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Limit sets and stability of motions in semi-systems

JANINA KLAPYTA

This paper concentrates on the correspondence between the stability of motions and
regularity of mappings which assign to a point of a space X a limit sct, first prolongation
or prolongational limit set.

The notations and definitions used here are in common use. In particular the notation
of spaces & (X), 2% etc. are the same as in [3].

The first part is devoted to single-valued semi-systems. The thcorems we state and
prove there concern semi-systems in a localiy compact regular space. Some results con-
cerning upper semi-continuity of the mapping A: x — A(x), in the case of metric space,
have been obtained in different way by A. Pelczar [5].

In the second part we give scme theorems on the generalized systems, analogous to
those of the part one. Here, we make usc of the connections between the topological
properties of spaces (X, v) and (2%, 2%), when 2° is the Vietoris topology [3].

The author is grateful to Professor A. Pelczar for suggesting the problem and remarks
concerning the paper.

Part 1

For a non-empiy set X we denote by &7 (X) the family of all non-empty subsets of X
and 3 X) = o (A (X))

A mapping f: X — &Z%(X) is said to be normal iff for every x e X and Be B(x) the
point x belongs to B (see [4]).

For an arbitrary x € X in a topological space (X, v) we denote by ¥V, a neighbourhood
of the point x, i.e. xe V, ev. For an arbitrary 4 € &Z(X) we denote by A the closure
of the set 4. For a non-empty topelogical space (X, v) we denote by 2% the family of all

non-empty and closed subsets of X and by € (X) the family of all non-empty and compact
subsets of X,
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In the examples which we shall consider in this paper the space R? is provided with
the natural topology; so (R?, v) is equipped with the topology v generated by the family
of open balls

©) B(x,r) = {ye R*: (x;—p)*+(x;—y;)* <r?}

for xe R?, reR.. |
Let X be a non-empty set, (G, +) be an abelian semi-group with a neutral element 0
and let © be a mapping from the cartesian product G x X into X.

Definition 1. The triple (X, G, n) is said to be a semi-system if and only if for every
t,5€GCG, xe X
(1) n(0, x) = x
) n(t, n(s, X)) = n(t+s, x).

The triple (X, G, n) is said to be a dynamical semi-system if and only if (X, G, 7) is
semi-system, (X, v) is a topological space, (G, +) is a topological semi-group and

(3) 7 IS continuous .

Let xe X be given.

Definition 2. The mapping

4) " Gat—->n'(t) =n(t,x)e X
is calied the motion of the point x.

The set
(5) n(x) = {n(t, x): te G}

18 called the trajectory of the point x.

Let f#: X — o/*(X) be a normal mapping. Moreover let be given a set of indices E
and a normal mapping {: X — &/*(X) such that for every x € X the family {(x) := {Z%),. ¢
is indexed by E.

Lct xe X be given.

Definition 3. ([4]) We say that the motion 7* is (B, (, E)-stable (denote
*e S(B, (., E)) if and only if for every e € E there exists in S(x) a set B such that
(6) Tcy(t) € Zz(t,x)

for every ye B and fe G.
We introduce some stability-like properties of motions. The following concept is
weaker than the concept of stability of the motion.
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Definition 4. We say that the motion =™ is (B, (, E)-pseudo-stable (denote
" eS8, ¢, E)) if and only if for every ¢ e E there exist Be f(x) and f€ G such that

(7) T(5) € Zn(x)

for every ye B and se G, t<<s.

Let (X, v) be a topological space with a topology v, (G, +, <) is an abelian, ordered
semi-group with the neutral eclement 0, which is also the minimal element.

In a semi-system (X, G, n) we admit general definitions of the limit set and first prolon-
gation of x € X [1], [4]. The definition of prolongational limit set of x we admit here is
equivalent to the definition of this notion considered by Pelczar [4], when the mapping
n satisfies the following condition: for every ¢ € G the mapping

(8) n,: Xoax - n(x):=n(, x)eX

is continuous.
Let x € X be given.

Definition 5. The following sects
(9) Ax) == ) {z(n(x)): te G}

10) D(x) := () {n(V,): V, is a neighbourhood of x}
(11) J(x) = {ye X: VV,V1e GIse€ G, t<sdze V, such that n(s,z)€ v}

are called the limit set for x, the first prolongation of x and the prolongational limit set
for x, respectively.

