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Multiple positive solutions for a class of nonlinear boundary value problems
of the fourth order

JAN BOCHENEK

Introduction. In this paper we investigate the existence and multiplicity of positive
solutions for a class of nonlinear boundary value problems of the fourth order. The
results of this paper generalize the results of paper [4). Namely we transfer some results
-of paper [4] relative to differential equation of the second order to some class of dif-
ferential equation of the fourth order. The method used in this paper is based principally
on thc results of papers [2], [3] and [4].

Consider the semilinear elliptic cigenvalue problem

(Lu)(x) = A (x,u(x)) for xeQ,

(1)
(Bu)(x) = 0 for xe 0Q2,

where L = L,L,, B = (B,, By), > 0.
We assume that Q< R" is a bounded domain with boundary 02 of class C2*% for
some a €(0, 1), that differential operators

(2) Lip=— Y ai—kakajqo—l- > a,d,p+clp. i=0,1

k=1 k=1
are uniformly elliptic on 2 and that the coefficients a} o ap, e C*7HTH) (i =0, 1)
with ¢' (i = 0, 1) nonnegative. We also require that

(3 (Bip)(x) = bb(X)f,D(X)%-bE(X)f;;(X), i=0,1

and (Bu)(x) = 0 on 0Q means (Byu)(x) = 0 and (B,Lyu)(x) = 0 for x € 002, where J/0p
denote the directional derivative with respect to an outward pointing, nowhere tangent
vector field § on dQ of class C1¥* and that & = 1 and 4, = 0 (Dirichlet boundary con-
dition) or that b} = 1 and bi e C**%@RQ) (i = 0, 1) with b} >0 but not identically zero.
These hypotheses ensure that the maximum principle is valid for (L;, B) on Q, i = 0, 1.
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We make the following cssumptions on f (see [4])

(f1) feCY(Qx[0, + o))
(f2) f(x,00>0 for xeQ

(f3)  There exists r >0 such that f(x, s) >0 if s€ (0, r) and Jx,r)s0 for xe

We prove i Section 1 that the above hypotheses imply that problem (1) possesses
a minimal positive solution for all 4> 0. Our proof makes use of upper and lower so-
lutions. We shall say that u is an urper sclutien of preblem (1) if

(Lu)(x)= Af(x,u(x)) for xe Q
and
(Bu)(x)=0 for xe o2,

where (Bu)(x)> 0 for x € dQ means (Byu)(x)> 0 and (B,L,u)(x) >0 for x e 0Q. Lower
solutions are defined similary but with the inequality signs reversed.

The main result in Section 1 (Theorem 1.1) states that an a priori bound on the upper
solutions of problem (1). In Section 2 we show that such a priori bounds can be found
in superlinear ordinary differential equations.

1. Existence of positive solutions of problem (1)

First we recall well known result from the theory linear differential equations elliptic
type of second order (e.g., see [1] or [4]).
For every ve C*(Q) the linear boundary value problem

Lu=v in Q
Bu=0 on éQ

(4)

has a unique solution u = K;ve C**%(Q) for i = 0, 1. The Schauder a priori estimates
imply that these inverse mappings X; (i = 0, 1) are continuous linear operators from
C*Q) to C**%Q). Each operators K, i = 0, 1 can be extended to a compact linear oper-
ator from C(Q) to CY{Q).

Let us choose and fix 4> 0. Using the definition of the operator K, we write the
problem (1) in the form

(Low)(x) = LK f)(x,u(x)) for xeQ
(Bou)(x) = 0 for xe€0Q .
Since fe CY(Qx[0, +00)) and K;: C(Q) - CYQ), there exist m>0 such that

(5)

0
E—(Klf)(x, u)> —m for all xe Q and ue |0, r].
U
Now we consider the problems

L,u=(Ly+m)u=vin Q

(6)
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and
(L, u)(x) = A[(K ) (x, u(x))+mu(x)] = g(x,u(x)) for xeQ

(7
(Bou)(x) =0 for xe 082.

Because of the definition of m, g(x, °) is positive and strictly increasing for u e [0, r].
We can extend ¢ to @ x(— oo, + o0) so that g € C*(Qx(— oo, + o)) and g(x, °) is positive
and strictly increasing for ue(—oo, r] (see [4]).

Let K,, denote the inverse mapping corresponding to (6). Then K,,: C(Q) » C(Q) is
compact. Since g is continuous, the Nemytskii operator N: €(Q) — C( Q) such that
(Nu)(x) := g (x, u(x)) is continuous. Let us denote by 7' = K, N, then T: C(Q) — C(Q)
is compact and continuous.

