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On some Properties of Solutions to the First Fourier Problem
for Infinite System of Parabolic Differential-functional Equatlons
in an Arbitrary Domain

by Barbara KRASNICKA

1. Introduction. In this paper we shall consider the so-called first Fourier problem
for a weakly coupled infinite system of parabolic differential-functional equations

(LD wt, %) =L x,ult, x), ui, X), (X, u)  P=1,2, .

(where (¢, x)€ D, D-infinite domain, u = (', 4, ...), u = (5, ..., 4y,) and u’, is the
matrix formed by the second order derwatlves ut Jck) and for a strongly coupled infinite
. system of parabolic equations

(1.2) ul(t, x) = (¢, x, u(t, x) u, (¢, x), wl(t, x), v (t, x)) i=1,2,..

(where u, = (”x,.a uin D).

Our concern will be to prove some theorems (comparlson theorem, theorem of the
uniqueness of the solution and theorem of the continuous dependence of the solution
upon the right hand sides of the system and upon the initial and boundary conditions)
for a solution of system (1.1) or (1.2) belonging to the functional class E;*® (for a definition
of the class — see below) and satisfying given initial and boundary conditions. Similar
problems for a solution u € I® were elaborated in [3] by J. Szarski.

In order to make further considerations more clear let us mtroduce some definitions,
notations and Spemal general assumptions.

Let D be a set in time-space (f, x) = (7, X5 ..., X,). We shall say that the set D has
the property P if ‘ |

1°. the projection of the interior of D on z-axis is the interval (fo, 7o+ T), where 1, is

finite and 0 <7 < o0, | :

2°. for every (¥, %) € D there exists a positive number r such that

{(z, x) (t—?) +Z(x — J)'~’<r , t<i}c:D
By D, we denote the set which fulfils the following conditions:

Dy=D, Do={(t,%): t<t,+T, xe A"} .
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Let us fix K>0, M>0and [€{l,2,..,n}. By EQ(K M; Dy) In short E, let us denote

the class of functions u defined in set D, for which the inequality

u(t, %) < Mexp(;x?) )

holds true in D,. \
Whereas by E;*(Q, M; DO) (m short E%®) let us denote the real space of mappings

w o= (wh, w?, ..): D, a(t x) = w(t, x) = (w'(z, x), wz(z‘ x),..)el”

where wi are continuous in D and belong to Ej, and I is the real Banach space of se-
quences s = (s!, 5%, ...) for which there ex1sts a finite norm sl = sup {}s”]:0 = 1,2, ..},
In class Ey® we mtroduce the norm -

; |
wll" = sup{w/(t, X)|exp(=K ¥ xD): (1, x)e Dy, j=1,2,..}.
| . i=1 J
For we:Elz""0 and fixed z > 1, we define
- ' I R
IIWII§ = sup{|w'(f, Dlexp(—=K ¥ £5): (, %) eD, I<t,j=1,2,..}.
| = .

We say that the mapplng u = (u u .)€ E 1s regular if for every i € N functions u

i

are continuous in D and ut, u,, u,, are continuouns in D.
Let us introduce.

Assumptions A. Real functions f(t,x,z,q,r,w) (i =1,2,...) are defined for
(t,X)e D, z = (2,23, ..0€l®, g=(q, ... @) ER", r = (r;)t1=1,» W€ EFY®. We say
that a regular solution of (11) is parabolic if for every matrix re 2" and #* = 1 .the
following implication |

r=0=nfi(t, x, u(t, x), ui(t, x), wht, X)+nr, )
> nfi(t', x,u(t,x), ui(t, x), uix(t, x), u)

~ holds true for (1, x)eD and i =1, 2, ...
. We say that a function
| 0. R+ R

is of the class #(x), where x is a positive constant, if
1°. derivatives @ (j =1, 2,...) do exist and are continuous in &,

2°. llell = sup{le(x)|: xe A} <,
3° there exists a constant ce # such that

11o®|l = sup{[e®(X)|: xe B} <x*c for k=1,2,..
For two functions ¢, ¢, € £ (%) the inequality

(1.3) ‘”901 (P2” K”@i ¢,|| holds true [1].
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In the casc of D =D, x4, where D, 1c {a, X, X, e} we shall say that
a functlon | '

Y=, ¥, ..0): Da(t,x) - (1, x), ¥(1, x), ...)

