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A stability-like condition in generalized dynamical systems

ANDRZEJ PELCZAR

1. Stability-like concepts in various versions, have been considered by several authors.
The purpose of the present paper is to follow the fundamental idea of Lyapunov stability
and to extend it in some sense with respect to “multivalued” (dynamical) systems, called
often generalized systems or generalized pseudo-dynamical semi-systems. The theory
of such systems is already developed; we limit ourself to refer for instance the papers [6]
and [7].

For informations on usual dynamical systems we refer to the book [1] where a rich
bibliography can be found, for certain generalizations of them (semi-systems etc.) to
[3], [4]. For our purpose we will adopt a simplified terminology, introducing the names:
a system and a generalized system. Notice only that systems in the sense defined below
are semi-systems or pseudo dynamical systems in other papers (cf. [4] or [3]); there are
also another names in the mathematical literature.

A triple (X, G; n), where X is a non-empty set (called the space), (G, +) is an abelian
semi-group with a neutral element 0 and 7 is a mapping from G x X into X, is said to be
a system iff:

(1.1) n(0,x) = x for every xe X
(1.2) n(t, n(s, x)) = n(t+s,x) fort,5€GC, xe X.

Denote by 2(Y) the family of all non-empty subsets of the set Y.
A triple (X, G; A), where X and G are as above, and A is a mapping from G x X into
P(X), is said to be a generalized system, iff

(1.3) A(0,x) = {x} for xeX

(1.4) Als, A(t, x)) = A(t+s,x) fort,5€G, xe X,
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where a natural notation
(1.5) AGs, A) = U {i(s,»): ye A} for seG, AeP(X)

1S used.

If mstead of (1.4) we have

(1.6) Ms, A, x)) = A(t+s,x) for t,5€G, xe X,

then the system (X, G; 4) is called regular.

It is known that fundamental exemples of systems (X, G; n) are given by solutions
of autonomous differential equations with the uniqueness property. If we omit the as-
sumption on the uniqueness, then we obtain generalized systems (see Sec. 4 in the sequel).

A mapping f: M - Z(P(X)), where M e 2(X), is said to be normal iff for every
x e M we have:

xeB for every Be fi(x).

In order to explain briefly the main idea of the paper let us consider a special case:
X being a metric space (with a metric ¢) and G = R, := [0, o). Let M be a non-empty
subset of X. Put B(M,¢) :== {ye X:d(y, M) <&}, where d(y, M) := inf{o(x, y): xe M},
and B(x, &) := B({x}, ¢) for x € X. The set M is said to be Lyapunov stable in the system
(X, R,; n) iff |

vxEMvs>036>0(n(B(xs 5)) < B(Ma 8)) 2

where n(B(x,d)) := {n(z,»): te R,,ye B(x, )}
This condition can be extended wiith respect to genecralized sysiems (X, R,; 1), in
two natural ways:

(I) v.xeMvs>035>0(}'~(B(x9 5))CB(M5 8))
(the condition in brackets can be written aiso in the form
t, )= B(M,e) for every te R, and ye B(x, d)),

(II) VxeMvs>036>0(’1(t: y) M B(*Ma 8) 7 ] for re R+ s V€ B(xa 5)) :

It 1s clear that (I) = (II) but not conversely.

Fundamental theorems on stability conditions are stated with respect to so-called
Lyapunov functions. A general definition of a Lyapunov function in (general) systems
is proposed in [3] (see also [4]), and theorems giving sufficient and necessary conditions
for a set M to be stable by means of such Lyapunov functions are proved as well.

These concepts and theorems can be extended for generalized systems and stabilities
of the type (I). It seems to be impossible to get the same results with respect to (IT). We
shall propose some stability-like concept (between (I) and (I1)) for which the idea of using
Lyapunov functions in order to obtain sufficient and necessary conditions for stability
1s working similarly as for (I). '

2. Let (X, G; A) be a gencralized system and let M e Z(X) be given. Suppose that
there are: a non-empty subfamily @ of £(X) an a normal mapping : M - 2(2(X)).
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Definition 2.1. Let A€ Z2(X) and ne N be fixed. We define P,(4, n) = X by the
formula

df
yGPJL(Aan)@ ]

(2‘1) VloeGan El(ro,y)vtlEngzel(l‘l,ZJ)... 1’
vtn_1EG3znel(tn-1,zn_1)vtneG ((/I(tnﬁ Zn) N A # Q)

Remark 2.1. It is clear that y€ P,(A4, n) if and only if
VTOEGazlel(fo,J’)VHEGazzEi(f1,21) vtn-1€Gaanl(!‘n*1 Zn-l)vfneGaaneﬂ-(tn,Zn)(Zn‘Fl € A) :

Definition 2.2. For A e 2(X) we put
(2.2) Ea(A) = n {P}_(A:, n): HEN} -

If A is fixed (as for instance throughout this section), then we shall write shortly
P(A,n) and E(A) instead of P,(4.n) and E,;(A), respectively.