Remark 1. It is obvious that for an arbitrary point x € X the following is satisfied
(12) xen(x)c D).
Let F be a mapping from X into &/ (X).

Definition 6. The mapping F is said to be upper semi-continuous at the point x € X
if and only if for every open U < X such that F(x) = U there is an open neighbourhood ¥,
of the point x such that if ye V, then F(y)c U, i.e.

(13) VUev, F(x)c U3V, cv: yeV,=> F(y)cU.

In the sequel we shall discuss the regularity of F = A, J and D, where A x - A(x),
J: x = J(x) and D: x - D(x) respectively.

Let us introduce the following general:

Assumption A. Let be given a semi-system (X, G, 7) where (X, v) is a locally compact
and regular space, (G, + , <) is an abelian, ordered semi-group with the neutral element 0,
which is also the minimal element (the relation “<<”" is a transitive, reflexive and antisymmetric
binary relation and for every s,1€ G, s<t or t<s). Let f: X — AW, {1 X - ALHX)
be normal mappings such that {(x) := {Z;}, g for every x€ X.

We shall admit the above Assumption A throughout this part.
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Now, we introduce certain conditions concerning the mapping { in the semi-system
(X, G, n).
Let xe X be given.

Condition W(x). The mapping { satisfies the condition W(x) ({ e W(x)) iff the
following implication is satisfied: [there are Ce /(X), Be ¢(X) and ¢ e E such that
for every te G there is se G, t<s for which B Z} ., # ¢, n(s,x) e C} = A(x) N
N C # ¢.

Condition W,. The mapping { satisfies the condition W, ({ € W,) iff for every
Be¥(X) and Uewv, Bc U there is g¢e E such that

(14) Zz =U{Z;: xeB} <= U.

Condition W;. The mapping { satisfies the condition W, ({e W,) iff for every
Be¥4(X) and Uev, B= U there 1s ¢e F such that

(15) {xeX: Z;n B # 0} U.

In the fixed semi-system (X, G, n), we can formulate several theorems, admitting the
Assumption A satisfied.

THEOREM 1. If there exist mappings f, { suchthat { € W(xy) N Wyand n*° e S(B, ¢, E)
for x, e X, then

(16) A(xy) = ¢ = there is V. e v for which A(y) = ¢ for every ye V,,
(17) A(xo) # ¢ = there is V. ev for which A(y) # ¢ for every yeV,,.

Proof of (16) (by contradiction). Let A(x;) = ¢. Suppose that for every V,, €v
there is y € V,, such that A(y) # ¢. We take arbitrary g, € E. In view of assumption
n e S(B, {, E) there is Be f(x,) such thatn(z, y) e Z%, . forevery y € B, t € G. Putting
Vs = B, we can fined y € B such that some z,e A(y) # ¢. Hence for cvery ¥, v and
for every te G there is s€ G, t<s such that n(s, y)e V., Since ye B for a relatively
compact J, we obtain that for every 7 e G there is se€ G, t<s such that n(s, y) e V,, 0

M Zzis,x0)- By virtue of condition W(x,) we have A(x,) # ¢ and this gives the contra-
diction.

Proof of (17). We take an arbitrary z € A(x,) # ¢ and relatively compact neighbour-
hoods of z: V,,, V, e v such that ze V, < V, = V,. From the definition of /A (x,) for every
te G there is se G, t<s such that n(s, x,) € ¥,. Since { € W, there is g, € E such that
Z%OD < V,. In view of assumption that n™° e S(B, {, E), for this ¢, € E there is Be f(x,)
such that n(¢, y) € Zz(, ., for every ye B and e G. Hence there is V,_ := B such that
to each t€ G there is se€ G, t<<s such that for every ye B

Tt(Sa y) eZi(()s,xo) = fooo < Vl ‘

This means that ¥V, n A(y) # ¢ for every y € B which finishes the proof.
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THEOREM 2. If there exist mappings [, { such that { € W(x,) n W, and ©°° € S(,{, E)
for x, € X, then

(18) J(x0) # ¢ <= A(x0) # .