belongs to the class .,SP(:»' Xn; D) if for every established (7, x,, ..., ,,_.1) andj=1,2, ..
function ; as a function of variable x, belongs to class % (). “

i

2. Theorems for a weakly coupled i‘n'ﬁnite system of parabolic differential-functional
equations. In order to prove the comparison theorem given below we shall use the follow-
ing lemma which is a consequence of theorem 1 of paper [2] and which was formulated
by J. Szarski [3]. | ‘

LEMMA. Let D* have the property P and let D¥ o D*. Let us suppose the real function
f(t X,¥,q,r) is defined for (t,x)e D*, YER, qe R", re B " and satisfies the Lip-
schitz condition

(2.1) [f(t,x,y,q,r) f(t x,¥7,4, P)lsgn(y—7)
<L(ly—-jl+ Z!q, - ;] + le —Fal)
: Sk .

with a positive constant L. -
Let function a: Dt > #, ac E} be a regular and parabolic solution of the equation

' (2.2) a(t, %) = f(1, x, a(t, x), 2,(t, %), a.((t, %)), (¢, X) € D*.
and function B: Dy — R, Be E; be a regular solution of the inequality
23) 1B, =t x, B, %), Bl X, Bal(t, X)) S N for (2, %) € D¥,
Suppose functions o and f satisfy the initial—boundc;ry inequality

2.4) B, ) —a(t, ) <e, for (1, x) Dy

Then the inequality: ,

(2.5) o (t, x)— B, )| < (8+NL_1)expL(t—ij~NL“1 for (¢, x) € D*,

holds true.

THEOREM 1. (Comparison theorem) Lef us assume that

1°. D has the property P and D,=D, D, c{(t,x): t<ty+T, xe R,

2°. real functions ft,x,z,q,r,w) (i=1,2,..) satisfy Assumptions A and the .
Lipschitz condition ‘ - |

(2.6) [/, %, 2, g, 1, W) =10, x, 2, 4, F, W)]sgn (2~ 2)

1 n
sL(exp(——Kzlx?)nz“znm 2 la=4
J=1

+ Z Ier _}'kl+”w M’”t) (i = 152)-")9

k=1
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30 ur:-Eg’00 s a regular and parabolic solution of (1.1),
4°. ve Ex® is a regular solution of the system of inequalities

Q7 o, ) —=fH(t, x, 0(z, X), vh(2, %), vh(t, %), )| <&

for (t,x)e D, Gz' =1, 2,..;.), and a given ¢ 0,
5°. u and v satisfy the initial and boundary inequalities

@8 W, -, l<e for (t,x)e Do—DF (i=1,2,..).
Under these assumprions the following .inequality
(2.9) | |lu— o}’ < eBY
holds true, where | |
(ﬁ.lO) h :zL'lln(z), q::[g:l-i—l, B:=(5+L"Y-27!
Plroof. Let us use the Lemma and put in it at a .given i 7
2.11) D* .= D‘m{(t,‘x):‘ts_tﬁh,xegf"},
(2.12) D¥ := Dy n {2, %): t<to+h, xXER"}
a(t, X) 1= u'(t, x), B, x) : = v'(z, %) for (z, x)eD* and
213)  f@t, x,y,q,r:=f(t, x,u'(t, x), ..., U, X)), W, X) s G, 7y 1)
for (¢t,x)e D*, ye 9?, qge R", re B ",

By the assumptions of our theorem we see that « belongs to E; and is a regular and
parabolic solution of (2.2). Moreover, f belongs to E; and is a regular solution of the
“inequality 3

lﬁt(ts .X)"‘“f(f, X, ﬁ(ts X), ﬁx(ts .X'), ﬁxx(t: X))I g 2L||H*U”i+8 fOI' (ta X) € D*
. Let us notice that (2.3) holds true in D* with
N = 2L|ju—vl|f +pte.

There all assumptions of the Lemma are satisfied.
Hence it follows by (2.5) that

(e, X)—v'(t, X)| < 2)u—v|[}, e pexp(L(t—1o)—1)+¢ (1+L 1)expL(1‘——1‘0) ~L™ 1
for (¢, x) e D*. ’
From the definition of D* and / we have

., expL(1— 1) < oy
and therefore

(2.14) i (t, x)— o, )| <27 Y|u~ol|l' 45 +27 'eB for (t,x)e D*
where B is defined by (2.10). |
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Gince 271> 1 it follows from (2.8) that inequality (2.14) holds for (1, x) € D},
Inequality (2.14) is true for every i = 1,2, ... This implies that

(2.15) : ”u—vlltto+h““<-aB-
‘Now let us make the following substitutions in (2.11) and (2.12):
to+h for ty, D, 1= D—D#* for D, Dy, := Dy u D* for D,.

