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On Boundary__ Value Problems for Differential
Equations with a Retarded Argument

by Marian JABLONSKI and Krystyna TWARDOWSKA

1. Introduction. The boundary value problem

x = f(¢, x)

Adx =«

of a functional differential equation with a retarded argument was considered in [5] for
a function f: [a,b]xC°2(t, @) = f(t, ) € R* fulfilling the Carathéodory conditions
and for a linear continuous opcrator 4 defined on the Banach space W of absolutely
continuous functions with values in R% It was stated there that if for every operator A
belonging to an open set 2 c.Z (& denotes the space of linear continuous operators
from W to RY) and for every vector o € R? the above problem has at most one solution,
then it has exactly one solution for every 4 € Q and every o € R%. Moreover, the existence
and uniqueness theorem was proved for the operator A, which represents the Cauchy
problem. .

In this paper the above results and the continuous dependence theorem contained
in [5] are transformed to the case in which the space C° is replaced by the space of Lip-
schitzean functions.

Since the boundary value problems given by difference equations may be replaced
by the boundary value problems for differential equations with a delayed argument we
obtain as a corollary of our theorems the existence and uniqueness theorem of the solu-
tions of the boundary value problems for difference equations. As a corollary we obtain
also the theorem concerning the convergence of solutions of boundary value problems
of difference equations to the solution of the boundary value problem for a given differential
equation approximated by these difference equations.

One theorem dealing with the convergence of the solutions of the boundary value
problems for differential equations with a retarded argument to the solution of a given
ordinary differential equation was also proved by J. Myjak in [4]. However, that theorem
is not of the same type. The author proved in it that under some assumptions the solution
of the boundary value problem for the differential equation with a retarded argument
and with fixed right-hand side converges to the solution of the ordinary differential equa-
tion with the same right-hand side with delays tending to zero. Our theorem includes
the case where right-hand sides of the equations are changing and are convergent.
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2. Definitions and notatmns Let W = W([a, b], R°) be the space of absolute]y continu-
ous functions x: [a, b] = R® endowed with the norm

il = @I+ ] 1@1d.

The space of linear continuous operators from W to R¢ with the norm topology is
denoted by & = Z (W, RY). |

Let &, be a positive number. We shall denote by C° = C°%[a—hy, al, R% the space
of all continuous functions from [a—hg, a] into R? with the norm

“ xllee = sup{lx(®)]: tela—hg, al}

and by L = L([a—hg, a], R%) the space of Lipschitz functions from [a—hy, a] into R,
with the norm

Ixll, = sup {Ix()]: e [a_i;o,a]}+sup{£’f-(%£;-lgﬂ: a—110$t<t$a}.

We remind that the function f: [a, b] xLa(,p)—f(t,p)e Rd fulfils the Carathéodory
conditions 1f
(i) it is measurable with respect to t for every fixed ¢,
(i) it is continuous with respect to ¢ for every fixed t
(iii) for every bounded set B < L there exists a constant my such that

£(t, @) < my
for rela, b], ¢ € B.

For a given family @ of the functions f: [a, b]x L — R? we say that @ satisfies the
Carathéodory conditions uniformly if every function fe @ fulfils conditions (i), (ii) and
(iii') for every bounded set B < L there exists a constant My such that

/{1, @)l < My
for every tela,b], o€ B and fe ®.

We say that the sequence {f,}.=; (f,: [a,b]xL — RY converges continuously to
a function f: [a, b]xL — R* if for every sequence {¢,} =L convergent to a function
¢ € L in the space L the sequence {f,(t, ¢,)} converges to f(t, ¢) for every 7€ [a,b] as
n— .

Let us denote by & the space of all functions f: [a, b} XL — R? fulfilling the Carathé-
odory conditions (i), (it), (iii).

We remind that the sequence {f,} = &/ is almost uniformly convergent to a function
fe o if and only if f,(¢, ) — f(¢, @) uniformly on [a, b] x B for every bounded set B L.

In the sequel we shall not mention that the equality X = f(z, x,) occurs almost every-
where. It will be clear from the context.

For x: [a—hg, b] = R? and ¢ € [a, b] we define the function x,: [a—ho, a] = R by

(1 x(0) = x(t+0-aqa).
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Let f: [a, b)) x L —» R* be a function belonging to .« and let A e .

We shall consider the following boundary value problem
(2) X(t) = f(t, xy),
3) Ax = .

We remind that an almost everywhere differentiable function x: [a—hgo, b1 = R? is
said to be @ solution of equation . (2) if x satisfies (2) almost everywhere on [a, b].

Condition (H°). The function f: [a,b]xL — R* fulfils condition (H®) if for every
function ¢ € L there is exactly one solution x of equation (2) which satisfies the initial.
condition x, = ¢. --

The continuous x: [a—f,, b] - R is called the solution of equation (2) in Carathéodory
~sense 1[ it is absolutely continuous on the interval {a, b], satisfies (2) almost everywhere
on [a, b] and is constant on [a—/, a], that is x, = const.

The continuous function x: [a—h, b] - R* is called the solution of problem (2), (3).
if it is the solution of equation (2) in Carathéodory sense and fulfils condition (3).

3. Existence and uniqueness problems. Repeating without any essential modifications.
the proof of Hale’s continuous dependence theorem ([3], p. 21--22) we get as a corollary..

