UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XXVII

1988

The fixed point index of a translation operator of a semiflow

MARIAN MROZEK

Abstract. In the paper a formula for computing the fixed point index of the translatmn operator for
a semiflow is given.

L. Introduction. The purpose of the present paper is to compute the fixed point index
of the translation operator for a semiflow. The value of the index is expressed by the values
of Euler characteristics of certain sets or by generalized Euler characteristics in case of
BDR’s (the definitions are given below).

The modern fixed point index theory was originated in 1965 by A. Dold (cf. [3D-
The history of the subject may be found in [2]. In 1972 A. Granas generalized the theory
to the case of non-compact ANR’s. We recall that the fixed point index is an mteger
valued function /7 defined on the class

€ := {( f, U): U is open in a compact ANR X, Ji X - X is a (partial) continuous
mapping such that U < dom f and f has no fixed points on U}

and satisfying the following five axioms
(i1) (Localization) If (f, U), (g, U) e % and f(¢t) = ¢(t) for t € U, then i(f,U)=1i(g,U)
(i2) (Homotopy) If f; is a homotopy such that (f,, U)e & for each f, 0 << 1, then
i(fo, U) = i(f1, U)
(13) tAdditivity) If (f, U)e® and U contains mutually disjoint open subsets V;
k

I?

J=1,2,..,k such that f has no fixed points in U\ (J V;, then (f, V;)e % for

j=1
k

i= 1,2, kand i(f,U) = Y i(f, V)

j=1
(i4) (Normalization) If X is a compact ANR and f: X — X is continuous, then (f,X)e¥
and i(f, X) = A(f), where A(f) denotes the Lefschetz number of f



14

(i5) (Commutativity) If X, ¥ are compact ANR’s, /: X = Y, g: Y = X are continu-

ous, (of. U)e W, then (g, ™1 (U)) e @ and ilof. U) = i(fy. " (1)

The presented theory is motivated by the existence problems in the theory of dynamical
systems. The obtained formula will be applied in [5] to prove the existence of stationary

points and periodic trajectories for flows and differential equations.
In Part 2 we give preliminary results and definitions. In Part 3 we introduce the notion
of a boundary deformation retract (BDR) and give the definition of the generalized Euler

characteristic for BDR’s. Main results of the paper are stated and proved in Part 4.

2. Preliminary lemmas. The following notation will be used. The sct of reals 1s denoted
by R and the set of non-negative reals by R*. (X, ¢) denotes a fixed metric space X with
the distance ¢. For A = X, K(A4,r) will stand for the set {ye X: o(y, 4)<r}. A, int4,
0A denote the closure, the interior and the boundary of A, respectively.

To simplify the formulations we admit the empty mapping (i.e. assume that ¢ is
a mapping) and define its fixed point index by

i(h,p) = 9.

Let /1 R*x X = X be a partial, continuous mapping and let dom f be its domain.
For a fixed > 0 define the (possibly empty) mapping (the 7-translation operator of f)

S {x: (t,x)edomf}ax— filx) = flt,x)e X
and by Fix,f the set of all fixed points of f,
Fix,f:= {xe X: (t, x) e dom f and fi(x) = x}.

Definition 2.1. The mapping f will be called the deformation on X if it satisfies the
following conditions

(2.1) domf is a closed sct
(22) {0}x Xcdomf and Vxe X f(0, x) = x
(2.3) VxeXI(x):= {teR*: (1,x)edomf} is a segment in R*

Define the function

wpt X3 x > supl{x)e R* U {0} .

LEMMA 2.1. Assume the continuous mapping = R*x X - X satisfies (2.2) aind (2.3).
Then dom f is closed iff the mapping w, is upper semi-continuous (u.s.c.) and the set 1,(x)
is closed for every xe X.

Proof. Assume dom fis closed. Then the set /,(x) is closed for every x € X. To prove
the upper semi-continuity of w,, consider the sequence {x,} = X, which converges to
xe X. Let t := lim supw,(x,). If #< oo, then w(x,) < oo and consequently (w(x,). x,)

n—=>aow0

e dom f for almost all n. Since dom £ is closed, (¢, x) e dom f and f < w (x). If = o0,
then for any s> 0 we will find a subsequence {x,,} of {x,} such that wy(x, )= s. From
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the property (2.3) it follows that (s, x, ) e dom 1 Consequently (s, x) € dom f and (%)
= 00.