. From (2. 14) we have

(216) (2, x)w-v(t x)i<aB for (t,x)e Dy — D;.

Then by repetition of a similar reasoning as before for the initial and boundary inequalities
(2. 16) with eB instead of ¢ we get |

W2, )=t D <27 ol 2+ 2712 in D
Hence with the view to (2.16) we conclude that

12— 0llt+ 20 < B
. - . . L3 : | * T 1
. Continuing this procedure ¢ times, where ¢ = Ny +1 we obtain

@17 | 1=y 4 < &B°

Inequality (2.17) is equivalent to our thesis because for t,4qgh > t,+T holds [[u——vll,{,+ ah
= {lu—vll'. -

- From Theorem 1 one can obtain the following theorems: the unidueness criterion
and a theorem about the dependence of the solution on the right hand sides of the system
and on the initial and boundary conditions. | .

THEOREM 2. (Uniqueness criterion) Let us suppose assumptions 1° and 2° of Theorem 1
hold true. Then the system of equations (1.1) admits at most one regular and parabolic
- solution ue Ey® satisfying the initial and boundary condition

(2.18) u(t,x) = @@, x) for (t,x)eDy—D,.
where @ is a given function
o = (¢, ¢,..): Dyg—D - 1%,

Proof. Suppose there exists a second regular solution (not necessarily parabolic)
~of our problem. Let us denote it by v. All assumptions of Theorem 1 are now satlsﬁcd
Because the inequality {ju— o)l < < eB? is true for every ¢ 2 0 we conclude that « = v in D,

THeOREM 3. (Continuous dependence of the solution on the right hand sides of the
system and on the initial and boundary condition) Let us suppose that:
1°. all assumptzons of Theorem 2 hold true,
2% ue EL® is the regular and parabolic solution of the problem (1,1), (2.18),
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3° for every v=1,2, ..., ueE;’“’ is a regular solution of the system

up(t, x) = (1, %, 0@, %), WY, %), U, %), 0% (=1,2,.), (,x)eD,
40, . |

(2.19) lime, = 0, where

v 0
nh= sup{lf”.i(t, x, (1, x), ul(t, x), Wiz, x), u’)
=1, x, 07, X), Wl (t, %), ulh(t, %), @) (¢, X)e D},
’uf,: = Sup {l—u"i(t, x)—oXt, x)|: (¢, x)e Dy— D},
év:= sup {n., pb: i =1,2,..}.
Under these assumptions | |

' /
(2.20) lim |’ —u|)' = 0.

v—+co

Proof. For a fixed but arbitrary index v all assumptions of Theorem 1 are satisfied
with v = u’ and ¢ = e,.
Inequality (2.9) yields

Hu"—z:zlllse,,\B"- (v=1,2,..).

The latter incqualities together with (2.19) imply (2.20).
Remarks. Theorems 1, 2 and 3 remain true if iq’equality (2.6) is replaced-by
@21)  [f¢, %, 2,4, 7, W~f(t, x, 2, G, F, W)]sgn(z'— 7
<L =21+ 3 lgy—d)l+ 2 ra—=Fal+lw—wlDi (= 1,2,..)
Jj= J=k=1" '

and if constants 4, ¢ and B in the thesis of Theorem 1 are selected to be:

h-~L*11n(3) -—F]H B:=3+L"% |
L= E,q.— P s =34 . |

£

3. Theorems for a strongly coupled infinite system of parabolic equatio’nS. | \

THEOREM 4. (Comparison theorem) Let D have the property P and let us put D, = B
Suppose that D is of the particular form D := D,_, x R, where Dy {(t, Xy, ooy Xp_ ()}
€ #"}. Let real functions f'(t,x,z,5,9,r) (i=1,2,..) be defined for

(t,x)e D, zel®, sel®, ge R", re R°*",
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and satisfy the Lipschitz condition
GD  [ft x>, z,5,9,0)=, x, 2,5.7, Plsgn(z' - £)

<L(exp(—K ¥ x7) (12— 2lliw + |l5— 5ll1) + _Z;Qi“qr" _leri,--?’ul) (=12,.)