ProrosITION 2.1. For every A€ P(X) and every n,meN such that m<n, the in-
clusions |
(2.3) PA,n)cP(A,m)c A
hold true.

Proof. Let n = m+p with some (fixed) p € {0} U N. We have

Yy EP(AB n) QVIQEGBZH El(to,y)vhEGHZZEl(h,Z]) s
Q.4) A

o vfm+p32m+p+lez(fm-t—pezmi-p)(zm'l'p‘}*1 € A) :

Zm+1 €4 (I, Zm) '

So, for y € P(A,n) the condition being the right hand side of the equivalence (2.4)
is satisfied in particular for #,,, = ... = t,, , = 0. Thus, by virtue of the equality

';“(0: Zm) = {Zm}
we get the implication

(2.5) ' yeP(A,n)=yeP(4d,m).
By using the same arguments we prove that
yeP(A,1)=>ye A,

which gives, together with (2.5), the condition (2.3) for m<n. B

COROLLARY. For every A e P(X) the inclusion
(2.6) E(A)c A4

holds true.
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ProrosimioNn 2.2. If Ae P(X), then
(2.7) E(A4) = E(E(4)).

Proof. We get immediately

(2.8) E(E(A)) < E(A)

from (2.6). In order to show the inverse inclusion suppose that y e E(4). We have to
prove that y € P(E(A), n) for every n. So let n be fixed. We are going to prove that

vtoan €A (Io,y)vflazzei-(!hn)

(2.9)
ces thaz"+lel(tn, Zn) (Zn-F- 1 € E(A))

The condition
(2.10) 2, € E(A)
is equivalent to the condition

Z,+1€P(A,m) for every meN.

This means that for every fixed meN

vsanJ €A(50,Zn+1) vslalfszl(Sl, wi) e

2.11)
vsmawm+1eﬁ.(sm,wm)(wm+l € A)

Comparing (2.9) and (2.11) we observe that
(2.12) yeP(E(A4),n) for every neN

if and only if
for every ne N and every me N the following condition (2.13) holds true:

(213) VtoanEl(fo.)’)vtlazzel(u,zl)

eot vt:m+m-!—lazn+m+ZEJ-U-'M+m+I,Zm+m-!-1)(‘zl'l-|-r‘n-l-2 € A) .

(the dummy variables s, ..., s,, and w,, ..., w,,, in (2.11) are replaced here by #,,, ...
veos bnimer ANA Z, 44, ooy Z0mye 2 Tespectively). The condition (2.13) is however, satisfied
since y € P(A,n+m) for every n,meN. So (2.12) holds true and then ye E(E(A)).
Thus we have proved the inclusion

(2.14) E(4) c E(E(4))
which in view of (2.8) finishes the proof. B
Let us establish finally, almost obvious

ProrosiTioN 2.3. If A, Be #(X) and A < B then

E(A) = E(B).
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Definition 2.3. The set M is said to be {2, f}-stable (shortly: M e S{Q, B}) if and
only if

(2.15) YocaVxemTpep (B E(Q)).

Definition 2.4. We say that M satisfies the condition L{Q, §} (shortly: M € L{Q, B})
if and only if there exists a family o/ € 2(2(X)) such that

(2.16) B> for every ye M,
(2.17) A >=Q
(2.18) Ac E(4) for every Ae o .

(¢>2 means that for every D e & there is C € % such that C < D).

Remark 2.2. The Corollary of Proposition 2.1 permits us to notice that (2.18) is
equivalent to

(2.19) A =E() for Ades.

THEOREM 2.1. M is {Q, f}-stable if and only if M satisfies the condition L{Q, B}.
Proof. Assume that M e S{Q, B}. Take
(2.20) o = {E(Q): QeQ}.

We claim that & satisfies the conditions (2.16)—(2.18). First of all notice that &/ # O,
since £ # . In order to show (2.16) we observe that for every y € M and every 4 = E(Q)
we can find Be B(y) such that B < E(Q); the set B is chosen for y and Q according to
the {Q, B}-stability of M. This also proves automatically that every element 4 of the
family &7 is non-empty.

The condition (2.17) is obvious because of (2.6): for every Q € Q there is 4 (= E(Q))
belonging to 7, such that 4 < Q.

Finally we use Proposition 2.2 and we get directly (2.18).

So we have proved that {Q, f}-stability of M implies the condition L{Q, f}.

