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On the existence of a subanalytic selection for the subanalytic set-valued
function

ZoriA DENKOWSKA and KRYSTYNA WACHTA

The aim of this paper is to prove that for a set-valued function which is subanalytic,
a subanalytic selection can be chosen. This fact has turned out to be useful as a tool in
optimal control, where subanalytic and semianalytic set-valued functions appecar, for
instance, in the works of H. J. Sussmann, R. J. Aumann, H. Halkin, E. C. Hendricks etc.

THEOREM. Let W, V be two finite-dimensional vector spaces, E < W x V be a subanalytic
set (not necessarily relatively compact) and F — the image of E by the natural projection
w: WxV —> W. Then there exists a subanalytic function ¢: F — V such that ¢ c F.

Remark. Let us notice that such a set E defines, in a natural way, a set-valued function

Fow-FE,={veV: (w,v)eE}.

In the case where £ is semianalytic and compact, this function 1s what Halkin and Hen-
dricks ([5]) call a set-valued function of class H.

Proof of the theorem. Let us first assume that the set E is relatively compact. Suppose
W = R", V = R" We will proceed by induction on m. Assume m = 1. By Lemma 1 of
the paper [4] and the theorem of the paper [3], the functions

: FxVa(w,v) > o(v,E,)eER,
¥Y: FxVa(w,v) - o(v,(G\E),)eR

where ¢ is the Euclidean metric and G = Fx(—c¢, ¢) (¢ being a positive constant such
that Ec {—c<v<c)), are subanalytic. Let us take the set X = @7 '({0}) n ¥~ 1({0}).
In view of the subanalicity of @ and W, this set is subanalytic in Wx V ([2]). Let us take
the function

h: (Wx V)3 ((w,v), (W, D)) —-><w, I)—;—ﬁ>e WxV
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and then the set Z = A(Xx X 0 {w = w}) n E. Observe that Z is subanalytic ([2]) and
relatively compact. The funciion ¢ defined as follows:

@: Fow-o>minZ, eV

will be the desired sslection. It is easy to see that ¢ is a well-defined function (Z,, being
finite and nonempty ([2])), ¢ < E and ¢ is subanalytic ([2]) because ¢ = {d(w, v)—v —
—c = 0}. Now let us assume the theorem true for m such that m <k and let m = k.
We already know that there cxists a cubanalytic function : my «x(E) —» R ! such that
Y < E and a subanalytic function n: /' — R such that 5 < ny , g(E) (Where my «g: Wx V
D (Wis ooy Wy Uy e, D) = (W, o, W, 0) € WX R). We take ¢@ = i o (idp, ) and this
will be the desired selection because ¢ < E and ¢ is subanalytic as a composition of sub-
anaiytic functions of the relatively compact graphs (see [2]).

Now, if E is not relatively compact one can take concentric cubes K, = K, < ... such

that {J K; = Wx V. Wec than take the subanalytic and relatively compact set E N K, and
i=1

the existing subanalytic selection ¢,: n (En K;) — V, ¢, =« En K,. Next, for each

i=2,3,.. we can take the restriction of the existing subanalytic selection, namely

@it w(E N K\ny(E N K;_;) > V. Thus ¢; is subanalytic (as a restriction to the sub-
w0

analytic set), ¢, = En K;. Let us observe that |} ¢, is a function contained in E and
i=]

subanalytic as a union of a locally finite family of subanalytic sets.
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