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A Difference Analogue of a ‘Non-linear Parabolic Dlﬂ'erentlal Inequahtles
with Non-linear Boundary Conditions

Jacek KACZMARCZYK

In this paper we consider a difference analogue of differential inequalities of the type
(0.1) F(f X, U, Uy s t)aF(ra Xy Uy Uy Uyys UI)

where (1,x)e D ={0,T)yx(0,X)"; u, = (?;ixl, ey Uy), Ugy = (Uy,,) 1S an symmetric
matrix, with boundary inequalities of the type |

(0.2) | u<sv fort=0
(0.3) ot x )< Dft,x,v,v,) forx;=0(=1,...,n)
(0.4) Y, x,u,u =¥, x,v,0,) for x; =X (i — 1, ...., n).

In the second part of this paper the result is transferred to a weakly coupled system
of inequalities. The result obtained is an important generalization of Malec result [1].
'An analogous result for differential inequalities with boundary conditions of the Dirichlet
type has been obtained by Yoshida [2]. |

1. We denote by E the set D x R2*t7+7 954 assume that F is the function defined for
(t,x,2,q,w,p)e E, where (t,x)e D, zeR, q = (qq, .-.» @) € R", w = (i )eR” , PER,
~ satisfying the conditions

(1.1) F(t,x,z,q,w,p)—F(t,x, 2,4, W, p)

<a(z—2)+ Zﬁ(q, g;)+ Z}’u(wu w,,)+%(p p)

i,j=1

forany (t,x)e D; z,ZeR; q,GeR"; p,peR; w,we R™ ; p=p, where «, B;, 7, % are
functions defined in D x R2C+*"*" and such that

(1.2) Vi =Yy J= I,....,n), =<0

and y; (for i, j=1,...,n;i ééj) is always non-negative or always non-positive.
We introduce the, definitions of sets

Ef ={(t,x,2,q): te (0, T, xe[0, X]", ze R, g€ R, x; = 0},
E = {(t,x,z,4);1€(0,T], xe[0, X]", ze R, q;€R, x;, = X}
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and assume that @,, ¥, (i = 1, ..., ») are functions defined in E;" and E;F, respectively,
satisfying the conditions | .
(1'3) | {Di(t, X, Z, Qi)‘"”@i(ts X, Z, q1)>51(2_2‘)+Q1(Q:*—Eb)
(1.49) Pit,x,2,9)—¥it, x, 2z, q) < ez—D)+04g;—F).
for any (t,x)e (0, T]x[0,X]"; z,%,4;,4;€ R; z>%, (i = 1, ..., n), where §;, ¢; and
&;, 0; are functions defined in E;" xR and E; x R, réspectively, and such that
(1.5) 0;<0,0,20 (i=1,..,n). |
2. For fixed natural numbers N,, N we define k = T/N,, h = X/N. Moreover, for
a multiindex m = (my,...,m)O<m; <N, i=1,..,n) we define x, = (xT",
where X = m;h (i=1,..,n) and t; = jk (j = O, vees Np).
We introduce the definitions of the séts
Z={m=(my,..,m): 0OSm; <N (i=1,..,1n))}
Z,={meZ: 1<ml€N—-1 i=1,..,n}
ZF ={meZ: m; = 0 and m; # 0, N for 1<j<i}

Z; ={meZ: m;y =N and m; # 0, N for 1<j<i}

n n
It is simple to check that Z, u U Z;" U .U Z; = Z and the sets Z,,, Z;, Z; are pairwise
i=1 i=1 ‘ -

separate.
By S we denote the set

= {(t;, %) = 0,..., Nos meZ}.

If ¢ is a function defined in the set S then by @], we denote its value at the point (., x
Then we introduce the denotations

i(m) = (mqy, ...,m;_y, m;+1, Misis oo m,),

_'i(m) - (ml,- ,ml 1, 1 mH_l, rra g mn)

for myeZ, (i=1,...,n)

and we define the following difference quotients

((P;'n)t _[¢J+1 golJn] fOI'j = 0: :NO—I; melZ

j 1 j J . + ]
(Pm)z; = Z[‘Pi(m)“‘@m] for j =0,..,Ny; meZ

Jj 1 J J | . . - =1 n)
((Pm)fi = };[‘Pm—(P*-i(m)] for J = 01 "'JNO’ mEZi } (l = 1,...y

. 1 . ) '
(%’n)xi = E[(P:j(m)—qo{-i(m)] for j=0,..,Ny; meZ, ]