Assume now that M e L{Q, B}. Let xe M and Q€ Q be given. Applying (2.17) we
choose A € & such that 4 < Q. Now, by virtue of (2.16) we can find B € f(x) such that
Bc A, and so Bc E(Q) since A < E(A) = E(Q). The condition (2.15) is then satisfied.
Thus the condition L{Q, f} implies the condition: M e S{Q, f}. &

PROPOSITION 2.4. The condition at the right hand side of the equivalence (2.1) defining
P,(A4, n) is equivalent to the following condition

vtoE G321 €4 (ta, y)r‘\Avn GGHZ;Z cA(t1,z1)nA -

(2.21)
Vtw.leGaznel(tn_i.zn—1)nAvtneG (;‘-(tna Z,,)('\ A 7 Q)

Proof. The implication (2.21) = (2.1) is trivial. In order to show that (2.1) implies
(2.21) observe that if for z, € A(t,, ¥) certain condition should be satisfied for every #,;

10 — Acta Mathematica 27




146

then in particular this condition has to be satisfied for #;, = 0. But the existence of z,
belonging to A(0,z;) " 4 means that J # A(0,z,)n 4 = {z;}) n 4 and so z,€ A.
The same arguments applied with respect to z,, ..., z, permit us to conclude that in (2.1)
z; € A(ti—1,2;—1) N A. Thus (2.1) = (2.21). &

Remark 2.3. The condition (2.1) is essentially stronger than
(2.22) Vi 2t, )0 A#0O
which is (in the case of a regular system) equivalent to the following one
(2.23) VaVio, eI, znspexn(Ziv1 € (1, 2), 2,4 4 € A)
(with z, = y).

Remark 2.4. If for every (¢, x) the set A(¢, x) consists of a single element, then instead
of the generalized system (X, G; 1) we can consider a system (X, G; ) with 7 (¢, x) defined

insuch a way that {n(7, x)} = A(z, x).
In that case we can easily show that the condition (2.1) is equivalent to
(2.24) n{t,y)e A for every re G

and sc, the {2, B} -stability is in fact equivalent to the Lyapunov type stability considered
in [3] and [4]: '

(225) VxeMstﬂaBeﬁ(x)(n(B) < Q)

where n(B) = {n(t,x): te G, xe€ B}; this is true because of the equivalence: 7(B)
< Q < B< E(Q), where — in our case — E(Q) can be defined as the set of these ye X
for which the trajectory n(y) = {n(¢, y): t€ G} is contained in Q.

For such stability conditions Lyapunov functions are discussed in [3], [4].

Conditions of the type (2.25) with respect to “multivalued” generalized systems
(X, G; ) were considered in [5]. It is clear that the condition

vxeMerQHBeﬁ(x) (A(B) = U{A(t,x): te G, xe B} c Q)
1s essentially stronger than (2.15).

3. Let (X, G; A) be a generalized system M, Q and f be as in Sec. 2. Suppose that
Ne2(X) is such that

(3.1) Nc E(N).
Assume that (T, <) is a partially ordered space and put

P = T\{infT} if inf T exists
and

P =T if InfT does not exist.

Definition 3.1. A function V: N — T is said to be a'Lyapunov function of the type
{N,T; Q, B} for the set M if and only if the family

(3.2) o = {4,: neP}
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where

(3.3) A, = {xeN: V(x)<n} forneP

satisfies the conditions (2.16) and (2.17) and moreover

(34) VxeNVLD-V(x) (XE E(Aﬂ))

TueORDM 3.1. If there exists a Lyapunov function of the type {N .1 Q, B} for M, then
Me S{Q, B}

Proof. We apply Theorem 2.1. It is explicitely assumed that o given by (3.2)--(3.3)
satisfies (2.16)—(2.17). The condition (2.18) is also satisfied since (3.4) gives: |

xed,=xeN, V(x)<n=xecE4,). ®

The above Theorem 3.1 says that the existence of a Lyapunov function is a sufficient
condition for M to be {Q. B}-stable. We shall prove that this condition is also necessary
for the {Q, B}-stability, if T satisfies some additional conditions and Q is indexed by P
monotonically. |

First of all we introduce the following

Definition 3.2. We say that the partially ordered space (T, <) satisfies the con-
dition:
df

(C,) = for every Se P(T) there exists inf SeT;

df
C,) <« for everv ne P there exists g€ P such that p<n;
Lo ] H }

dr
(C,) = for every Se€ Z(T) and every 5 € P cuch that

inf S <n, there is ¢ € .S such that o <n,
(see [3], [4]).

LEMMA 3.1. (see [4]). The conditions (C{)—(C3) for (T, <) imply the following con-
dition

(Co) if y,nelP then inf{n,n}er.