THEOREM 1. Let us assume that the functions f,: [a, b]xL — R (n = 0,1, 2, ...} satisfy
the Carathéodory conditions uniformly and the sequence 8 converges continuously
to a function fo satisfying condition (H®). Let the sequence {0, =L be convergent
to ool and let x,: [a—hg,b] - R (n=0,1,2,..) be the solution of equation
x(t) = f,(t, x) Sarisfying the initial condition x, = @,. Then x(t) converges uniformly
10 xo(t) on [a—h,, b]. |

By Theorem 1, using the same method as in proof of Theorem 3.1 ([5]) we get

THEOREM 2. Let a fixed function f: [a, bl x L — R? satisfy the Carathéodory conditions-
and condition (H®). Let Q be an open set in L ~If for every operator A € Q and every vector
« € R? boundary value problem (2), (3) has at most one solution, then for every A€ Q and
every ae R problem (2), (3) has exactly one solution.

Proof. Let ke R%. Denote by x* the solution of (1) satisfying the initial condition
x% = k. It is sufficient to show that for every A€ Q and a € R? there exists k € R? such
that Ax* = a.

Let 4° € Q be given. Define the function F: R? —» R? by the formula

F(k) = A%X*.

It follows from condition (H°), uniqueness assumption and Theorem 1 that F is a continu~
ous injection. It remains to-be shown that the range of F, F(R?), is in fact equal R,
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Suppose that F(R%) # R’ Since F(R?) is open (by Schauder’s open mapping theorem
[2]), there exists a point p e R? and a sequence {k,} R’ such that

4) Fk)—>p as n— w
.and
p¢F(RY.

If there exists a bounded subsequence of {k,}, then we can find a convergent subsequence
{k,}ie, of {k,}. Let k, - k, as n; - co. Then F(k,) = p and we have a contradiction
with the fact that p ¢ F(R?). Therefore, we may assume that there exists ¢ >0 such that

kpsm—kul =g, n=1,2,3,...; m=mn=1.

We have
(5 | Fllyim)—F(k,) = A°(" =" = A%,
where y, = x***m—x*" Let A*: L —» R’ for k = 1,2, ... be such that
(6) Ay = —A%,,
0 1 4¥|| = IAO”!_

- [ 3alle

The existence of these bounded linear operators satisfying (6) and (7) follows from
Hahn-Banach theorem. Since

|yn|Lr>’ I(_yn)al = |xﬁn+m"'x’:}n| = lkn+m_-knl 281
we have by (4) and (5) that
I 0

Ay,
-0 as n— 0.

144] <

Since Q is open, there exists 77 such that 4%+ A7 e Q. For A%+ A" we have
(A" + AY(XF 77y = 0, m = m(i).
This means that the boundary value problem
X(t) = f{t, x4
(A7 + A% x = (47 +A4°)x"

has two distinct solutions x*3+= and x*%. This contradicts our uniqueness assumption
and completes the proof of the theorem.
Let A, € £ has the form

) _ Apx = x(a).

It is obvious that boundary value problem (2), (4) is a particular case of the Cauchy
problem. It is easy to see that if the function f in equation (2) fulfils condition (H®), then
the Cauchy problem for this equation has exactly one solution. Therefore, problem (2), (8)
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has the same property. We can show, using Theorem 2 and repeating the argumentation

of the proof of Theorem 4.1 ([5]) that the problems close (in the sense of the topology
in &) to problem (2), (8) have exactly one solution. That is

THEOREM 3. If a fixed function f: [a, b]x L — R* fulfils the Carathéodory conditions
and the Lipschitz condition |

©) L, @)1, I < Kllp—llco,

where K is a positive constant, then for every operator A belonging to the open ball B(A,, n),
where

_ l+exp(b-a)K

T (b—a)k

(10)

and for every vector o e RY boundary value problem (2), (3) has exactly one solution.
Just in the same way as Theorem 6.1 ([5]) we can prove

THEOREM 4. Let @ < &/ be a given family of functions f: [a, b]xL — R* fulfilling con-
dition (H°) and the Carathéodory conditions uniformly. Let Q be an open set in ¥. We
assume that for every function fe @, for every operator Ae Q and every vector x e R
boundary value problem (2), (3) has at most one solution. Then bbundary value problein
(2), (3) has exactly one solution dependent in a continuous manner upon x(f, A, o) € ® x
x QxR i.c., if {f,} = @ is almost uniformly convergent to fe ®, {A4,} = Q is convergent to
A€ Q(in &), {x,} = R%is convergent to o€ R?, then x(f,, A,, ) = x(f, A, %) as n — 0,
in the space W. ‘

4. Application, Let a fixed function f: [a, b]x R*— R* be givén. We define functions
f: la, b1xL([2a—b, a}, R") > R* and f,: [a, B] xL([2a—b, a], R%) ~ R® by the formulas

an . f(t, 0) = 11, 0(2)),
(12 5t 0) = £(0(1), o(a"(t) ~t+a)),
where

n

b—a
¢"(t) = max {-m_ k< t} .
k
Let us consider boundary value problefns
(13) R =ftx), Ax=q,
14 21 =t %), Apx =,

where the sequence of operators {4,},=; is convergent to an operator A in the space %
and the sequence of vectors {o,},~, is convergent to a vector « in the space R%,
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