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- The Newton-Padé Approximants
and the Growth of Meromorphic Functions

by Krzysztof RECZEK

- 1. Introduction. Let f be a function holomorphic in a set {z: |z] > R}. To estimate
the growth of the modulus of f(z) when z tends to infinity, we introduce the order and
the type of the function f.

Denote M (r) = sup{|f(2)|: |z} = r}. Then we define the order of f as follows:

o(f) = ¢ = inf{u>0: ArgVWr>reM,(r) <exp(r)}.
When 0 < g < w0, we deline the 7ype of f in the following Wdy:
a(f) =0 =inf{v>0: Ar,¥r> roM ,(r) <exp(vr%}.

Sluppose' now that f is an entire function. Let

= Y a2
n=10

Then
‘ , —nlnn

(1.1) e(f) = hm sup

newo Infa,
and

| . nla,|*"

(1.2) | g(f) = lim sup

nes oo eo

if 0<p< oo (see [2]).
Let (z,);=; be a bounded sequence of points. Denote

(1.3) wo(2) =1, 002)=GC-z)w,_,&), n=1,2,3..

Let / be an entire function. Consider the Newton development of f with respect to the
sequence (z,): )

(1.4) - - @)= ;Oc,,co,,(z).
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Winiarskt [4] has proved fhat the order and the type of f are given by the formulas:

_ _ —nlnn
(L1.5) ¢(f) = lim sup ,
> oo In|e,|
n o/hj
(1.6) - o(f) = limsup ——, 0O0<p< o0,
! H= W ep

which are generalizations of the classical formulas (1.1) and (1.2). Moreover, he has
shown that if a sequence (c,) satisfies the condition

1/n

~lim supn'/®c,|'" = (ego)'’%, ©0>0,0>0,

then the function f defined by (1.4) is an entire function of order ¢ and of type o.

The purpose of this paper is to give some generalizations of the above formulas for
the functions meromorphic in C with a finite number of poles. In order to do this, we
need to replace the Newton coefficients by the coefficients of the Newton-Padé ap-
proximants. ' |

2. The Newton-Padé approximants. Let (z,)>, be a sequence of complex numbers.
Suppose that f is a function holomorphic in a neighbourhood of the set {z,: 1 <n < c0}.

Denote by R, ,, the set of all rational functions, whose numerators and denominators
are polynomials of degrees not greater than # and m, respectively. Let the function f, ,,
satisfy the foliowing conditions: |

0 L)
1 .ﬂ:,m € Rn,ms

J " n,m

2° the function-
Wntm+1

is holomorphic at each point z; for 1 <7< n+m+1.

For each couple (n, m) there exists at most one function satisfying the above con-
ditions. Tt is called the (#, m)-th Newton-Padé approximant of the function f with respect
to the sequence (z,),=4 (see [1].

In the sequel we will consider the sequences of Newton-Padé approximants (7, ,)
with m fixed and with » tending to infinity. It will be useful to simplify the notations.
Denote:

@ | foi= fum = 2,
where '
2.2) IEICE W
and |

@.3) GO = e )
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where én.,l! wey Zy.m, 8¢ poles of the approximant f,. Then the polynomials p, and g,
have no common divisors of degree higher than zero. Assume that |

(2.4) |Z0,1] S oo <20, mal -

We will use the following

LEMMA 2.1. Let (z,)p=1 be a bounded sequeﬁce of complex numbers and let f be a function
meromorphic in C, holomorphic in a neighbourhood of the set {z,; 1<n< o0}, Suppose
that f has exactly m poles in C, counted with their multiplicities. Then:

1° for almost every n there exists the approximant f,;
2° the poles of f, tend to the poles of f when n tends to infinity;
3° limf,(2) = f(z) in C, ‘except for the poles of f.

n—+ oo

This lemma is a slight modiﬁcati-on of the Saff theorem [3], so we omit the proof.

3. The ‘growth of meromorphic functions. Denote by M, (C) the class of all functions
meromorphic in C, whose number of poles is not greater than m. The main result of this
paper is the following

THEOREM 3.1. Let (2,)2%, be a bounded sequence of complex numbers. Let £ be a domain
containing the set {z,: 1 <n < }. Assume that there exists a limit point of the sequence
(z,) in Q. Let f be a function meromorphic in Q and holomorphic at each point z, forl <n<oo.
Assume that for almost every n there exists the (n, m)-th Newton-Padé approximant f, with
respect to the sequence (z,)e-1 and that for some positive numbers y and v the following
inequality is true:

3.1 lim supn*’|p,,|M" < (epv)' ™.

n—o

Then:

1° f can be extended to a function of the class M,(C) (we will denote this meromorphic
continuation by the same letter f); '

2° the order of f is not greater than p;
3° if o(f) = u then the type of f is not greater than v;

i

4 if
(3.1 lim supr'™|p,,|'" = (ep)*
and if
(3.2) : lim sup|z, . |'" <1,

then o( f)=pand a( f) = .
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Proof. Suppose that there exist the approximants f,, for n2n,. Choose a number
0 € (0, 1). We define the set D, as the sum | |
(33) DB = U .UlB(zn,i: en),
n=ngi=
wheré B(a, r) = {z: |z—a| <r}. Hence, the set D, can be covered by a number of discs,

: : 2m : .
whose sum of diameters is not greater than dy = T Moreover, if z e C\D,, then it

follows from (2.3) and (3.3) that
(3.4) E 9:(2)] = 6™".

