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Some Corollaries of Gromov’s Theorems

by Jerzy KONDERAK

Preface. This paper is based on Gromov’s thesis published in 1969 [1]. Since it did not contain the
exact proofs of some of the results we present some of them in this paper. Gromov’s theorems generalize
a number of cther results obtained by Hirsch, Philips and Whitpey.

The author expresses his deep gratitude to Professor Andrzej Zajtz for his valuable help and his constant
interest in this work. :

Chapter I. In this chapter we shall construct a smooth fibre bundle and formulate
the first Gromov’s theorem. Let us consider smooth (i.e. C* differentiable) manifolds
M, F, dimnM = n, dimF = k. Let the group

LY = {jif1f: (R*, 0) - (R, 0) is a local diff.)}
acts smoothly on the left on F
u: LixF > F

Let FM(M,L;) be the principal fibre bundle of the linear frames of M and E be the

associated bundle with fibre F. Let J'E := U {jLf|f: U, — E is a smooth local section}.
' xeM

So, we have the canonical projection =

n: JJE-> M.

PROPOSITION 1.1 There exists the canonical differential structure of a fibre bundle on

=
JE - M with structure group L\*' and standard fibre J'F, where

JF:={jof|f: (R",0) > F is a smooth mapping}.

Proof. If
(U, @), (V, P) e Atl(M)

then we have the mappings @, ¥ such that

o(x,jof) =Jisfs  Plx,jof) =juf
where

f(y) L= <(61! ey an)y,f(qo(y)—qo(x)))

”
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and

"'< 1,---9 ('MJ’) (p(x)»

and (0., ..., 0,) is the canonical frame induced by o, (04, ..., 0,) is the canonical frame

induced by ¥, We have

(01, sar;)y = (519 vers gn)y ( "b ((P(J’)))

i,j=1,..,n

So, we obtain

B4y 5 By f0 () — @) = <(51, vy Op) ( Ve (fp(y))) ,f(cp(y)-—fp(x))>-

J 1: -u’n

Hence
Yo §x, jof) = (x,jok)

where T,x = a+x and

F(W) = H(jcla[T—(ww(x)) oo ¢ o q)(q’l"i(W‘Flfl(x))]ﬂfo T_,meo@e Yy te T.p(x)(w)) :
Thus it is natural to define an action of L."! on the manifold J'F
jg: LY < JF->JF
in the following way

2+ 1

(o o, jof) = joh

where

h(w) = p{jo(T-y © & © Tym1o), S (W)

Using standard computation we check that
1. i 1s well defined,
2. fi is an action of L' on J'F on the left,
3. [i 18 smooth.
On the other hand we define a family of functions g, in the following way:

o UN Y A

Qyo(X) i = +1(T—I.D(x) ;Yo Q"_l ° Tyx) -
It 1s clear that
1. are smooth functions,
2. 04 = leLl™,
3.4 (U, @), V.9, (W, e AUM), Un ¥V W+ Qthenforeveryxe Un VW

Que

Qxa[l(x) .Ql,fup('x) = quo(x)
Morcover the following equality holds
o G(x; jo ) = (%, 04 (x) Jo S)
Therefore we obtain that the family

{(UXJF, )} w, pyeanpn
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defines the differential structure of the fibre bundle JE with standard fibre J'F and with
structure group LI,

COROLLARY 1.2 If H<J'F is an open subset and J(L.T', Hy< H, then it induces an
open subbundle of the bundle J'E with sz‘andard ﬁbre H.

We shall denote this bundle
. JEy > M

Notation: if p:n — Nis a fibre bundle, then I'*(s) will denote the set of all C*-sections
of this bundle. ’
As It was mentioned,

n. FE-> M

" is a fibre bundle associated with F. The set I'®(E) is a topological space with the weak
C*-topology. Let d* be the mapping

d¥: T*(E) - [°(J'E)
defined by
d*e)(x) = j¥¢  for o e I'™(E)

Let H<=J'F be an open set invariant under the action of L}"!, then we shall use the

following notation
By := (d*)7 (I Ey)]

The main result concerning the map d* for an open manifold is the following theorem

THEOREM 1.3 If M is an open manifold (that is if M has no compact components) and
if HcJ'F is an open LE* Y invariant subset, then the map

is @ weak homotopy equivalence.
For the proof see [1].

