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Mixed derivatives in the systems of differential equations

ZBIGNIEW KOWALSK1I

§ 1. In this paper we shall consider the system

ou, ) duy 9w,
(1.1) = =A@ x wﬁf) (I=1,2,.. 1)),
ox Ox )

du
where x = (X, X3, ..., Jcp),a—i denotes the vector of derivatives of the first order and
X |

d%u, 0 . 0%u,
- 1s the pxp matrix |-

ax2 prp 0x,0x;
the second order. In the system (1.1) the /~th equation contains all the functions uy, u,, ...

., u, and the derivatives of the /~th function u,(t, x) only.

) (G,j=1,2,...,p) (I =1,...,n) of the derivatives of

[ .

We do not suppose that the metrix (-é——) (i,j =1, ..., p) possesses the dominating
q:_,- '

diagonal line. Also we do not use the “small” difference expressions of the second order

. of, . e
depending on the sign of the derivatives 511, a detail which seems to be disappointing
qij

in the construction of the difference scheme.
We shall use the “large” difference expressions for the mixed derivatives, cf. the
formula (2.9) and Fig. [.

The term

(12) E (U ”(M)-I-U +Ul J'(M))
P P Z

can be found twice, first on the left-hand side of the difference equation (2.5) and then
in the formula (3.4) and represents the arithmetic mean of the values -

(1.3) : U;—i.i(M) v ', Ll J(M) :

9:&
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Fig. 1. The nodal points with indices M, §(M),..., —i—j(M)
which enter into the difference expressions of the second order (2.8) and:(2.9) with negative
signs, cf. Fig, 1 and Fig. 2.
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Fig. 2. The signs of the corresponding terms in the difference expressions of the second order

It turns out as can be seen at appropriate places that these negative signs could de-
teriorate the proof of the Theorem 1, cf. the formula (3.13a). The resvlting difficulties
can be removed by a suitable choice of the time interval %, cf. the formula (3.15) and (3.16).

1 § 21 We slllall z;ssume that the functions f,(¢, x, u, (_;, ;), X = X1, ees Xp)s 4 = (Uyg,... 1),
g = g1 ->qp) q=(g;) (i,j=1,..,p) are of the class C! in the set 9,: 0<<T,
0<x;<a, —oo<uy<+o00, —oo<g}j<+oo, ~w<qg;<+00 (I=1,.,n (,j
=1, .., ph
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We consider the following boundary problem in the set ¥: 0<¢<T, 0<x;<«
(j=1,...p):

@2.1) o _ ey u Gy g
. - = s Xy Uy 5 T — NI (1 9
T dx’ ox

u 0, x) = @p(x),

ul(ta x) = qolj(ta x): for X; = 0,

(2.2) ult, xy = y;(t,x), for x;=u,
k(l=1,...,n)(j=l,...3p). |

cu
In the equation (2.1) a—{ denotes the vector
X

du; (Oul du; 6u!)

ox  \ox, ox,” " ox,
2“1
and s is the p x p matrix of the partial derivatives
X
0%u, 0%u, Q. 1 i = 1
= i,j=1,.., =1,..,n).
ox? 0x; 0x; / P ")

We shall assume that the solution u(z, x) of the problem (2.1), (2.2) exists and is of
the class C? in the set 2.
We assume also that

U | of; |
(2.3) o <$,},‘<rj (G=1,.0,p)
| U; ,aqj\
({,A=1,..,n)
and
| 0f L
(2.4) 0<gr‘j“<-é <%9; (.j=1,...pl=1,..,n)),
qij

in the set &,.
The corresponding difference equation is of the explicite type and will be written in
the following form

PP
| ] 1 y .
(2.5) A '[U?)(M)—pz—' E E g(vl—”M)—i—vf"%—v;_J(M)) =
4
1 =1
i#

i=

= " xm oM oM e (=1,..,n),
cf. Fig. 3.
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Fig. 3. The nodal points with indices w(M), M, ij(M),..., —i—j(M)

Here we use the notation M = (u, m) of the paper [1], vM ! denotes the vector of the
symmetric difference quotients of the first order

(2.6) 't =, o 0™ (d=1,..,n),
where

- A .
(2.7) v?‘“':E'(v{”““vf"M)) (l=1,..,n)),

and v)"? the pxp matrix v}'> = (W} (i,j = 1, ....p)(I = 1, ..., n) whose elements are

R 1 . .
U?ffu _ ;,3- '(U{(M)—ZU;W—I—U, J(M)),

(2.8)
(=1,...,n(i=1,..,p),
and
(2.9) v?ﬁj — 4_;15 .(U';'J'(M) - ij[{M) _v:—j(M)+U;i—j(M))’
G#NGj=1,...pU=1,..,n,
respectively.