Put s = sup{jz,|: 1<n< o} Let z e C\D,. It follows from (2.1), (2.2) and (2.3) that

N _ pnnwn+m(z)
OO = O

Hence and from (3.4) we get
(3.5) /5 (@) =fa- 1@ < 072 p, (12| +5)m "

when z e C\D,.
But lim |p,,|'/® = 0. Hence the sequence (f,(z))y,,, converges if only z does not belong

m=>c0
to D,. |
| Choose a number R > 5. Then there exists Ry, R< Ry < R+d,, such that the set D,
does not intersect the circle C(0, R,) = {z: |z] = Rg}. Obviously, the sequence (fneno
is uniformly -convergent on C(0, R,). |
For every n let k, = max{i<m,: |z, ;] <R,}. Denote

Qu2) = (2= 25,1) .. " (2—2, ).

Then [Q,(0) < (2Ry)™ for [{|<R,. Hence we can choose an increasing sequence of
integers (n,) such that the sequence (Qnli=1 converges in C, Put Q = lim On, Then

Q is a polynomial of degree not greater than m. -

Each function f, - 0, is holomorphic in a neighbourhood of the discB(0, R,). Hence:
the sequence (f,,- 0, )i=; converges to a function @ holomorphic in the set B(0, R,).
Moreover, it follows from the identity principle that ¢ = fQin Q n B(0, R,;). Hence,

the function f can be extended to the function —Z—, meromorphic in the set B(0, R,),

and the number of poles of this function lying in that disc is not greater than m. But R has
been chosen arbitrarily, so f can be extended to a function of the class M,,(C). We denote
it by the same letter £. This proves 1°.

Before we prove 2°, we have to make some additional remarks. Let z € C\D,. Suppose
that there exists a sequence (n,) and a neighbourhood U of the point z such that for
every / the function f,, has no poles in U. Then it can be shown in the previous way that
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limf,(z) = limf,(z) = f(z). So we have shown that limf,(z) = f(z) in C\D, except -

n— a0 l-w . n—w

for at most m points. We can choose a number R, such that for every point

z € (C\D)NB(0, R;,), limf,(2) = f(2).

n—0

Assume that R, is so great that M (R) is an increasing function for R larger than R,.
Let R be greater than R,. Then

M ((R) < M(Rg) I £l |ICO, R+ Y 11 fu=Fo= 1} CO, Ry).

n=np

According to (3.5), we have

n=no+1

(3.6) M(R) < 4, (Ro)* + > P 0727 (Rt )"

Let K be an arbitrary number greater than v. Then it follows from (3.1) that there:
exists a number n; = n, such that

eKu\"*
]pnnlg _n— for n?nl.

If R is large enough, then (R,+s) < 0™ ™ R. It follows from (3.5) and (3.6) that
. | eKu nie s
M/ (R)< AR 1+(6’ " R)" ——1 (077" R)",
n
n=n1+1

where 4, depends only on 8. '
Let ng be the smallest integer greater than 2“eKp (8~ >™- R)*. Then ny, is greater than n,,
if R is large enough, and the sum Y |p, /(07" -R)" is smaller than 1. Consequently,

n>nR

nju
3.7 M (R)< A,R" +(07" - R)™ (nR-max {(—efﬁ) -(9_3’"-}%)”} + 1) ,
n

when R 1s large enough. From (3.7) we get
M (R)< A R+~ ™-R)"- A3R"-exp(K(6~°"*R)"),

where 45 depends only on 6, u and K. This implies that the order of f is not greater
than u and if o(f) = pu, then the type of f does not exceed K0~ >, But 6 can be chosen
as close to 1 as we need, so the type of f is not greater than Q and, consequently, not
greater than v. This proves 2° and 3°. |
Assume now that the conditions (3.1) and (3.2) are satisfied. Then, of course, f can

be extended to a function of the class M, (C). Then we can write f = g, where ¢ is an

entire function and Q is a polynomial of the form

38 | 0@) = (t={) o (2=,
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‘where k is the number poles of f. Then, of course, the order of ¢ is equal to the order
of f and the type of ¢ is equal to the type of f.

For the proof of 4°, assume that either the order of f is smaller than u or the type
.of fis smaller than v. Then there exists a number K <v, such that

(3.9) lp(2)} < exp(K|zl),
‘when |z| is large enough. Using the Ca.u_chy formula we get from (2.2) and (3.8)
1 2)q.(z
b = f 239,

2mi Om+n+1(2)
C(0,7) |

for r>s. Using (2.2), (2.3) and (3.9) we obtain the estimation
| P2+ (2, m ™) XD (K¥)

min{|w, +n+ 1@ 121 = r}’

Lin
n
When r is large enough. Put r = (-f) . Then for almost every n the estimation (3.10)
| \Ku |
is true. Hence we derive
: lim supn' ™| pit" < (eKpw)'™ < (epuv)'’*.
. n— 0
“This contradicts the assumed equality (3.1"). We have proved 4°.
As consequences of theorem 3.1, we derive the following corollaries:

COROLLARY 3.1. If lim #%| p,,|'/" = O for every positive a, then f is a function of order zero.

n—> o0

COROLLARY 3.2. Assume that the function f has exactly m poles in C and that the equality
(3.1 is satisficd. Then the order of f is equal 10 u and the type of f is equal to v.
Proof. Lemma 2.1 implies that the approximants f, satisfy the condition (3.2).
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