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A Difference Analogue of a ‘Non-linear Parabolic Dlﬂ'erentlal Inequahtles
with Non-linear Boundary Conditions

Jacek KACZMARCZYK

In this paper we consider a difference analogue of differential inequalities of the type
(0.1) F(f X, U, Uy s t)aF(ra Xy Uy Uy Uyys UI)

where (1,x)e D ={0,T)yx(0,X)"; u, = (?;ixl, ey Uy), Ugy = (Uy,,) 1S an symmetric
matrix, with boundary inequalities of the type |

(0.2) | u<sv fort=0
(0.3) ot x )< Dft,x,v,v,) forx;=0(=1,...,n)
(0.4) Y, x,u,u =¥, x,v,0,) for x; =X (i — 1, ...., n).

In the second part of this paper the result is transferred to a weakly coupled system
of inequalities. The result obtained is an important generalization of Malec result [1].
'An analogous result for differential inequalities with boundary conditions of the Dirichlet
type has been obtained by Yoshida [2]. |

1. We denote by E the set D x R2*t7+7 954 assume that F is the function defined for
(t,x,2,q,w,p)e E, where (t,x)e D, zeR, q = (qq, .-.» @) € R", w = (i )eR” , PER,
~ satisfying the conditions

(1.1) F(t,x,z,q,w,p)—F(t,x, 2,4, W, p)

<a(z—2)+ Zﬁ(q, g;)+ Z}’u(wu w,,)+%(p p)

i,j=1

forany (t,x)e D; z,ZeR; q,GeR"; p,peR; w,we R™ ; p=p, where «, B;, 7, % are
functions defined in D x R2C+*"*" and such that

(1.2) Vi =Yy J= I,....,n), =<0

and y; (for i, j=1,...,n;i ééj) is always non-negative or always non-positive.
We introduce the, definitions of sets

Ef ={(t,x,2,q): te (0, T, xe[0, X]", ze R, g€ R, x; = 0},
E = {(t,x,z,4);1€(0,T], xe[0, X]", ze R, q;€R, x;, = X}
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and assume that @,, ¥, (i = 1, ..., ») are functions defined in E;" and E;F, respectively,
satisfying the conditions | .
(1'3) | {Di(t, X, Z, Qi)‘"”@i(ts X, Z, q1)>51(2_2‘)+Q1(Q:*—Eb)
(1.49) Pit,x,2,9)—¥it, x, 2z, q) < ez—D)+04g;—F).
for any (t,x)e (0, T]x[0,X]"; z,%,4;,4;€ R; z>%, (i = 1, ..., n), where §;, ¢; and
&;, 0; are functions defined in E;" xR and E; x R, réspectively, and such that
(1.5) 0;<0,0,20 (i=1,..,n). |
2. For fixed natural numbers N,, N we define k = T/N,, h = X/N. Moreover, for
a multiindex m = (my,...,m)O<m; <N, i=1,..,n) we define x, = (xT",
where X = m;h (i=1,..,n) and t; = jk (j = O, vees Np).
We introduce the definitions of the séts
Z={m=(my,..,m): 0OSm; <N (i=1,..,1n))}
Z,={meZ: 1<ml€N—-1 i=1,..,n}
ZF ={meZ: m; = 0 and m; # 0, N for 1<j<i}

Z; ={meZ: m;y =N and m; # 0, N for 1<j<i}

n n
It is simple to check that Z, u U Z;" U .U Z; = Z and the sets Z,,, Z;, Z; are pairwise
i=1 i=1 ‘ -

separate.
By S we denote the set

= {(t;, %) = 0,..., Nos meZ}.

If ¢ is a function defined in the set S then by @], we denote its value at the point (., x
Then we introduce the denotations

i(m) = (mqy, ...,m;_y, m;+1, Misis oo m,),

_'i(m) - (ml,- ,ml 1, 1 mH_l, rra g mn)

for myeZ, (i=1,...,n)

and we define the following difference quotients

((P;'n)t _[¢J+1 golJn] fOI'j = 0: :NO—I; melZ

j 1 j J . + ]
(Pm)z; = Z[‘Pi(m)“‘@m] for j =0,..,Ny; meZ

Jj 1 J J | . . - =1 n)
((Pm)fi = };[‘Pm—(P*-i(m)] for J = 01 "'JNO’ mEZi } (l = 1,...y

. 1 . ) '
(%’n)xi = E[(P:j(m)—qo{-i(m)] for j=0,..,Ny; meZ, ]
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Ly (ﬂ;(m) Ol — 0" i(m) ™~ o’ I(m)+Zfﬂu+fﬂ;(suum))JrfP-;(s,.z(m))] .
i,l=1,....,n

‘] —
(fpm)x,-x; - th

fOI‘j = 0,‘..., No; mEZO,
where

G = —1 fori=1lory;€£0 (G(#I)
it 1 for _'}"“>0 (i # l)

and denote

((P;fn)x = (((Pf;t)xl CRETE) (qo‘r'n)xn)s (q’gz)xx = (((pr{t)x;x;) .