The boundary conditions are induced by the boundary conditions (2.2) and have
the form

(0 = @(x™), for M = (0,m),
(2.10) vt = @, (t", x™), for m; =0,

1o = Yt x™), for m; = N,
k(j =1,...pp(I=1,..,n),

where AN = o.
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The mesh size & for the space coordinates x; (j=1,...,p) and k for the time co-
ordinate ¢ satisfy the conditions

1 1
(2.11) gﬁ';l‘"Fj"z'?O G=1,.,p),
and
1 1 1 o
(212) o, e G0 £,
P
1 1 2
i=1
for i,j=1,..p.
This means that
(2.15) k<ant L] (i # J)
. = * = ! )
PZ—P 3 G /
and
1 1
(2.16) k< h?- 3 e
2.2 gu
=1

fori,j=1,..,p.
We define the error #;' (I =1, ...,n) by

p p
1 i Z Z 1. -
(2.17) k-[u?’(M)— 7 —p. g(ul UM LMy "(M)):I =
1 j=1

=

L& j
= fi(e*, xm M ) D+, (U =1,..,m),
and we have
(2.18) e(h, k) >0, as h, k=0,
where
eth, k) = maxg,(h, k) (=1,..,n)),
(2.19) !

eh, k) = max|n"| .
M

(2.18) means that the system of difference equations (2.5) is consistent with the system
of differential equations (2.1).
We define also the error

(2.20) =M (U=1,..,n).
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§ 3. THEOREM 1. Under the assumption of § 2 the difference method is convergent.

Proof. We shall introduce the maximal values

m
(32) 5;;-!—1 _ IllaXI‘lu-l-l m_ I‘ju+1’a(1) _ rla)(A(I)) ,
m

for / =1, ..., n, where the nodal points B(/) and A(l) depend on the number /.
We can write

(3.3) _ (Sn+ 1 ‘“Sl) (rw(A”)) B(l)) ,
or
p p
i 1 1 . .
(34 7= }é-[rf’(*“”))_ .pT:;. E E _3_(,,; A 4 pd®) r;"J(A(l)))] 4
i=1 j=1

i#j

J
|j_u‘_ E (I" U(A(l))_l_rA(f)_i_rt J’(A(l))) rB(l)]
1#_}

The first square bracket in (3.4) can be calculated with the aid of the equations (2.17)
and (2.5). To this end we subtract the equations (2.17) and (2.5), we apply the mean value
theorem and we get

h

0 : :
(3.5 ST =0+ z é—f(fu). PAO 4 f:’ (~)— (rJ'(A(l))_rI—J(A(l))) N

- y) (3q1 2h
= Jj=
E ._k( ) J(A(l)) — 9 A(l)_l_r J(A(l)))_l_
.. e s x —i— AU
+ ( ) (,,luu(ar))_j,,I A _p IO =i iAm)) |
E : g, 4h
i=1 j=1
i)
1 HUAWO) AW =IO B®
+% (r +r* 4, )—
i= 1 _} 1

We can now introduce r,°" at suitable places and we obtain

n

z : of
(3.6) siT =00+ af( ~) P+ %, +€n, (U=1,..,n),
U

A=l



where

a . .
(3.7) Cn = Z 2 _ﬁ( ~)- 4h2 [(rTAD) _ BOY 4 (" SAD ) BOyy
F:ej

+ __]fl_( ) [( 4y _ B(I))-f-(rl_ju(”)——I‘;B(l))]-l—
i=1 i
fl 1 JAI)) _ B(l) ~ Jjl4(l)) B(l)
5 (~ ) [( )—(r, —r; )],
i=1 )
and
P r
(3‘8) Cglz — Z _j!.( ) 422.[_(1,!— iJ'(A(f))___rlB(f))_I_(rli”j(A(l))_rl?(i))]+
i=1 j=1 Yii |
i)

+z~%ﬁ( )1 =2 =" D]+

k E g ( =ij(al)) _ B(I))+( A30) B(l))+

i=1 j=1
iFj

i— jlAl B(l
+(rll J( ())—"1 ())].