Chapter TI. Tn this chapter w - shall present two corollaries of Gromov’s theorem
(thecorem 2.2 and 2.4). Lemma 2. vill be used to prove Theorem 2.4. This theorem con-
cerns transversal mappings on the open manifold. The second theorem gives a sufficient
condition for a distribution on an open manifold to be homotopic to a foliation.

Let M, N be smooth manifolds and let 5 be a subbundle of the bundle TN. Let ¢ be
a smooth function |

o M- N

DEFINITION 2.1 The funciion @ is transversal to n (we shall write @ A ») iff for every
xeM
ilndx‘;p"l“ﬂ@(x) = Tq;(x)N |
16+
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Notation:  *
Cy(M,N) = {feC*(M,N): fhn}
Hom,,(TM, TN) = {FE Hom(TM, TN): VxeMimFx +f]f(x) = TF—(I) N}

The set

Cr (M, N)

i equiped with the weak C!-topology and the set
H(TM,TN)
is equiped with the compact-open topology. There is the natural continuous mapping
d: C®(M, N) - Hom,(TM, TN) |
(df)(x) = d.f

THEOREM 2.2 If M is an open manifold, then the mapping d is a weak homotopy equi-
valance,

Proof. Let

H={jifIf: R"> N and imdof+1,0 = Ty N} ;

then H=J'N and H is an open subset. Let u be the trivial action
p: LixN—> N
so the induced action ji acts as follows
B(jo%, jof) = jo(foa™)
Hence we obfain that H is L’-invariant, thus by the Gromov’s theorem the function
d': By —» I'°(JEy)

is a weak homotopy equivalence. The bundle E is a trivial bundle since yu acts trivially,

hence
By C®(M, N)

Thus, we have a function

Ay: By - C¥(M, N)

From the definition of topology in B, it follows that A, is a homeomorphism. Now we
shall define a function

Ay: T°(JEy) - Hom(TM, TN)
(A0)(x) = d,f, where o(x) = j,f.

It easy to see that A, is a homeomorphism,
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Finally, since the following diagram commutes

d' 0, 1

B, > [(JE)

'

Y

o0 d  J

- Cpl(MN) > Hom, (TM,TN)
d is a weak homotopy equivalence.
LemMmA 2.3 If
p:l{->M

is a smooth vector bundle which has discrete structural group G then there exists an in-
volutive subbundle

| {cTt
such that for every ae{ '

LOT(p™ (p(@) =T,

Proof. Let (U, ¢) be a local trivialization of the bundle

p:{—->M,
so the following diagram
UxR® 14 > /U
P, p/U
U

commutes where s is the dimension of the fibre. Let a = ¢(x, A), then we shall define

lo:= (dix, y0) (T M)
We have to show that
1. ¢ is well defined,
2. [ is a smooth involutive subbundle of T,
3. for every ael

f,,@Tap"(P(_a)) = Tt
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The points 2 and 3 are obvious. Let # = y(x, 7) and let (V, 1)) be another trivialization
of the bundle
p: - M.

So we have

[0z = (£, 1] = [ = £, )],
@h )z~ 0(f@), A] = [z > G 2 ) (/). 2]
= [z = (1@, (/@) 2] = [t > G, Py 2]
where @, is the transition mapping. The last equality holds because the mapping
Pyo: UV -G
is locally constant. Thus we have shown that
Aoy~ o )T M) T, M

so 1. is true. The following theorem concerns foliations (see Definition 3.1)

THEOREM 2.4. A distribution & on an open manifold M whose normal bundle TM|E
admits a reduction to a discrete group is homotopic to a feliation.

Proof. We shall define a morphism of vector bundles

F: TM - T(TM)
by

Z)y = [t = Z 1]
If ZeTxM, then

F(Z)eT,(TM).