3. THEOREM 1. If the functions F, ®,, ¥, (i = 1, ..., n) satisfy the assumption of Item 1
and the numbers N,, N are such that mesh sizes k, h satisfy the inequalities

' S x| xh? Vi =t -
| : | g i=1
| 1 1B ‘
32 —t Y Vi 'i=19":
(3.2) | h( E Iy A) o )
| j#i
(3.3) 0;h—0;>0,e,h+0, <0 (i=1,..,n)
and if for any functions u and v
(3.4 F(t;5 Xy ey (i) ) s (U3).) 2 F(ty, Xy, 0, ), @) s (01),)
for j=10,..,Ny—1; meZ, |
(35) ' ¢i(tja xm’ ul{H (ujm);:i) g cpi(tj‘a xms Ui, I(U::I);c,-)
Jor j=1,.., Ngy; meZ; (i=1,..,n)
(3°6) ' . qji(tjs Xps u;im (u}’r.s)xi) f>’ 'P;:(tja Xus v:n» (U;—z)xi)
forj=1,...Ng:meZ (i=1,..,n
3.7 ' TR vg for meZ

then |
wl <uvl for j=0,.., Ny; meZ.

Proof. We denote by & the set
= {(t5, xw): uh> vk}
Let us suppose that & is nonempty ‘Then, there exist a minimal j = j and m,
= (m3, ..., mY) € Z such that v >v,,,o By (3. 7) j=1. Put 1 = fo+1 where_n,?O We
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denote 1/ = u,{,-v’ From here we have

3.9) riotl s
and
- (3.9) ri<0 forj=0,..,j,; meZ.

By (3.8), (3.9)
(e — (V3 = (ri2), = — (r""’k_l r2)>0
ie.
(3.10) - (me)e > (Om)e -
o Suppose mq € Z,. For (jo, mp) from (1.1) and (3.4) by (3.10) we get
0 < F(ty,, x mo’umoa(u e (i)sx> (100)) — F(tm’ o> Vnys (U302, (030), (V32),)

< aful® -]+ z CA(CANSI CAMES zly,,[(umo wux, — (O mj]

+ 2 [t (v )]—w‘ + Zﬁ(r ol T Z ?U("mox,x,+%(f’ )t

IJ_'

We rewrite the above inequality in the fo].lowing form

1 §
[rm+ ] == OU’;J,:L + ﬁ [rl(mo) r“'l(mo)]

. l .
'*’Ei ViilriGno) — zrmo+r—1(mo)]+ E I‘YU|[ rc(mo) "jo(mo)

— 1% oy — -'J(mo) +2ri A 1l iomoyy 1 O, = stpimon] -

Grouping the terms and using (1.2) we obtain

ok 2k ‘ k B 1
s (150 G D)k > [S (e D )
. . . =1 =1 j¢i
] ,
k ﬁl o
— ;l_z [-—-—2_ +] ( i Z |'}’ij|):|"j—i(m)
J#i _

2 h2 S lyul[zrjo+r;(suj(mo))+r{Pi(-?'SiJJ'(mo))]

j#l

whence by (3.1), (3. 2) (1 2) and (3.9) we get

+
, rietl<o
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which contradicts (3.8). Hence m, ¢ Z, and
(3.11) | - orei<0 for meZ,.

Since m, ¢ Z, there exists i, such that m, € Z;; or mye Z'.

- We denote | |

' . +

| ke = ip, when myeZ;,, -
° — Iy when mo €Z,;,

If k, = iy then by (3.5) and (1. 3) for (j ] mo) we get (as um >v{,,o, cf. (3.8))

0 > ¢lo(tj s ‘mg > mo, (umo)xm) ¢io(tq mo’ (vrno X )

; 51‘0(“ _Umo)+ Qm[(umo)xu ( mo x,,] = 5:0 mo+ Q:g(rmo Xig
_s 0 QeF 3
= Oiglmo + "_h_ (r fo(mo) rmo) ’

Rewriting the above inequality in the cquivalent form we bave (in view "of (3.3))

\;

. (3.12) R r;:;o < 5. h__._Q— r,‘fo(,,,o) .