In the last line of the formula (3.5) we have substitute

r P
1
B(l) B(l)
(3.9) g :Ez:‘fp'z Zr‘ |
i=1 j=1
i
and we have write
P p
—ij(A — JlA( B(l
p_ 3(0 i “”+r{“”+rf i ()))_rI ():l —
i=1 i=1

1
3.10 —
(3.10) . [pz
i+j

e —ij(d() _ FIB(I))__I_(rlA(l)_rIB(I))_i_
Tk pr-p Z : z :
HEJ

i— j(A4A{ B
+(r; J( ))"’z ())] _
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In €4, cf. (3.7), we have collected the terms corresponding to the nodal points with
indices ij(A(1)), —i—j(4(), j(A(D)), —j(4(])). These terms enter into difference ex-
pressions of the second order with the signs +, cf. Fig. 2, and are easy to handle. In fact,
the first line in (3.7) is non-positive and can be dropped. The second and third line in

(3.7) can be rewritten as follows

o, : »
(3_11) _1( ) hZ [( J(A(I))'—GBU))‘F(I‘; J(A(l))—f'zB(”)]-i-
=
af . i |
+ N ’( ) [("z](A(I))—”:B(”)-(f‘; J(A(l))__rlB(l))] _
0g ;

j=1

Z(rJ(A(t)) B(l)) (;(N) I a-lf’( ) 1)

oo (3 P 1),

But we have

1 a 1 l 1 1

(312) __Z‘L( ) f“[ )Lﬁ g_”‘_r] 05
o 1 o 1 1/ 1 1

3.13 —- — r--1=0,
3.13) o, i 5 0

because of the assumption (2.11), hence the right-hand side of the formula (3.11) is non-
positive and can be dropped also.

The problem arises in (3.8) with terms corresponding to the nodal points with indices
— (A1), A1), i—j(A(). These terms enter into the difference expressions of the second
order with the negative signs —, cf. Fig. 2, and must be treated with the greater care.
For example in the second line of the formula (3.8) we have

of, 1 .
(3.13a) a}_;_l( ) o T 07O =P 2 0,
ij

and these terms cannot be dropped since they are non-negative.
But we have

of SLUR U
3.14 G = —iitaay _ By ( St —ror _) +
( ) 12 Z Z (r ) ( u ( ) 4/’!2 k p2 —p 3

i=
L?EJ
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of, =1 1 1 1
i—=jAady) B(l) i

A e e e
E:EZ“ )( ()4H+kp%m3)

= Hﬁj
! PP
OIS B S AN T R Ry .
aqjj k p —pr 3
= i=1 Jj=1
i#j
In the first and second line of the formula (3.14) we have -
of -1 1 1 I —1 1 1 1
3.15 —— e I i e "Gt —=0,
(3.15) aqu( ) a2k pz—p 3 472 "V k pi—p 3

because of the assumption (2.12), which means that the first and second line in (3.14)
are non-positive and can be dropped.
In the third line of the formula (3.14) we have

1
o Pty S R

i=1 j=1
itJ

because of the assumption (2.13). Hence, the third line in (3.14) is non-positive and can
be dropped also.
Thus (3.7) and (3.8) reduces to

(3.17) %,<0, %,<0,

and we can majorize the right-hand member in (3.6) and write:

(3.18) A Z:ﬁ( ~)rf (= 1.2....,n).

ou,,
A=1

In a similar way we can introduce the minimum values

(3.19) 2= minp™ = O o 2O
m
(3.20) zf“ — mmr{‘“ m o __ ’IMH’CU) — rfa(ss'(x)),

m

for I = 1,2, ..., n, where the nodal points 2(/) and % (/) depend on the number /, and
we obtain the difference inequalities

G <a,wﬂ% E——()gm
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From (3.21) and (3.18) it follows that

(3.22) st7 <L YO+ eh, k),

and

(3.23) 22— &Y O —e(h, k).
A=1

We shall proceed now as in the paper [2], cf. [2] Lemma 3 and Lemma 4.
We define first

(3.24) R* = max max|r?], for M = (u, m),

i m

and obtain

(3.25)  (max|rM])” <max(st~, —zt7), for M = (u,m) (I=1,..,n)

m

because of Lemma 3. Then we can apply Lemma 4 and we get
(3.26) R<n ¥ R+e(h, k), R® =0,

for u=20,1,...,N,, where k-N, = T.
This yields

glh,k)
n.gw'(e z,k”_l)(ﬂ = 09 19 tees Nl)

(3.27) R <

But |r]!| < R* for M = (u, m) because of the definition (3.24), hence we have the
error estimate

(h, ]
(3.28) 1M < 2( ; @ —)y(u=0,1,..,N,).
n'

The convergence of the difference method follows from the error estimate (3.28) and
the condition (2.18).
This completes the proof of Theorem I.
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