To prove the converse, consider a sequence {(t,, x,)} = dom £, tending to (¢, x). From
the u.s.c. of w, it follows that 1 < 7(x). But I,(x) is a closed segment, so (z, x) e dom f.

The proof 1s finished.
Consider the mapping

Qp: xe X oi(x)<o}sx - flwlx), x)e X

and denote its image by Finf.

Definition 2.2. The deformation f will be called regular if it satisfies the implication

Jt.x)eFinf = ¢ = w(x).

LEMMA 2.2, Assume X is compact and f is a regular deformation. Then the mapping
w, is continuous iff the set Finf is closed.

Proof. Assume w, 1s continuous. Let {y,} = Finf, y = limy,. Then y, = f(wAx,), x,)
for some x,e X. Passing to a subsequence if necessary, we may assume that x, — x.
Thus we have y = lim f(ws(x,), x,) = f(0(x), x) € Fin f.

To prove the converse, consider the sequence X, = x. Let r, 1= wg(x,). First suppose
that at least one subsequence {r,} of {r,} tends to a fin‘te value, and let r : = lim Ve
Set y, 1= f(ry, X,). Then y = limy, = f(r, x)e Finf. Since f is regular, r = @ (x).
Thus r = w,(x) <o and by ws.c. of w,, the sequence {r.} is bounded. Consequently
r = limir, and w, is continuous at x.

If 7, — co then the centinuity of o at x follows immediately from the upper semi-
continuvity of w,. The proof is completed.

Let Y be a subspace of X' such that Fin f< Y and let g be a deformation on Y.

Definition 2.3. The mapping

. ‘[f(t,X) O<1< wx)
(@O, x) = 9 (1—w(x), Q%) 0 ()< 1 < 0,(X) + 0,(Q (X))

will be called the prolongation of f along g.
LEMMA 2.3, Let X be compact and let Y < X be closed. Assume deformations | on X
and g on Y are regular and satisfy the condition '
(2.4) Y= FinfuFing.
Then g[1f is a deformation on X.

Proof. Properties (2.2) and (2.3) obviously hold true. We will prove the property
(2.1) and the continuity of g[]f simultaneously. Consider the sequencs {(t,, x,)} =
cdom ¢[Jf and assume (z,, x,) — (¢, x). I for every Ne N 1, < wyx,), then (2.1) and
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the continuity of g[1f follow at once from the definition of ths prolorgation. Hence it
is enough to consider only the case where ¢, > w(x,) for every ne N.

Put y, 1= 2,(x,), r, := wgx,), 5, := t,—wx,). Of course 5,<w,(y,). Passing, if
necessary, to subsequences we may assume that r, - r, y, >y, 5, = 5, where s = t—r.
Since Y is closed we conclude that (r,y) edom f and ye Y. From the us.c. of o, it
follows that s< w,(y). If yeFinf, then r = v (x) and since f is regular, we get y
= Q,(x). Hence we have 7 = r+s < w,(x) +wy(Q 7(x)), which means that (¢, x) e domg[lf.
We have also

limg(t,,—cof(xn), Qf(xn)) = g(f_l", y) = g(l"—'COj-(.?C), Qf(x))’

which proves the continuity of g[]f at (¢, x).
If ye Fing, then by the regularity of g, we get w,(y) = 0. But s< w,(y), hence
s = 0. It means that 7 = r < w(x). Consequently (¢, x) e dom g[Jf and

lim g (t,— @,(x,), 2(x,)) = g0, ) =y = f(r, x) = f(z, x) = (gOf)(¢, x).
The proof is finished.

Definition 2.4. A regular deformation f on X will be called a partial semiflow on X
if it satisfies the condition

(2.5) Vxe X Viel,(x)Vsel(f(t, x)) stie I,(x) and f(s, f(t, x)) = f(s+1, x).
It will be called simply a semiflow on X if, additionally, dom f' = R* x X.

LEMMA 2.4. Let X be compact and let Y < X be its closed subspace. Assume f is a partial
semiflow on X and g is a regular deformation on Y such that Fin g is closed. If [ and g
satisfy (2.4), then f(1(gJf) is a deformation on X.