io'* — ig
If kg = —io by (3.6), (1.5), (3.3) we obtain, in a similar way,

™ _'O-I'O ~

3.13 S ;o
( ) - - rmO £i0h+gio rko( o)
We denote
.
Gio when k, = i,
aioh_gio
d, =
'_o-io .
- when ko, = —i,.
| & S0 0 0
By (1.5), (3.3) we have
(3.14) y d, >0
and by (3.12), (3.13) we have”
315 | <A

If ”Eo(mo) < 0 then from (3.14) and (3.15) it follows that r}, < 0 which contradicts (3.8).
Hence r,‘o(,,,o)> 0. Since for me Z, (by (3.11)) r -.<,0 ko(my) ¢ Z,. Then there exists iy
such that ko(m,) € Z;\ or ko(mo) € Z;,. From the deﬁmtlons of the sets Z;, Z; it follows
that i, > i,. Deno‘ting S

A i, when ko(mg) e Z;
1T 1—i, when ko(mg) € Z;,
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and
r —o,
| -t when k, = i,
. 5i1h"9i1
di1 =93 - .
— 0y h k .
et when k; = —7
1 &ih+o, ot 1

we have (as above) d;, 20 and

J J
' rko(mo) < dilrkl(kD(mO)) *

Similarly as above, rzl(kotmo)) <0, which contradicts (3.8). Hence rf,gymop>0 and
then there exists i, > i; such that k,(ko(m,)) € Z;; or k,(ko(m,)) € Z;,. We proceed with
that process and obtain the strongly increasing sequence of indices iy, iy, i5, ... and the
corresponding sequences ko, ky, k,, ...; dy,, dy,, d;,, ... such that

~ n "
rrio g(l]_:.!)di[)riﬁs(...kl(ko(mo))...) fOI' § = 0’ Is 2: eea

and

di, 20, M kaomon.y >0  for s=10,1,2, ..,

As the sequence iy, iy, i5, ... is infinite and strongly increasing, there exists s, such
that 7, > n and then there exists the set Z;_ or Z;_ for i;,>n, which is false. Hence the
set & is empty. Therefore ‘ |

This ends the proof.
Malec presents in his paper [1] a shorter proof of a similar theorem in the case m, ¢ Z,

but it is not correct.

4, Assume F' (v=1, ...,‘ M) are the functions defined for (t,x,z,q,w,p)eE
= Dx RM*1*1t® - Ghere (1,X)eD, z= (22w eERY, ¢g=1(q1,..,q)ER" W
= (w;) R™, pe R satisfying the condition - ]

‘(4'1) - Fv(t:x’z-’ q, w,p)-—F"(t,x, 2969 Wa ﬁ)
- .z o _
: S_le a:(zi"'fi)'i'.zl ﬁr(Qi_6i)+i Z 'y:j(wij_wij)'*'xv(P"-p)
1= i= J=1

forany (1,x)e D; z,Ze R, p, e R; p>p (v = 1,..., M), where o}, £}, v}, %’ are the
functions defined in D>}<R2(M“+‘"+”z’ and such that

(4.2) =9 Gi=1,...,n;v=1,.., M); <0 (v=1,.., M)
{4.3) a=20@G=1,..M,i#v;v=1,.,M)

and y; (i,7=1,...,n;i #j;v=1,.., M)is always non-negative or always non-positive.
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We introduce the sets
Ef ={(t,x,2,9): te(0,T], x€[0,X]", ze R™, g,e R, x;, = 0
Ef ={(t,x,z,49): te(0,T],x€[0,X]",ze R¥, ¢, R, x; = X}
i=1,..,n

and assume that &;, ¥ (i=1,..,n; v=1,.., M) are the functions defined in E]
and E;, respectively, satysfying the conditions

M
(4.4) Pit, x, 2, q)— Pi(t, x,2,4) > Z Su(zi—Z)+0i(q:—qy)
=1
M
(4'5) T:(ta X, 2, q;)_ q-}:(t: X, 25 q;) < 12 Srl(zi"_z—i)'l"a;(qi_qi)
=1

G=1,...,n,v=1,..., M)

for any (¢, x) e (0, T}x[0, X1"; z, ze R™; q,, 4, € R; z, > Z,, where 8}, o] and &}, o} are
the functions defined in E x RM*! and E; x RM*' respectively, and such that

(4.6) 0i<0,0;200G(=1,...,n;v=1,.., M)
{4.7) v- <0, e5200=1,...,m;v,I=1,...,.M,v#].

The sets Z, Z,, Z;, Z;, S and the difference quotients for the functions ‘g, ..., Mo
are defined like in Item 2. The index v in the definition of (*p?), ., is associated with the
function y;;.

