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Ergodic Measures on Topblogical Spaces

by Ryszard Rupnickr (Katowice)

1. Introduction. The classical results concerning the existence of invariant measures
on topological spaces are due to Oxtoby and Ulam [5]. However, the problem of the
existence of continuous (vanishing at points) invariant measures is still difficult. Recently
A. Lasota and G. Pianigiani have been studying this problem using the method of
A. Avez [1]. The main result obtained by them is the existence of continuous invariant
measures for transformations satisfying so called N-addicity condition (seec formula [2]).
In the special case N = 2 they also proved the existence of an ergodic continuous in-
variant measure. The same problem for N > 2 has been open. The purpose of this paper
is to prove the existence of continuous ergodic invariant measures for transformations
satisfying N-adicity condition with arbitrary N. Our proofs are partially based on the
technique developed by Lasota and Yorke [3]. Moreover, we give some sufficient con-
ditions for the -exactness of the resulting dynamical system.

2. Preliminariés. Let X be a topological Hausdorff space and let T be a continuous
mapping from X into itself. For any x, € X the set

O(xo) = {x0, T (%), T*(x0), ...} |

is called the trajectory starting x,, and the set
L(xo) = () cl{0(T"(x,))) (el = closure)
n=0

~ is called the limit set of @(x,). To underline the role of the transformation T we shall
write sometimes @r(x,) and Lr(x,) for the trajectory and the limit set respectively.

DEFINITION 1. A trajectory O(x,) is called strictly turbulent if the following two
conditions hold

(i) L(x,) is a compact nonempty set,

(i) L{x,) does not contain periodic points.

PROPOSITION 1. Let T: X — X be a continuous function and let S = T* for some integer
k= 1. For each xy€ X the following two conditions are equivalent
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(@) Op(x,) is strictly turbulent for T,

(b) Os(x) is strictly turbulent for S and Ly(x,) is compact.
The proof follows immediately from the definition.

By a measure we mean any regular probabilistic measure defined on the o-algebra
of Borel subsets of X. The measure m is called invariant under 7 if m(T~!(E)) = m(E)
for each Borel subset E of X. We say that m is continuous if m({x}) = 0 for each single-
ton {x}. The measure m is called ergodic if for each Borel subset E the condition E

= T"(E) implics m(E)(I-m(E)) .

PROPOSITION 2 (see [3]). Let T: X — X be a continuous mapping and let O(x,) be
a strictly turbulent trajectory. Then there exists a continuous measure m supported on
L(xy) which is ergodic and invariant with respect to T.

Proof. Since L(x,) is compact and invariant, by the Kryloﬁ'—Bogoluboff theorem and
by the Krein-Milman theorem there exists an ergodic invariant measure supported on
L(x,). Lack of periodic points in L(x,) implies that the measure is continuous.

3. Existence of strictly turbulent trajectories.

THEOREM 1. Let T be a continuous mapping from a topological Hausdorff space X into
itself. Suppose that there exists a sequence A, ..., Ay_,(N>1) of compact, nonempty

subsets of X such that | .
N-1 N-1 N-1 ‘
(1) NTA4)> U4 and N4, =9
k=0 k=0 k=0
N_.
Then z‘here exists a point x, € \J A, such that the trajectory O(xo) is turbulent.
k=0

Remark. In the case N = 2 Theorem 1 was proved by A. Lasota and J. Yorke [3].
Proof of Theorem 1. Define a family {4y, .. ;,} of subsets of X by the formula

Ako...kﬂ = Ako...k,.-; M T_i(Akl ...k,-,) ’

~

for k; = 0,1, N-F 1,i=0,1,...,nand n = 1,2,3,... Using (1) it is easy to verify.
by the mductlon argument that the sets Ag,..x, are nonempty, compact and that

@ T(Arg..r) = Asy ..k,

The existence of a turbulent trajectory will be proved by induction.
1° N = 2. Write A, = A, A, = B.
Now choose.an irrational number o € (0, 1) and define a dyadic sequence {k,} by setting