Analogously as in the paper [4] it is easy to show the following lemmas

LemMA 1.1. If u € C(@) and u(x) < r for x € Q, then (Tu)(x) > 0 for x & Q and 0[0(Tu)(x)
<0 for xe dQ2.

Lemma 1.2, If u,ve C(Q), u(x) <v(x)<r for xe Q and u # v then (Tu)(x) < (Tv)(x)
for x € Q.

Lemma 1.3. If vy = r, then (Tvy)(x) <r for xe Q.
The proofs of Lemmas 1.1, 1.2 and 1.3 are simple consequence of the maximum
principle for (L,,, B,) in Q and the fact that the function Tu satisfies the following problem

(L, Tu)(x) = g(x,u(x)) for xeQ

(8)
(ByTu)(x) = 0 for xe 092

(see [4]).
In the sequel our main tool is the maximum principle for L; on 2 (i = 0, 1), which
we use in the following form (see [5] or [4]).

TueEOREM (Maximum principle). Let u satisfy the differential inequality
(L,u)(x) =0 for xeQ,

where i = 0 or i = 1. If u attains a nonpositive minimum M at x € L, then u = M. Also,
if u attains a nonpositive minimum M at a point Xo€0Q and if u# M on Q, then
(GuléP)(x,) <0, where 0[O0 is any outward pointing directional derivative.

Now using a degree theory argument and above lemmas we can prove the existence
of a positive solution of problem (1). Let us denote by B, := {ué C(Q): ||ull <r} the
ball in C(Q). (Here ||-|| denotes the usual sup norm for C(Q)).

We have the following

THEOREM 1.1. For each fixed ). > 0 1° there exists a positive solution u € B, of problém (1).
2° If there exists K >0 such that ||ul| < K for all upper solutions of problem (1) satisfying
(Bou)(x) = 0 for x€dQ, then there exist at least two positive solutions of problem (1).
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The proof of Theorem 1.1 is omitted because it is almost identical to the proofs of
theorems 2.4 and 2.5 of paper [4].

Remark 1.1. Let us observe that each upper solution of problem (1) satisfying
(Bu)(x) = 0 for x€dQ is an upper solution of problem (7) satisfying (Byu)(x) = 0 for

X € 0%, but not converscly.

Remark 1.2. Evidently, each solution of problem (1) is a solution of problem (7)
and vice versa.

We now investigate the minimal positive solution of problem (1). By the condition
(/2), function u = 0 in Q is a lower solution of the problem (1) (and so of the problein
(7). By (f3), v = r in Q is an upper solution of problem (7). It is proved by Satiinger
in [5] that the iterations defined by

ug =0 and u,, | = Tu,; vy =rand v,, , = Tv,, ne N

converge uniformly in Q. Using the method of Sattinger from paper [5] we may prove
that {u,} converges uniformly to ue C**%Q) and that « is a minimal positive solution
of problem (7). By Remark 1.2 the funciion # defined above is a solution of problem (1).
We shall prove that » is a minimal solution of problem (I). Indeed if there exists
i € C*7¥(Q) such that #i(x) <u(x) for xe Q and 7 is the solution of problem (1), then
u is a solution of problem (7) and @ (x) < u(x) for x e Q. This is a contradiction because
u is a minimal solution of problem (7).

2. A priori bounds for upper solutions

In this section we obtain a priori bounds on the upper sclutions of certain super-
linear fourth order problems of the Sturm—Liouviile type. We use an argument almost
1dentical with that used by Brown and Budin in [4] to obtain a priori bounds for Siurm-
Liouville problems of second order. We consider the following problem
(Lu)(t) = 2f (¢, u(z)) for te[0, 1]

(Bu)(t)]o = 0,

9 (Liw) (1) = =[p)u' ()] +q()u(r). i=0,1
p1)>0, q(t) 20 for 1€[0, 1], p;e C3([0, 1]), ¢,€ C*([0, 1)) (i = 0,1). The boundary
condition has the form (Bu)(z)]) = 0 i.e., (Bou)(t)lg = 0 and (B, Lyu)()lo = 0, where
(B;0){(t)lo = 0 means that -

@(0)—a;¢'(0) = 0 and e(D+B,¢0'(1) =0

;20 and $,=20, (=0,1).
If the function fin problem (9) satisfics the conditions (f1), (f2) and (f5), then the results

. of section 1 hold for the problem (9). In this section we make the following additional
assumption on f (see [4])

®)
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( f4) There exist #,, t;, with 0< 7, <t; <1 such that lim f(¢, w)/u = + oo uniformly
in te [ty 1] =t
We shall prove the following

THEOREM 2.1. Let f satisfies the conditions (f,), (f2), (f3) and (f,). For every 1> 0
there exists 0 >0 such that z'f u s an upper solution of (0) then l IuH <.