Proof. We proceed like in the previous lemma. Consider a sequence {(f,.X,)}
< dom fJ(g1f) and assume that (z,, x,) — (¢, x). We may suppose that 7, = w(x,)+
+w,(Q,(x,). Put y, 1= Qux,), z, 1= Q(¥,), 8, 1= @HX,). 1y 1= @Y V,)s Uy 1= T, Fy— Sy
We may assume that y, - v, z, =z, 8, —» 5, r, > r, u, — 4. First consider the case
ye Finf. We get then s = w(x), y = Q/(x). Since by Lemma 2.2 and our assumptions,
w, is continucus, we obtain r = o,(y). Hence t=s+r+tu<w(x)+ w,(y)+w(2)
= w;guon(*). Thus (¢, x) e domf[1(gJf) and

llme (ng)(tna xn) = lim.f(tn_sn‘rns g(rna Qf(xn)))
= f(t=s—r, g(r, 2,(x)) = FOEDNE %)
Passing to the case y € Fin g, from the regularity of g we get r = 0 and consequently
z = y. Since fis a partial semiflow, an easy computation proves that o (x) = s+ (z).
Hence ¢ = s+u<s+w,(z) = o,(x), which means that (¢, x) e dom g(fOg) and
llHlfI:l (ng)(tna xn) = limf(z‘n-—sn—rn, g(i‘n, Qf(‘xn)))
= f{t—s,y) = f(z, x) = fO@OfN)E, x) -

The proof is complete.
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3. Boundary deformation retracts. For a subset 4 = X we will denote DA := A\A

Definition 3.1. A subset 4 < X is called a boundary deformation retract (BDR for
short) if it satisfies the following two conditions
(3.1) A is a compact ANR,
(3.2) if DA is non-empty, then there exists an open neighbourhood U of DA and
a continuous mapping r: [0, 1]xU — U such that

{r(t,x): tel0,11} n DA = {r(1, x)} for xeU
and ’
rt,x)=x < t=0o0r xeDA.

Observe that any compact ANR is obviously a BDR. Further examples of BDR’s
will be given in [5].

Definition 3.2. If 4 is a BDR, then the modified Euler characteristic of A is defined
by the formula
A)—y(DA if DA #
2(4) 1= x(A)y—x(DA) _ __q?
1 (A) if DA = ¢.
Observe that by (3.2) r, := r(¢,-) is a homotopy between the identity on U and
a retraction U — DA. Hence, by known properties of ANR’s (cf. [1], IV.3.2). DA is also

a compact ANR. Thus Euler characteristics y(A4) and y(DA) are defined (compare [6])
and g(A4) is meaningful.

LEMMA 3.1. Let A< X be a BDR. Then there exists a sequence {g"} of regular de-
formations on A satisfying

Fing™ =D4 n=1,2,..,

(3.3) de > 0: A\Fix,g™ < K(DA. &/n) .

(3.4) VT>0: Fixpg™ = Fixgg"™,

where Fixog™ 1= (} Fixpg™. Moreover limg™ = id “uniformly” on A in the sense that
T>0

(3.5) Ve>0ANeNVr=NVxe AVie Lim(x): o(g™(@, x), x)<s.

Proof. Changing U and r, if necessary, we may assume that U = K(DA, ¢) for some
£¢>0. Set U, := K(DA,¢/n) and W, := A\U,. Let the deformation g*’ on A be
given by:

x, W, '
r(ﬁ’_ﬂ Q,x) for xe UNDA, 0<ro(x, W,) <e(x, D4)

g(")(t, x) 1= 4 Q(X; DA)

X for xe W,,te R* or xe DA, t = 0.

“

It is casy to see that the map g™ is well defined and dom ¢ is closed. To prove its
continuity, consider first a point (0, x*)e {0} x DA. Define a multivalued mapping

2 — Agta Mathematica 27
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R: U - Uby R(¥ := {r(s,x): 0<s<1}. A compactness argument with the segment
[0, 1] shows that R is upper semi-continuous (i.e. Vx, e U Ve >0 36> 0: x e K(x;, §) N
A U = R(x) = K(R(x,), ¢)). Let ¢>0 be fixed. By the u.s.c. of R we may find ad>0
such that xe K(x* 6) n U = R(x) <= K(R(x*), &) = K(x*,¢). In particular if x
e K(x*, 8) n U and (¢, x) € dom g™ then ¢z, x) € K(x*, £), which proves the continvity
of g™ at (0, x*). The continuity at the remaining points is obvious.

From the condition (3.2) it follows immediately that g™ is a regular deformation
on A, satisfying properties (3.3) and (3.4) and such that Fin g™ = DA.

