

) R() 2 —aM(z+1-0)(py—2).

Write y = —aM/(p;~2). By (7) for each te{z,,z,+1]
t

x(t) = x(z)+ [x(s)ds=9/2.

z2
Since x is increasing in [z,+1, z3] we have x(1) > y/2 in {z,, z4]. ‘We shall estimate x in
[z5, z4]. For te{zs, z3+1], we obtain

(1) = x(z3)+ [%()ds < —By(r—z)/2< ~ 2.

. Z3
The solution x is decreasing in [z3+1,24] and x is periodic. This implies that x(z)
| —By/2 for all 1 € R. On the other hand there is a point t, € R with x(¢,) = M. Hence
M< — By/2. This implies p; < 2+fxﬁ/2 The proof that p, < 24 «f/2 is analogous to the
proof for p,.
Proof of Theorem 3. The SUbStltuthl‘l x(t) = u(th)—vy into (F) yields an equivalent
equation

(8) %) = —ahx(t)+hoy(e™ >V _1)
This is in the form (E) in which

) | f(x,y) = chx—hoyle™>—1).

For ¢ >0 and /> 0, f satisfies the hypothesis (1)>—(3). Let 0 <o < 1/e be fixed. Then
for any sufficiently large /1 > 0, (8) is oscillatorilly unstable (see [1] Lemma 5.3). The slowly
oscillating solutions of (8) are bounded (see [1] Lemma 5.2), and consequently all the
assumptions of Theorem 1 are satisfied (see [2] Theorem 3.5). Thus the equatlon (8) has
a slowly oscillating periodic solution x.

In [3] it is show that every solution x of the equation (F) satisfies the inequalities

- . o 1
e 1 < liminfx (1) < lim supx(t) < —.
g 1= 0 t— o a

Thus every periodic solution x of the equation (8) satisfies..
1 _ o 1

(10) m=-e¢ “—y<x(t)<——~y=M.
¢ o

For the equation (8) we have fz(O, ¥) = hoye™?, By (10) we obtain

o« = max hoye ” = hay

OsSysM '

B = max hoye ¥ = hg?y?el™1/0¢'")
m<y<o
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By Theorem 2 there exists a nonconstant periodic solution of (8) of the period p with \
satisfies

2 -<..p < 4+h20.3,},3€(—1/ae11")_ '

This implies the inequality (5).
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