Proof. Let 54,5, be such that 7y <sy <s; <t;. We prove that there exists a > 0 such
that for every upper solution u of (9).

(10) u(ty = ollul|l for te sy, s;].
For each se [0, 1], let p(-, s) be the solution of the boundary value problem
(L)) =0 for te(0,s)
y0)=0 and y(s) = 1.
Similarly, for each se€ [0, 1), let z(-. 5) be the solution of the boundary value problem
(L,2)(t) =0 for te(s, 1)
z(s) = 1 and z(l) = 0.

where L,, = L,+Am, sece (6).
Now we define w: [0, 1]x[0, 1] = R by
[z(£,0) for 0<r<1 and s =0
y(t,s) for 0<r<s and O0<s<1

(11) Wi, s) = 4
z(t,s) for s<t<1 and O0<s <

(y(, 1) for O<e<l and 5=1.
Clearly, w is continuous and strictly positive on [so, 5;]x [G, 1]. Hence
a = min{w(t,s): (¢.5) € [s9, 5, ]x [0,1]} >0,

Let u be an arbitrary upper solution of preblem (9). Then there exists g, € [0, 1] such
that u(o,) = [lul|. We prove that

u(t) = |lullw(t, 6,) for tel0, 1].

Let M{([a, b]), i = 0,1 stand for the set of functions ¢: [a, b] - R of class C? in
{a, b], which satisfy the following boundary conditions

pla)—a;¢0' (@) = 0 and @(B)+f,;0'(b) =0 for i =0,1

where ;20 and f,20 (i=0,1) and a, be R.
Operators
Li: Mi([a,b;])HC([a, b])s I-"-—"O,l

where L;, i = 0,1 are defined by the formula (9), are linear and inversible operators
of the Sturm-Liouville type.
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Let us denote by K, the inverse operator to the operator L, when [a, b] = [0, 1].
Now, the problem (9) may be written in the form
(Law)(t) = g(t,u(t)) for te]0, 1]

(12)
1(0)-05t(0) = 0 and w(1)+ ') = 0,

where g(t, u) = A(K f)(t, w)+ Imu.
By the definition of function w, we have

L(u—llullw(:, 6)(1) = (Ly)(t) > g (¢, u(t)) for 0<t<a,.

We observe also that u(0)—|[|u]|w(0, 0o) = u(0) >0 and u(o,)—||u|lw(s,, op) = ||u|| —
—[|lul| = 0. Because g (¢, u(r)) =0 for ¢€[0, 1] hence, by the maximum principle, u(t)
Z [lul|w(t, 0y) for t€(0,0,). A similar argument shows that u(t) = |lul|w(t, 6y) for
te(oy, 1). Since u(oy) = |lu|] = {Jul|w(oy, 6,) hence u(r) = llu[|w(z, 6,) for €[00, 1].
Consequently, if 7€ [s4, 5;], then u(¢) > «||u).
Let u, be the first eigenvalue of the following problem

(LoLiy)(1) = ,uy(z‘) for sy <t <5,

(13)
Y(s0) = y(s4) = 0 and (L1¥)(s0) = (Lyy)(sy) = 0.

As we know ;> 0 and the first eigenfunction @ of problem (13) is positive in (s, 51)
(see [6]). From the condition (f,) follows that there exists & > 0 such that Af(t, u) > pyu
for 1€ [sy, 5] and u> k(2> 0 is fixed). Suppose that « is an upper solution of (9) with

k
[|e]] > - From this by (10) we get u(r) >k for € [s,, 54], and so

(LiLow)(t) = Af(t, u(2)) > uu(t) for te(s,,s,).

Since
(LoL @) (?) = p;@(¢) for te(sy, 5y)
we have
(14) D) (LyLow)(t)—u(t) (Lol ®)(2)>0 for t€(sq, 5q).

On the other hand, using the integration-by-part formula and using the boundary con-
dition @(sy) = @(sy) = (L;D)(so) = (L,P)(s,) = 0, we obtain

(15) sf [ (L1 Lot~ ulLo Ly D)(1)dt = [p,(t) D' () (Lou) (1) +po(t) u(t) (L @) (1)]55 -

Since p,(z) >0, po(t)>0, (Low)(£)>0 and u(z)>0 for te sy, 5;] while @'(s55) >0,
P'(s1) <0 and (L;®) (50) >0, (L,®)(sy) <0, the right side of (15) is negative. Hence
we get a contradiction with (14). So every upper solution of problem (9) satisfies the

k
inequality ||u|| < —. The proof of Theorem 2.1 is complete.
o
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