i=1

with a positive constant L. g
Let furthermore a function ue Y, where Y:= E} " n L(,x,: D), (k>0) be
a regular and parabolic solution of the strongly coupled system

(3.2) w(t, x) = J{t, x, u(t, x), u 1, x), uift, %), (2, %)) (@ =‘1,2, ) for (2, x)e D,

where U, (Ux,,:ux,. ver)e
Let ﬁrally ve Y be a regular solution to the system of inequalities

(3.3) i, x)—-f‘(t, X, v(t, x), v (1, X), v;(r, x), v;x(t, x))l <e(i=1,2,..), (’t, x)e D

for a given € =0 and let v satisfy the initial and boundary inequalities (2.8).
Under these assumptions the inequality

(3.4) lu—o]|"~ ! < £B?

holds trie, where |

' hi=L-Un(5/4), q:=[T/h+1, B:=(5+L "2
with | |

(3.5) ' L:=max{L,xL}.

Proof. A solution ue EF"® ~ £(x, x,: D) of system (3.2) can be treated as a so-
lution of the weakly coupled system of parabolic differential-functional equations

(3.6) w(ts x) = £t %, ut, %), w3, X), (1, x), 1),
where )
" (3.7 L x,z g, rw) = Je x, 2, w, (1 X), g,r) (i=1,2,.)

Foru,veY and functions f* so. defined we . shall show that all assumptlons of Theorem 1
are satisfied. '

Let w, we Y. From Bernstein’s theorem we have
(3.8) it ) =W, (1, )| Swesup{w'(z, )—W(r, D)|: x, e.@} (i=1,2,..).

n—1

Applying the definition of the norm I1'Hl;~° we obtain

. g . . ‘ n-hl
(3.9) sup {{wi(t, )=~ W(t, )| x,€ B} < |lw—wi|lexp(K ¥ x3
| e

From (3.8) and (3.9) we conclude that

. n—1
Wt ) =W (&, )| <ol w—W|[[Tlexp(K Y. %)) ((=1,2,..)
. ‘ Jj=1
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|
and hence
' n—1
(3.10) 1w (25 %) =W, (7, X)| |10 Selw — wil; texp(K -;x?) :

Using (3.1), (3.7) and (3. 10) we get -~

@311 ¢ x, 2,9, 1, W=f0, %, 2,4, F, W)lsgn(z ~ )< Lexp(~ KZ?C,)I[Z 2lpe

|11

xﬁuw—wu F+ I )j lq, g+ leru Fi) (=1,2,..).
Jj= b=
Then, by (3.11), we see that the Lipschitz condition (2.6) is fulfilled with L defined by
(3.5). We know that u, ve Y and, moreover, by (3.1), (3.3), that  is a regular and para-
bolic solution of system (1.1) with f* defined by (3.6) and that v is a regular solution of
{(2.7). The functions u and v satisfy also initial and boundary inequalities (2.8).

Now, using Theorem 1, we can conclude that our thesis (3.4) holds true.

For the case of solutions of the system (3.2) belonging to the class E3 ' ® n % (x, x,,: D)
one can easily prove by means of Theorem 4 the uniqueness criterion and the theorem
stating the continuous dependence of the solution of the right hand sides of the system
‘and on the initial and boundary function. The two theorems are obtained from Theo-
rems 2 and 3 by simple reformulation.

Remarks. Theorems formulated in this chapter remain true if mequahty (3.1) 1s
replaced by the inequality

~

[, x, 2, 5,4, N —ft, x, £,5, 3, Plsgn(z'~2)

n—1

<L(]7—7|+|[9—9I]lmexp( sz)+ Zlq_; q;|+ v tru ul) (lz 1523)

J= IJI

and if constant /4, ¢, and B in the theSIS of Theorem 4 are chosen to be

hi=L""1a(3/2), g := [T/h]+1, B:=3+L"L

Acknowledgement: The author is deeply indepted for Professor J. Szarski’s kind
interest and help throughout the work on this subject. |

References

11 N. 1.  Achieser, Vorlesungen iiber Approximationstheorie, Akademie-Verlag, Berlin, 1953.

~ {2] P. Besala, Limitations of solutions of non-linear parabolic equatzons in unbounded domains, Ann. Polon.
Math., 17, 1965, p. 25—47.

[31 J. Szarski, Comparison theorem for infinite systems of parabolic differential-functional equations in an
arbitrary domain, (to be published).

Received July 15, 1980