5. THEOREM 2. If the functions F* (v = 1,..., M), ®!, V! (i=1,...,n;v=1,.., M)
satisfy the assumption of Item 4 and the numbers Ny, N are such that the mesh sizes k, h
satisfy the inequalities

ko 2k i
(5.1) 1— . + — '})iiBO (V == 1,...,M)
% xh
i=1
1 4
(52) R N P O S A S 72
h - 2
JFi
(5.3) Oonh—0] >0, e&,h+oi<0 (=1,....,n;v=1,.. M)

and if for any functions ‘u, ..., Mu; ‘v, ..., "o

(58 Ftj, Xty Cud)e, Cit) s Cid)) ZF (855 Xy v, C01)sr C03) s CUI))

for j=0,...,No—1; meZ, (v=1, .., M)

& — Acta Mathematica 26
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j 1,
where !, = (‘ul, ..., Mub),

v *j‘ v j v *
(55) q)i(tja X Ui(m)a ( um)}.:) "<-~ gpi(tj: Xm» l(m)9 ( vm x.)
for j=1,..,NosmeZ{ (i=1,..,n;v=1,..,M)

v *j v, J v *; L7 AR
(56) lpi(tja Xms u—i(m)a ( u‘m)f;) 2 ‘Pi(tj: X v-—i(m)ﬁ ( vm)xi)
forjzl,...,No;mEZi_ G=1,...,n,v=1,.., M) -

1J 111 i i+, F M j J (1.7 i—-1,,J
H)h(’f@ Ht(m) = z(m)a . l(m)) Wy s L[i(m), vees u,-(m)), H_i(m) = ( u..i(m), vers H—i(m}?
i j i+1,.7 M
U u—z(m)a —a(m))
and
(5.7) Wl <Y for meZ (v=1,.., M)

then
vl <l for j=0, . ,Ny; meZ (v=1,.., M).
Proof. We denote by 6" the set
$ = {(t;,x,): Ive{l, .., M}: "ul, > 0L},

Let us suppose that & is nonempty, Then there exists a minimal j = 7, m, = (m3, ..., mo¥

-~

and ¥ (1 < v<M) such that "u)_>"v). By (5.7) j>1. We put j = j,+1 where j, =0.

Denoting ), = "ul,—"vl we have

(5.8) Vriotl s
and
(5.9) <0 forj=0,...j,;; meZ;v=1,.., M.

The further part of the proof is analogous to the proof of Theorem | and we will
present only these fragments where we deal with differences.

If melZ, then by (4.1), (4.2), (5.4) we get

n ' n n _
- ot k 2k -\_ . k -,k v
< (1= E "r,’,:’wfg :”ﬂ-—:~§ L
° ( v wh? 'y) ° g B Tmo ™ S [2
i=1 i=1 i=1

ity

n
1/ - Z : k Z : : :

+i1‘(yii h’ul)] l(mo) *fvﬁ [ ()’u h’uI)] -t(m())

i=1 JFi

K : : v o vy jo
"IZ h’u [2°F Fmo rc(s "d(mo)) + Fei(~ si'}.i(mo)]

whence from (4.2), (4.3), (5.1), (5.2), (5.9) We‘ obtain

JD+1<

Vrmo ""'-0
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which contradicts (5.8). Hence m, ¢ Z, and
(5.10) rtY <0 for meZy; v=1,.., M.

Since mg ¢ Z, then there is i, such that m, € Z;) or m, e Z;,. Suppose m, € Z Z; (f
mg € Z;,, the proof is analogous). From (4.4), (5.3), (5.5) like in the proof of Theorem 1

we obtam
i, M
35 -——-Q:-; 5 7 h
r;;to < ;,_ ° 3 riJ'ofm(\)ﬁ 5 :>: 5tol 'm(mo)
(gio\_’hmgio 510\1 Qlo T—1
1#y
If m(mo) <0 for v=1,..., M then by (4.6), (4.7), (5.3) from the above inequality
we get
;r,}:,o <0
which contradicts (5.8). Then there exists v, (I <v, < M) such that *'» ,D(mo) > 0. Becausc

< 0 for me Z, (by (5.10)) then iy(my) ¢ Zo. Proceedmg like in the proof of Theorem 1
we get the contradiction hence the set & is empty
This ends the proof.

References

[1T M. Malee, Un analogue aux différences finies des inégalitiés différentialles faibles du type parabolique
avec des conditions aux limites non lineaires, Bull. Acad. Polon. Sci., Ser. Sci. Math. Astronom. Phys.,
27 (1979), 681—688.

[2] N. Yoshida, Maximum Principles for Implicit Parabolic Equation, Proc. Japan Acad., 49 (1973),
785-~-788.

Received April 30, 1980.

6¥