[t is easy to see that F is a smooth monomorphism of vector bundles and for every xe M
imF, =T, (T, M).
Let{ = TM/¢; we know that the fibre b.undle
p: (- M

has a discrete structure group, then by lemma 2.3 therc exists an involutive subbundle
{ = T¢ such that for every ae(

LOT,p '(p(@) = T.C.
We shall use the following canonical projectiohs o, f8

a: TM —-{ and f:T{ - 1¢)C.
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We have the following commutative diagram -

R Y V. - S R S

¥

™

14

M s TN S 7

Y ¥

Here v is the zero vectorfield. We shall show that

1. for every x € M the mapping (fodxo F), is surjectxve on fibres

2. ker(foduo F) = €.
At first we notice an obvious fact that if n, < n, are a vector bundle and its subbundle,
then the canonical projection

N2 — Ma/My
is a submersion. Thus

do: T, (TM)—> T,
1S a surjection, moreover -
(do, DT (T M) =T, L
since

do: T, (TM) > T,0L,.

is a surjection. So we have proved the first point. On the other hand we have that

e
T, (&) < ket (d, ).

It implies that
Vxe M f;cc:ker(ﬁodaoF)x.

The opposite inclusion is true because of the surjectivity of the function
(B o dxo F),
From Theorem 2.2 we obtain that there exists a continuous function
A: [0, 1] —+ Homg (T'M, TY)
and there exists a smooth mapping
i M

such that fe Cg (M ), 4(0) = df and A(l) = (ly o
Let G, (M) be the Grassmann fibre bundle, where m = dimé,. We shall define the
following mapping A

A: Homg(TM, TC) — I'°(G,,(M))
If
HeHomz(I'M, T{)
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then A(H) is a section of the Grassmann fibre bundle such that

AH)X) = H'(Q)

The continuity of the function 4 can be shown by using standard but rather complicated
calculus,

Finally, we obtain the following mapping

Ao 4: 10,11 - 'Y, (m))
where
AoA(l) = (daoF)"'({) = ker(fodao F) = ¢
and ' |
(8O0 =@
The distribution
@)=

is involutive so ¢ is homotopic to a foliation.

Chapter IIL In his work [1] Gromov gives another variant of Theorem 1.2. In this
chapter we shall be concerned with a corollary of the second variant. At first we shall
recall the definition of a foliation and then construct an associated fibre bundle; together
with the definition of an injective set it will allowed us to state the second Gromov’s theo-
rem. Then we shall give an example of an injective set and this will be applied in corol-
lary 3.11. |

Let M, F be smooth manifolds where dimM = n+k

DEFINITION 3.1. 4 smooth n-dimensional foliation on M is a pair (M, S), where S fulfils
the following conditions

1. S Atl(M),

2. if (U, ), (V, @) € S, then for every ze Un ¥V

Un {we Vlp" '(w) = 0" 1(2), ..., " W) = o"*¥z)} -
=Vn{weUY" (W) = y"*1(2), ..., ¥"* w) = y"*Hz)},

3. the set S is maximal with respect to the properties 1, 2.
Let C*(M, S, R) be the set of mappings f from M to R such that for every

7€ N"x {0}
and for every (U, ¢) € S the mapping
D'(fo0™")
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is well defined and continuous. We define the set C*(M, S, F) analogously, Now we
shall define a bundle

[S, FI' := U {j:f1fe C*(U,,S, F)}

xeM

There 15 the natural projection 7
0[S, F - M such that 2(jLf) = .

Let (U, @) be an arbitrary chart from S, then it induces the mapping

$: UxJ'F - a~ (1)
such that

@(xa}gf) =];::(f° pre T-qo(x) @ qJ)
where

pr: R"xR* - R", pr(x,y) = x and T,: R"™* > R"™* T, (2) = z+w.

ProOPOSITION 3.2. The family |
{(UxJ'F, $)I(U, p) € 5}

defines the structure of a continous fibre bundie on [S, F 1* with standard fibre J'F and with
structure group L} .

