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Ergodic Measures on Topblogical Spaces

by Ryszard Rupnickr (Katowice)

1. Introduction. The classical results concerning the existence of invariant measures
on topological spaces are due to Oxtoby and Ulam [5]. However, the problem of the
existence of continuous (vanishing at points) invariant measures is still difficult. Recently
A. Lasota and G. Pianigiani have been studying this problem using the method of
A. Avez [1]. The main result obtained by them is the existence of continuous invariant
measures for transformations satisfying so called N-addicity condition (seec formula [2]).
In the special case N = 2 they also proved the existence of an ergodic continuous in-
variant measure. The same problem for N > 2 has been open. The purpose of this paper
is to prove the existence of continuous ergodic invariant measures for transformations
satisfying N-adicity condition with arbitrary N. Our proofs are partially based on the
technique developed by Lasota and Yorke [3]. Moreover, we give some sufficient con-
ditions for the -exactness of the resulting dynamical system.

2. Preliminariés. Let X be a topological Hausdorff space and let T be a continuous
mapping from X into itself. For any x, € X the set

O(xo) = {x0, T (%), T*(x0), ...} |

is called the trajectory starting x,, and the set
L(xo) = () cl{0(T"(x,))) (el = closure)
n=0

~ is called the limit set of @(x,). To underline the role of the transformation T we shall
write sometimes @r(x,) and Lr(x,) for the trajectory and the limit set respectively.

DEFINITION 1. A trajectory O(x,) is called strictly turbulent if the following two
conditions hold

(i) L(x,) is a compact nonempty set,

(i) L{x,) does not contain periodic points.

PROPOSITION 1. Let T: X — X be a continuous function and let S = T* for some integer
k= 1. For each xy€ X the following two conditions are equivalent
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(@) Op(x,) is strictly turbulent for T,

(b) Os(x) is strictly turbulent for S and Ly(x,) is compact.
The proof follows immediately from the definition.

By a measure we mean any regular probabilistic measure defined on the o-algebra
of Borel subsets of X. The measure m is called invariant under 7 if m(T~!(E)) = m(E)
for each Borel subset E of X. We say that m is continuous if m({x}) = 0 for each single-
ton {x}. The measure m is called ergodic if for each Borel subset E the condition E

= T"(E) implics m(E)(I-m(E)) .

PROPOSITION 2 (see [3]). Let T: X — X be a continuous mapping and let O(x,) be
a strictly turbulent trajectory. Then there exists a continuous measure m supported on
L(xy) which is ergodic and invariant with respect to T.

Proof. Since L(x,) is compact and invariant, by the Kryloﬁ'—Bogoluboff theorem and
by the Krein-Milman theorem there exists an ergodic invariant measure supported on
L(x,). Lack of periodic points in L(x,) implies that the measure is continuous.

3. Existence of strictly turbulent trajectories.

THEOREM 1. Let T be a continuous mapping from a topological Hausdorff space X into
itself. Suppose that there exists a sequence A, ..., Ay_,(N>1) of compact, nonempty

subsets of X such that | .
N-1 N-1 N-1 ‘
(1) NTA4)> U4 and N4, =9
k=0 k=0 k=0
N_.
Then z‘here exists a point x, € \J A, such that the trajectory O(xo) is turbulent.
k=0

Remark. In the case N = 2 Theorem 1 was proved by A. Lasota and J. Yorke [3].
Proof of Theorem 1. Define a family {4y, .. ;,} of subsets of X by the formula

Ako...kﬂ = Ako...k,.-; M T_i(Akl ...k,-,) ’

~

for k; = 0,1, N-F 1,i=0,1,...,nand n = 1,2,3,... Using (1) it is easy to verify.
by the mductlon argument that the sets Ag,..x, are nonempty, compact and that

@ T(Arg..r) = Asy ..k,

The existence of a turbulent trajectory will be proved by induction.
1° N = 2. Write A, = A, A, = B.
Now choose.an irrational number o € (0, 1) and define a dyadic sequence {k,} by setting

L = 0 1if noe(modl)e[0,a)
1 if ne(modle[a, 1).