L = 0 1if noe(modl)e[0,a)
1 if ne(modle[a, 1).
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Ay, .1, 18 a decreasing sequence of nonempty compact sets. Thus the intersection
.Aoo = U Ako...kn
n=0
is also a nonempty set. Choose x, € A, and consider the trajectory ¢(x,) and its limit

set L(x,). From the definition of A4, it follows that

; A if ncx(modl)e[ﬁ,oc)
T"(xo) € {B if na(mod )efx,1),

and consequently 0(x,)< 4 U B. Since A and B are compact, this implies that L(x,)
< A u B. We shall show that )

n—-1%
3) lim EZ 1,(Tx)) =« for xeL(xo).
k=0

In fact, from the Weyl equipartition theorem it féllows that

n—1
1
lim - lio.m(s+ka(mod 1)) = «,
' k=0

uniformly for all s€ |0, 1). In particular,

n~—1
1
lim - E 1io,)((m+k)a(mod 1)) = «
| k=0 |

uniformly for all m. Consider a point x € 0(x,), say x ='T "™(x0). We have
LT ) = 1(T™ ™ (xo)) = lio,p((m+k)a(mod 1)),

‘which implies that the limit' (3) exists uniformly for all xe 6(x,). Since 4 and B are

. compact disjoint and the trajectory 0(x,) contained in 4 u B, the functions 1,T%(x)
k=0,1,.. restricted to ¢l0(x,) are continuous. Thus the limit (3) exists also for
x € cl0(x,) and, in particular, for x € L(x,). Now we are going to prove that the trajectory

O(x,) is turbulent. Since L(x,) is closed and L(x,) = A u B, thus L(x,) is compact. To

prove (ii) suppose that a point X € L(x,) is periodic. This implies that

n—1
| |
lim - E 1 (T*x))
n— o0 H
k=0 '

is a rational number, which contradicts (3). The proof for N = 2 is completed.

2°, Assume the theorem true for a certain N. We shall prove that there exists a point.

N

X0 € | A4, such that the trajectory 0(x,) is turbulent. From (1) and (2) it follows that
k=0

N
4) kk-'JOAk =T I(Ako...kn) .
Now we shall consider twd cases
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(a) thete exist » and sequences (ki ..., ki), i=0,1,....N=1, kic{0, ..., N} such that

ﬂ’Aw kT .
i=g ©

(b) for every n and sequences {kb, ..., k1), i=0,1,.., N=1, K.e{0,..., N} we have

N-1

N Akfo...k:; # 9.
i=0 '

Assume (a). By (4) the subsets Agt it and the mapping 7"*! satisfies (1). By the as-

sumption of induction, there exists a turbulent trajectory for S = T"*!. The set clOs(x,)
‘is compact. This implies that clOp(x,) and Ly(x,) are compact. By Proposition 1 there
‘exists a turbulent trajectory for 7. Assume (b). Define the sequences

p_fi if na(modl1)e [0, «)
"N if no(mod 1) € [«, 1).

Here « is the same as in 1°. ~
N-1

() Ap . is a decreasing sequence of nonemply compact sets. Thus the intersections
i=0 © :

N w N-1
Ao = (Y N Ag..p
n=11i=0
ds also a nonempty set. Choose x, € AY . From the definition of AY it follows that

N-1

T"(x0) € _ﬂo Ap .
i=

N—-1 '

‘Write 4 = () 4,, B = Ay. Thus 4 and B are nonempty compact disjoint sets and
k=0 ‘

/

S A if  na(modl)e [0, x)
T"(xo) E{B if  nx(modl)e[x, 1).

‘Section 1° of the theorem implies the existence of the turbulent trajectory for 7. The
proof of the theorem is completed.

COROLLARY. Let T be a continuous mapping from a topological Hausdorff space X into
itself and suppose that there exists a sequence A, ..., Ay_, (N > 1) of subsets of X satisfying J
the assumptions of Theorem 1. Then there exists a continuous measure which is ergodic and
-invariant with respect to T. ,

The proof follows immediately from Theorem 1 and Proposition 2.

~ Example 1. Let 6" = (p, ... p,) be a closed geometrical non-degenerate n-simplex
:spanned on po, ..., p, (n.23). By 0,6" we understand the (n—1)-face of ¢” which is op-
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posit'e to the i-th vertex, that is p;, and dg" is the boundary of ¢". Let e do* and we
consider some continuous mappings @;: d.6" > da" for i = 0, .., n satisfying the con-
ditions

@{0;,6") = d¢" and @[30;6") = P} -

i

We define ¢: 00" - do" in the following way:

o(p) = ¢i(p) for pedio".

Then ¢ is a continuous mapping from do” into itself. We put 4; = 0;6" and T = fo ¢,
where f is an arbitrary continuous mapping from do¢" onto itself. Then T and Ay, ..., 4,
satisfy the assumptions of Theorem 1 (N = n+1). Hence there exists a strictly turbulent
trajectory for T and, in consequence there exists a continuous ergodic invariant measure
for T.