Proof. Let (U, @), (V,¥)e S. These charts induce the mapping

Yyl
which acts as follows

Y oG (UNnV)XT'F> (UnV)xJ'F
So we have the following equality |
U e @(x,jof) =jo(fopre T_ gy @ o™ oTyyon)

where

u: R"cs R"*,
On the other hand we have the natural action of L! on J!F

9: LixJ'F - J'F

8Giog.Jof) =jo(feg7?).

Finally for every (U, @), (V, y) e S let 04 be the following mapping

Oye: UNV Ll

Oyg(Xx) 1= jtlJ(PI' o T yxmyoWe o1 o(x) ° 4)

The mappings have the following properties
l. ¢4, are continuous,

2‘ lp—l ° (ﬁ(xs ;{) = (xs quo(x).)’)s
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3 Qw,"':" IELI“‘“

4 Qx:,ll(r) QW(p(x) h ngo(x)
Hence we obtain a structure of a continuous fibre bundle on [S, F]! with standard fibre J1F,
Let now w be the canonical inclusion

W Rn C——) Rn-i—l

and let J;F be a set of l-jets of smooth functions at the origin of n+ 1-dimensional
Euclidian space to the manifold F. There is the natural function

q: J,F— J'F,
q(iof) 1= Jjo(fow).

DEFINITION 3.3. If H is any subset of J1F, then by X(H) we shall denote a subset of
J, F such that the following conditions holds:

L. 2(H)=q '(H),

2. Loy - Z(H) < Z(H),

3. X(H) 1s maximal with respect to the properties 1,2.

COROLLARY 3.4. For every H < J'F there exists the unique set X(H).

DEFINITION 3.5. The set H < J'F is injective iff the following three conditions hold:

1. the projection ¢g: Z(H) 4« H is a surjection,

2. the set H is open in J'F and Ll-invariant,

3. the projection ¢: X(H) — H is a Serre fibration.

Let H be an open, L,-invariant subset of J'F so by Proposition 3.2 H induces a sub-
bundle of the bundle [S, F]'; it will be denoted [S, F, H]'. We have the natural mapping

aM’: COO(M: S7 F) - Fo([S7 F]l)s
where '

() =0 and o(x) =/.f
Let us usc the following notation
B(S, F, H) := oy [I°(S, F, H]")].

We are thus in a position to formulate the main theorem of this paragraph, which was
proved by Gromov in his thesis.

THEOREM 3.6. If the set H is injective, then the mapping
du: B(S, F, H) - I'([S, F, H")

is a weak homotopy equivalence.
For proof see [1].
Example 3.7. Let £ = TF be a subbundle of the bundle TF, Let P be the canonical
projection
P: TF - TFJ¢.
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Let us denote H, a subset of J'F such that
Hy:= {jifeIFP < d,f is an-injection}
We shall show that if the dimension of a fibre in & is r, dimF = m, and the following
nequality holds |
n<m—~i

1A he et 3 injective, I has 10 be shown that |

I. the projection
q: 2(Hy) — H,
is a surjection
2. the set H, is open in J'F and L,, -invariant,
3. the projection -
| q: X(Hy) - H,

i1s a Serre fibration.
The point 2 is obvious. Let us define a subset £(H,) of JLF

S(HY := {jcl,feJiFIP odyf is an injection}

It will be shown that

2 (Ho) = Z(Hy)
Obviously
‘ 2(Ho) < q™ ' (Hy)
and Z(H,) is L}, ,-invariant. Hence

S(H,) < Z(H,).
Suppose that
Jof € Z(H)NZ (H,),

this means that Pod,(few) is an injection and P -d,f is not. So there exists a dif-
feomorphism

o (R”+1, 0) N (Rn-i-l, 0)
such that Pod,(fooow) is not an injection, which is impossible. So we obtain that

E.f(Ho) = Z(Ho)-
Since
dimF—=dimé>dimM,

we get that the projection
q: Z(Hy) = H,

is a surjection. To prove that ¢ is a Serre fibration the following notation will be used:
if ¥V is a subspace of R" then

gl(n,m; n,V):= {4 egi(n, m)lkerd =0 and imAd 0 V = 0}.









