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Asymptotic Periodicity and Bifurcations for One Dimensional Maps

by Jerzy OMBACH

1. Letf,: [0, A] — [0, A], A < o0, r > 0 be a one-parameter family of smooth functions
(for 4 = oo, f(4) = 0 means that lim f(x) = 0). This note concerns the problem of

X0

dependence of behaviour of the sequence {x,} generated by the difference equation

(1) Xns1 = JXa), X0 € [0, A]

on the values of parameter r. This problem is important in applications. for example in
theoretical biology (see [6] and References in there) or in the theory of weather prediction
(see [5]). In situations important in applications the following conditions are satisfied:

10 =14 =0

| /, has exactly one critical points ¢, e (0, 4) for every r.

(2)

The classical situation when f, is given by the formula
(3) S X)) =rx(1-x), xe€[0,1], re|0,4]

has been studied extensively in many papers. It has been shown (in [5], see also [4], [6])
that for 0<<r <1, f, has exactly one fixed point x = 0, which attracts all points of the
mterval [0, 1]. For 1 <r, £, has exactly one non-zero fixed point x = p,, which for r <3
attracts all points of the interval (0, 1). For 3 <r f, has one periodic orbit with period 2,
which for r < 1+ ./6 attracts all points of the interval (0, 1) except p, and its successive
inverse images under f,, etc.

The similar phenomena occurs for another families of functions (see [6], where some
numerical results are given). On the other hand D. Singer utilizing the properties of
Schwarzian derivative S( /) of a function f, proved in [7] the uniqueness of stable periodic
orbits for system (1) under hypothesis (2) and

(4) S(f)<0

(see also [2]). In most situations considered in biology Singer condition (4) holds (see [7]).
In particular it holds for f, given by the formula (3).

We will show that the phenomena described above appear in the case when f, satisfy
the Singer condition (4). This is Theorem 3. It generalizes results of [4] and [5], and gives
a partial answer to the problem posed in [4]: “whether (for some nice class of functions)
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the existence of a stable periodic point implics that almost every potnt is acymptotically

:

periodic”. | | |
For simplicity we will assume 4 = 1. For another values of A the considerations of
this note can be repeated without any substantial changes.

2. We will use in the sequel the following notations and definitions. Let I = [0, 1]
and let f: I — I be a continuous function. Define for xel, 7°Ca) = x and " (x)
= f(/"(x)). We say pe [ is a periodic point (with period »n) if f*(p) = p, and ~p) #p
for 1 <k < n. We say (see [4]) g € I: is eventually periodic if p = (g, for some /, is periodic,
is asymptotically periedic if there is a periodic point p e I and | (=15 — 0, as k — oo,

A periodic point p with period # forms « periodic erbit o(p) = 0 F(P)s o [P H D))
An invariant set A < [ (i.e. f(4) < A) is said to be: stuble if for every &> 0 there is 0 >0
such that for x from the §-neighbourhood of A, f"(x) belongs to the ¢-neighbourhood
of A, for n =0,1,2,..., attractor if for every x close to 4, f"(x) —» A, as n — «,
asymptotically stable if it is stable and attractor. Observe that stability (asymtotic stability)
of o(p) = {p.f(p), ... /" "(p)} with respect to f is equivalent to the stability of p with
respect to g = f". By the chain rule the derivative of g is given by the formula:

n—1

&) g'(x) = []I’(Yf)
- k=0
where x, = /*(x). We will write 1(x) = ¢g’(x). It is well known that o(p) is asymptotically
stable if |A(p)| < 1, and unstable if |A(p)] > 1. A limit set w(x) of the point x € [ is the
set of limits of all convergent subsequences of the sequence M) nen-
The Schwarzian derivative S(f) is defined by the formula

O f"(X))?‘
S ) =l T
DI =750 2(f’(x)
for x with f'(x) # 0.
Recall some properties of S(f) {see [7}, [2]).

(@) S(fog)(x) = S(/Hg(x) g'(x)*+S(g) ).
() If S(f)<0, then S(f) <0, for n=1,2, 3, ...
() If S(f) <O, then f' has no local positive minimum.
(@) If S(f) <0, and a<b<c are the fixed points of f, and (a, ¢) contains no critical
points of f, then f'(b) > 1. .
(e) If f1 and f, are linearly conjugate, i.c. fLoh = hofs, where h(x) = ax+b, then
S(f1) = S(f2) ' |
The following Theorem 1 is a modification of Singer Theorem (Theorem 2.7 in [7],
see also [2]). The Singer Theorem is not quite correct. It says that if f: I — I has finitely
many critical points and satisfies (4), then every asymptotically stable periodic orbit is
a limit set of some critical point. As a counter example consider the function

f(x) = dx*(1—x)+rx+r, r>0.
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For valucs of r small cnough, f has an asymptotically stable fixed point which is not

a limit set of a critical point from 1.

THEOREM 1. Let f: I — I be the C° function satisfving the Singer condition (4), and let
o(p) be a periodic orbit with |A(p) < 1. Thenr o(p) = w(c) where ¢ is a critical point of f
or ¢ is 0O or 1. If additionally A(p) # 1, then o(p) is asymptotically stable.

To prove Theorem 1 one can employ aboves properties of S(f). It is almost a repeti-
tion of Singer’s proof and Addendum after it (see [7]) and we do not this here. However,
it is necessary to notice that slsmp(p) — the connected component of the attracting set
containing p need not be an open interval as claimed in [7]: 0 or 1 may belong to slsm(p).

COROLLARY 1. If f satisfies assumptions of Theorem 1 with p # 0, and condition (2),
then o(p) = w(c) where ¢ is a single critical point of f.

Proof, It is trivial as w(0) = w(1) = {0}.
As immediate consequence of Theorem 1 and Corollary | we have

THEGREM 2. (Theorem 3.1 in [7)), Assume that - T — Iis a C3 function setisfving con-
dition (2) and (4). Then there is at most one stable periodic orbit,

3. We will assume in the sequel that f,: I — I for » in some interval is of the class C!
with respect to (r, x) and of the class C* with respect to x. J. Guckenheimer in [1] gives
the following (see also [3], p. 12)

PROPOSITION. Let n be a positive integer. Assume that:

(6) foD) = p
) | 2p) = —1
| d
(3) - AMp) <0
3
) 7 o' (P) <0

Then there are: ry, ry, ¥y <ty <r,, neighbourhood U of p, such that: for r e (ry, ry) there
is the unique periodic point p,€ U with period n which orbit is asymptotically stable, for
re(rg, ) there are exactly three points p,,<p,<p,, in U such that o(p,) is unstable
periodic orbit with period n, and o(p,,) = o(p,,) is asymptotically stable periodic orbit
with period 2n.

Remark. If the function f,, satisfies the Singer condition (4) and conditions (6), (7),

' d
then the condition (9) is satisfied, because from (5) it follows immediately that I 2Mpy =1
2 .

d
and - 2% p) = 0, hence by (4) we have (9).
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