Proof. First of all observe that for 5, 7 € P the element p := inf{n, n} exists because
of the condition (C,). Suppose that u does not belong to £ so u = infT. Applying (C,)
we can find ¢ € P such that ¢ <. Of course |

(3.5) u=infT<o.

So, by virtue of (C,), there exists ¢ € {i7, n} such that ¢ < 6. Because of the strict inequality
o <n, we get: o <n. Thus ¢ must be equal to 5. Thus 5 < o and consequently n<n and
7 =min{n, 4} = inf{y, 7} = u. The last cquality contradicts (3.5). The proof is
completed. W

10*
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THEOREM 3.2, Assume that (T, <) satisfies the conditions (C{)—(C,). Suppose that

Q={0,: neP}

is such that
n<u=0,c0,.

If Me S{Q, ﬁ} then there exists a non-empty subset N of X satisfying (3.1) and
such that

(3.6) ¥Veendsesw(BC N)

and there exists a Lyapunov function V: N - T of the type {N,T; Q, B} for the set M.
Proof. I. Let n° € P be fixed. We put
(3.7) N = E(Q,0).

We have N = E(N) (see Proposition 2.2) and so (3.1) is trivially satisfied. Moreover,
if x € M, then there exists B € f(x) such that B < E(Q,,) (because of the {Q, f}-stability
of M). Thus (3.6) holds true for & defined by (3.7).

II. We define ¥ by the formula
(3.8) V(x) :=inf{neP: xe E(Q,)}, xeN.

We shall show that the family & given by (3.2)--(3.3) for the function (3.8) above
satisfies (2.16) and (2.17).
Let xe M and A, € <o/ be given. Put

(3.9 p = inf{y, n°}

Notice that ue P (see Lemma 3.1) and then there exists ¢ € P such that ¢ < pu (see
(C,)). Let us consider Q,. For x and Q, we can find B e f(x) such that B < E(Q,). Since
Q, <= Q,< Q,0, we have (see Proposition 2.3)

E(ch) — E(Qu) = E(QqO) = N
and so B« N. Thus for every z € B the value V(z) is well defined. Moreover
zeB=zcE(Q,)=V(@)<o=V(E@<u= V(@) <y

and so B< A,. We have proved that o/ satisfies (2.16).
In order to prove (2.17) consider any fixed Q, € Q. Take u € P such that u <# (com-
pare (C,)). Take now ye 4,. We have

V(y)<u
and so

inf{ice P: ye E(Q,)} <
Because of (C;) we can find o€ P such that o < u and ye E(Q,). We have

E(Q)cQ,=0,< 0,
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and then ye Q,. Thus we have proved that
(3.10) A,<c 0,

Our result is: for every Q, € Q there is 4, € o/ (it is enough to take any p € P such that
g <n), such that (3.10) holds true, This means that the condition (2.17) is fulfilled.

IIT. We are going to complete the proof by proving that the function V defined by
(3.8) satisfies the condition (3.4). Let x € N and u € P such that ¥V(x) < u be given. Take
n < usuchthatx e E(Q,); we get

E(Q,) = E(Q,)
and so xe E(4,). &

4. Let (X, G; 1) be a generalized system and let M e #(X), 2, # be as in Sec. 2

PROPOSITION 4.1. Assume that N € P(X) satisfies (3.1). Let V be a function defined
in N, ranged in T where (T, <) is a dense ordered space satisfying the conditions (Cy) and
(C5) (see Definition 3.2). Then the family Z defined by (3.2)—(3.3) satisfies the conditions
(2.160)—(2.17) if and only if these two conditions are fulfilled by the family

of = {AH,,} ,
where '

4.1) ‘ A, = {xeN: V(x)<n}.
Moreover, the condition (3.4) is satisfied if and only if

(4.2) Vien u>vx) (X € E (;4_,[1))

Proof. In order to prove the first statement it is enough to observe that

(4.3) A, A4, forneP
and simultaneously
(4.4) A,=A4, fornp<up.

Proving the second statement, saying that (3.4) is equivalent to (4.2), we notice first that
the implication: (3.4) = (4.2) is obvious, since 4, < A, and so

x€ E(A,)=>xeE(4,) fornelP.

Then we prove the inverse implication: (4.2) = (3.4) as follows. Take x € N and p > V(x)
and then fix n € P such that V(x) <# < u. (This is possible because of the density assumed
for the space T). We have: x € £(4,) and so x € E(A4,) by virtue of (4.4). B

COROLLARY. If (T, <) is ordered and dense then -in the formulation of Definition 3.1
we can replace the family of by sf considered above.

Remark 4.1. Recall that in Sec. 3 T is assumed to be partially ordered. It scems to
be natural to ask whether the assumption that 7 is ordered is essential.
The answer is given by the