4. Exactness. Let T be a continuous mapping from a topological Hausdorff space X
into itself, and let m be a probabilistic measure invariant under T (defined on B(X)- the
o-algebra of Borel subsets of X). The system (X, .@(X ) m; T} is called exact if for each

Borel subset E the condition E e ﬂ 7" (5’/3“(X )) implies m(E)(1—-m(E)) = 0.

n=

Example 2. Let C = [[ {0, 1}; be Cantor’s set with the product topology of the
i=0

discrete topologies on {0, 1}. Let p be the product measure of the measures y; on {0, 1}
given by the formula p,({0}) = ({1} = % and let S be the shift transformation on C
given by the formula S({x;}) = {x;:,}. Then the system (C RB(C), u; S) is exact.

We shall use the following SImple observation.

I

- LeMMA. Let T be a continuous mapping from a topological Hausdorff space X into itself
and there axists a sequence (Ay, ..., Ay_1) (N> 1) of subsets of X satisfying the assump-
tions of Theorem 1. Then there exists a sequence (Ag, ..., Ax—1) of compact nonempty Sub
sets of X such that

N-1

%) | T(A) = U A; and A[ < A,
| =0

fork——O , N—1.

Proof. Let .# denote the family of all “sequences (Ag, ..., Ay—1) of nonempty com-
pact sets satisfying condition (1) and A’ cA; for i=0,1,..,N—1. The relation
(Aby, vy A1) S(Boy .oy By—y), if Aic By for i=0,.., N—1, partially orders this
family. Zorn’s lemma implies the existence of a minimal element of . 1t is easy to verify
that this element satisfies condition (5). ] . :

H

- Now we are in pdsitidn to prove the following



236

Tagorem 2. Let T be 4 continuous mapping from a topological Hausdorff space X into
itself. Suppose that there exist two nonempty compact disjoint sets Ao and A, such that
T(Ag) nT(Ay) > Ay v Ay

0 - | |
and ) A, contains exactly one point for everv 'sequence {k), where k; = 0, 1. Then

there exists a continuous measure m such that the system (X, B(X), m; T) is exact.

Proof In virtue of Lemma we may assume that T(4,) = 4, u 4, and T(4,)

= A, u A,. This implies the following conditions
(6) - . Ako..;kno o Ako...knl : Ako...kn

Q) Apgtg YA iy =0 for (ko ky) # (ko ... k7).

" We define a function ¢: A, U A, — C, where C is Cantor’s set defined in Example 2,
by the formula

() = {k;} if  xe Ay,
n=i(

By (6) and (7) the definition of ¢ is correct. For every sequence {k.}, the set () A, &,
=0

H

contains exactly one point, whence ¢ is a homeomorphism. We observe that

@®) poT=So0.

7

Now we define measure m by the formula
) m(E) = p(p(E)) (E Borel subset of 4, L 4;).

From (8) and (9) it follows that the system (4o U A, #B(4, U A,),m; T) is isomorphic
to (C, #(C), p; S). Thus (4o U Ay, #(4 L Ay),m; T) is exact. The extension m of m
from %(4, U 4,) onto Z(X) is the desired measure. : O

Remark. The theorem is also true if we assume that except for a countable number

oo

of sequences {k;} the set [} Ay, .. x, contains exactly one point. The theorem in this form
n=0 _

can be applied to pseudo-r-adic transformations (see Lasota [4]).

Example 3. Let X be the space of all continuous real valued functions x: [0, 1] - R
with the supremum norm topology, and let T: X — X be the transformation given by

the formula

T(x)() = rx(;) 0<t<1,

where r> 1. From Theorem 2 it follows that for each r>1 there exists a continuous
measure m such that the system (X, (X)), m; T) is exact. In fact, denote by X, the sub-
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space of X which contains all functions satisfying

- x(0)=0 1x(t)—x(s)] € |t - 0<s, 1< 1‘},
and write
1 1
yeX ) =x{-1, -

¥

sl

4

~

fi

A,
L Y r

1 11 )
{xeXlrx(r)::x(—)H—-—, —sm}.

It is easy to see that | -
T(Ao) = T(Al) = Xl o AO U Al .

By the induction argument we get

11
Ako___kn={xeX1:x’(t)zki, te(iﬂ,—;), i=0,1,...,n}.
: _ ,

For x, y € Ay, ..x, W€ have

[x—»]| = sup |x()—=(@O) = sup [x@O)=y(OI< i7-
‘ te[0,1] 1e[0, L/t ‘ r

[es] .
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This implies that [} 4, i, contains exactly one point. Since A and B are nonempty and

n=0
compact and 4 n B = @ all the assumptions of Theorem 2 are satisfied.
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