Proof of the implication (=). We take z € J(x,) and relatively compact sets V,, V, e v
such that ze V, = ¥, < V,. From the condition W, it follows that there is &, € E for

which Z;OO < V,. Since n™° e S(B, {, E) we know that for every fixed ¢, € E there is a set
B e B(x,) such that n(z, y) e Z,; for every ye Bandte G.Let V,, := Band V, := V.

n(t, X0}
Because of the relation z € J(x,) for every ¢ € G therce exist s € G, t<s and w € B such that

(s, wye Vy 0 Z oy -

By virtue of the condition W(x,), A(x,) # ¢, which finishes this part of the proof.
The implication (<«=) is obvious because

(19) A(x) < J(x)

for every x € X. So the proof of the Theorem 2 is completed.
As a simple corollary of Theorems 1 and 2 we get the following

THEOREM 3. If there exist mappings 8, { such that { € W(x,) n W, and ©*° € S(B. ¢, E)
for x, € X, then

(20) J(xo) = ¢ = there is V. €v for which J(y) = ¢ for every ye V,,
(21) J(xy) # @ = there is V., € v for which J(y) # ¢ for every yeV,,.
Directly by the Theorems 1 and 3 we have

TueorReM 4. If for some xq, € X one of the implications (16), (17), (20) or (21) is not
satisfied then in the semi-system (X, G, n) one obtains ©*° ¢ S(B, {, E) for every 8, { such
that { € W(xy,) N W,,.

Example 1. Let semi-system (R?, R,, ) be given with the aid of the picture

P

- —fi— ls
>

- —— l1
Po 9 /;"“\ >

S *
. B l-1
Fig. 1

where J{P;: ieZ,} = RAU {l,: ieZ,} for Z, = 2Z\Z,, Z, = {2k: ke Z}. We notice
that A(x) = ¢ for every point x e/, (ie Z,) however A(x) = 1,_, v l;,, for every point
xeP (ieZ,).

13 — Acta Mathematica 27
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The above example gives the semi-system (R?, R, , m) such that for each xe/; (i€ Z,),
n* ¢ S(B, {, E) for every f3,{ such that {e W(x) n W, in this system.

Remark 2. One should notice that the theorcms are given for fixed semi-system
(X, G, TC). If we change the topology in X, then the limit set of the point x, € X and stability

of the motion =™ may change, too.

Example 2. With the same notaticns as in Example 1, we take the family {#(x)}xcr2
defined as follows

'@(x) .= {B(x, r)}re(o,rx)

for x € P; (i€ Z,), where r, := min(o(x, ;). e(x, [;4,)) and

%(.X) = {Bl('xﬂ r)}reR-;.

for xel; (i€ Z,), where Bi(x,r) = {ye R*: y, = x,, |x, =yl <r}

If we equippe the space R* with the semi-system (R?, R, m) which we considered in the
Example 1 with the topology defined by the complete system of neighbourhoods {B(X)}xeras
then A(x) = ¢ for every xe R®. Moreover for every xel; (ieZ,) the motion 1S
(B, {, R,)-stable for the mappings f, { dcfined as follows

ﬁ(X) == %(X), C(x) = {Z;}relh.
for xel, (ie Z,), where Z;: = By(x,r).

Remark 3. The following examples show that the assumption of pseudo-stability
of the motion of peint x, € X is not sufficient for realization of thesis of above theorems.
However the assumption of stability and even of pseudo-stability is not necessary for that.

Example 3. Consider the dynamical system defined in R* by the differential equations

dx dy

22 o ay _
(22) ” fx,»), - 0,

where f(x, y) is continuous and f(x,y) = 0 whenever x = y with x <0. Then the set
of critical points is of the form {(x,y)e R?*: x = y, x <0}. For every f§,{ satisfying
the Assumption A and such that { e W((0, 0)) n W, we have n%e S (B, E). After
all ¢ = A((0,0)) # J((0,0) = {(0,0)} and for every ¥V oy there is ne€ N such that

R 1

Example 4. Analogously to the Example 3 we consider a dynamical system defined
in the real Euclidean plane by the differential equations of the form (22), where f(x, y)
is such that {(—1,0), (0, ): ye R} is the sct of critical points. For xo < —1 we have
a9 ¢ S.(B, ¢, E) for every B, { satisfying the Assumption A such that (e Wn W,.
After all the conditions (17)—(21) arc satisfied.

As instantaneous conclusion from the Theorems 1 and 3 there are theorems relative
to the regularity of the mappings /1: x = A(x) and J: x = J(x).