To prove the uniform convergence notice that

lim sup {o (¢"(z, x), x): xe 4, te Lum(x)} <

n-* Q0

< lim sup{e(r(z, %), x): xeU,, te[0, 1]} .
Hence, it is enough to prove that the second limit is zero. Assume the contrary. Then
there is a sequence {(z,,x,)} < [0,1]x U, such that (1, x,) - (f,x) [0, 1]x DA and
o(r(t,, x,), x,) = e>0 for some £>0. Passing to the limit we obtain ¢(r(z, x), x) >0,
which contradictes the fact, that r(¢, x) = x for x € DA. The proof is complete.

4. Main results. Let / be a deformation on X and T a positive number. Define
Fix;/ := f(10, T}, Fix,f).

LEMMA 4.1. Let M be a compact ANR, T a positive number and f a deformation on M
satisfying the condition

e ———

4.1 Fix; fn Finf = ¢.
Then Fix;f<int domf;.

Proof. Assume the contrary. We will find a sequence {x,}, x, — x € Fixy f and such
that for every ne N x, ¢ dom fr, i.e. wy(x,)<7. We may assume that there exists the
limit y = limQ,(x,). Obviously ye Finf, but also yeFixrf, which contradictes the
assumption (4.1). The proof is finished.

Notice that if there exists a neighbourhood U of Fix, f such that U< dom f;, then
the fixed point index i(f7, U) is well defined. Moreover, its value does not depend on
the choice of such a ncighbourhood. Further on, we will denote the above common value

by i(fr, M).

THEOREM 4.1. Let M be a compact ANR and f a regular deformation on M. Assume
that Finf is also a compact ANR and T is a positive number. If

(4.2) Fix;fn Finf= ¢,

thern
i(fr, M) = y(M)—y(Finf).
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Proof. First notice that (4.2) implies (4.1). In fact, if there exists an y e Fix; f N

N Fin f. then y = f(¢, x) for some x e Fixy f, t < T. Since f is regular and Fin f = Fin f,
it must be ¢t = T. Consequently y = f(T', x) = x, which contradictes the assumption (4.2).
Since Fin f, as a compact ANR is also a BDR, we can find by Lemma 3.1 a regular

deformation g on Finf such that Fing = ¢. It means that domg = R* x Finf,
Consequently, dom g[]f = R*x M. We will prove that

Fixp(g[0f) = Fixpfu Fix;g.

Let xeFix;(gOf). If T<wy(x), then x = (gOf )T, x) = f(T, x). Hence x € Fixyf.
In the opposite case x = g(T—w(x), 2,(x)), which means that x € Fin /. Thus, by the
regularity of f, we obtain x = g(T, x) and x € Fix,g. The opposite inclusion is obvious.

By (4.2) there exist open, disjoint sets U, V such that Fix,fc U, Fix,yg < Fin fc V.
Modifying U, if neccssary, we may assume by Lemma 4.1 that U c dom f;. Replacing V'
by Vn w}xl(O, 7/2)) we may also assume that (g1f),(V)<Finf. Now notice that the
mapping (g[]f)r is homotopic to the identity on M. Hence, from (i4) and the invariance
of the Lefschetz number under homotopy we get x(M) = A(idy) = A(gOf)r)
= i((g00f)r, M). But, since Ucdomf,, we have (90f)rw = frjg. Thus, by (i)

(@0, U) = i(fr. U) = i(fy, M).
From (i5) it follows that
i((9Of e, V) = i(@0)r vin s, V0 Fin ) = i(gr, ¥ 0 Fin f) = y(Fin f) .
Finally, from (i3) we get
2(M) = i(@01 Nz, M) = @Dy, U+i(@0f )y, V) = i(fr, M)+ x(Fing).

The proof is finished.
Denote Ret 1= D(Finf) = Fin f\Fin f.

Definition 4 1. We will say that the deformation f satisfies the property (T) if
(T) AT, >0VxeRet f 0 (x)=T,.

THEOREM 4.2. Let M be a compact ANR, T a positive number and f a partial semiflow
on M such that Finf is a BDR. Assume f satisfies (T) and let

(4.3) Fix,/nFinf=¢ for 0<t<T.
Then
(4.4 i(frs M) = y(M)—3(Finf).

Proof. Let T, be a number appearing in (T). We will firstly consider the case T'< T},.
Let {g™} be a sequence of regular deformations on Fin f defined as in Lemma 3.1.
By Lemma 2.4, ™ := f[0(g"[0f) is a deformation. We will prove that there exists an
n e N, such that
(4.5) Fixy ™ = Fix; fu Fixpg™.
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