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Dependence on parameter of solution of a non-linear problem

TERESA WINIARSKA

Abstract. Let X be a Hilbert space, let Y be a Banach space and let % be an open subset of a Banach
space. Let Ay: X — Y be a linear, closed, dense defined operator with closed range and closed kernel,
for £ € 9(. The main object of this paper is to study the differentiability with respect to the parameter /4 of
solutions of the equation 4ju = Gyu, where G: X -» Y is a non-linear operator, for he .

§ 1. In this part X is a real Banach space and % is an open subset of a meiric space.
For any he %, X, is a cloced subset of X. A family of mappings

K, X, - X,
is called uniformly contractive in % if there exists & € (0, 1) such that
[IKu(x)— KD < 0llx—yll  for he ¥, x,ye X,.

According to the Banach contraction principle, every K, he %, has a unique fixed point
Xp € Afh .

LEmma |. If the mapping
Ud3h—> K 0)eX

is bounded and K, is uniformly contractive, then
a) the sequence K,(0), K;(0) = Ky (K,(0)), ... of iterates converges uniformly in U and
b) the mapping
HUo3h->x,eX
is bounded.

Proof. Let Ky, v = 1,2, ... be the sequence of iterates of K, . Uniform convergence
of the sequence {K;(0)} follows from the estimation (sce e.g. [2], p. 10)

v

HKR(0) — K3 7(0)]] < KO

1-6
for every positive integers v, p.
14*
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Now letting v =1 and p = u—1 we obtain

IKEOI < —— IO
Since K[(0) — x, as p — o0, we have

l1xal] < i—l—é || KO} .

§ 2. Let X be a Hilbert space and assume that ¥ is a Banach space and D is a dense
subspace of X. We shall consider a family of linear operators

Ay,:D—-Y, he,

where % 1s an open subset of a Banach space #. We shall assume that
I° A4, 1s a closed operator and
2° the range R(A,) and the kernel N, = Ker 4, of the operator 4, are closed subsets
of Y and X, respectively, for he %.
Let X, = N, be the orthogonal complement of N,. Then X, as a closed subset of
the Banach space X is complete. Thus it is a Banach subspace of X and the restriction

AhID M Xh: D M Xh —> R(Ah)
is a closed invertible linear operator. Therefore, by the closed graph principle, its inverse
(44D 0 X,)™: R(A,) — X,

is a continuous operator. Let T,,: ¥ — X, be an extension of (4,|/D n X,)~! with the
same norm. Let us consider, for A e %, the orthogonal projection

P X=N,® X, 3(x'+x")>x"eN,,
where x" e N, x"" ¢ X, and the sum “@” is direct. It is clear that for x e D we have
ThA.hx = x_Phx.
Thus T,4; 15 a bounded densc defined linear operator, for all he %.
We shall consider a family of operators
UXYU>(W, h) > T,4,: X > X,cX
and we shall assume that T\, 4, € B(X) for all (w, h) e % x %, where B(X) is the Banach
algebra of linear bounded operators from X to X. Let [T, A,] be defined as the unique
extension of 7., A4, to all of X in such a way that the extension has the same norm.

Let
G: UxDa3h,x)> Gx)e Y

be a family of operators with domain D for all he %.
We shall study differentiability with respect to the parameter /4 of the solution x;, of
the equation

(1) | A,x = G,x, hed.
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For this purpose the following assumptions will be indispensable in the sequel:
Let a be a fixed point of %.
ASSUMPTION Z;. There exist 6 €(0, 1) and an open neighborhood V of a such that
173G x =T, Gyl < O]x—yl|
Jor all (h,wye ({a}x VY {(h,weVxV: h= w}, x,ye D.

ASSUMPTION Z,. The mapping
Ush—>T,G{0)e X
is bounded in an open neighborhood of a.
ASSUMPTION Z;. There exists an open neighborhood U, of the point a such that Jor
every he U, the operator [T, A,] € B(X) and the mapping
U,2h - [T,A,] € B(X)
is differentiable at a, i.e. there exists a bounded linear operator W,: B - B(X) such that
AT Aash =T, A = W,k - 0, as h—0,

where |-| and ||.|| are norms in suitable spaces.

ASSUMPTION Z,. The mapping
U>h —-P,e B(X)

is differentiable at a. The differential of this mapping at a will be denoted by B‘;.

ASSUMPTION Zs. Assumption Z, fulfils and if x, e X, is a solution of the equatzon |
[T,4.)x = [T,G,]x, then the mapping

VxXsh,x)— [T,Glx)e X

is differentiable at (a, x,), where [T,G,] is defined as the unique extension of T,G, to all
of X in such a way that the extension satisfies the same Lipshitz condition (see e.g. [6], p. 28)
Let C'and D be the partial differentials of [T,G] with respect to 4 and x, respectlvely
Then
A, xT.Glh—a, x—~x,) = C(h—a)+ D(x—x,) for heV, xeX

Remark 1. Suppose that Assumption Z, is fulfilled. Then, by the Banach contraction
theorem, there exists exactly one x, e X such that x, = [T,G,]x,. Since R(T,)<c X,,
the point x, € X,,.

Remark 2. If assumptions Z,, Z, hold, then it follows from Lcmma 1 that the mapping
. U?/ 3 h —_ xh S X

is bounded in an open neighborhood of a.
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Remark 3 It follows from Assumption Z that
1° || D]] € 6 < 1. Therefore we have
2° I— D is an invertible element of B(X).

THEOREM 1. Under the assumptions Z,—Zs, let x, be the solution of the equation
(T,A,)x = [T,G,]x for he ¥. Then the mapping
U2h— x,eX
is differentiable at a.
Proof. First we prove that the mapping # — u, is continuous at the point a. For
Ah small enough we have
Xagtanh—Xg = (TaAa“-Pa)(xa+Ah—xa) - TaAaxa+Ah_"TaAaxa“
_Paxa+Ah+Paxa = TaAaxa-i-dh_TaGaxa_Paxa+Ah+
+PossnXasan = LgAuXos sn—ToAus anXat an+
+TaAa+Ahxa+Ah_"TaGaxa+(Pa+Ah'_Pa)xa+Ah =
= (TaAa_TaAa+Ah)xa+Ah+TaGa+Ahxa+AhHTaGaxa+
+(Pa+dh_Pa)xa+Ah = (TaAL.,—TaAa+Ah)xa+Ah+TaGa+Ahxa+h
“TaGa+Ahxa+(TaGa+Ah_IrGa)xa+(Pa+Ah_Pa)xa+Ah .

Therefore

Xar an— Xl S Ty Au— T, Ays anl 111 X0+ anll + 011X 4 4n — Xal[ -+

F (TG s sn— ToG) X + 1 (Pot an— L1 X0+ anl] -

| Thus, by the assumptions and Remark 2. the mapping % 34 — x, € X is continuous
at a. To prove differentiability let us compute
|4 ™ 1%+ an— Xa+ (Wo4h) Xy — CAR— D(Xg1 gy~ X,) — (B, AR) x,|| =

= |4 " (Tada—ToaAus an) Xar an+ TaAar anXar an—TuGaXa+

+(Posan= P Xor an+ (= Wodh)x,— CAh— D (x4 4—%,) — (B, dM) x,]| <

< AT NT Aa— Ty Ags an+ ~ Wadnll [1Xa s anl| + 1 4AIT = Wo Ak (g1 0 — X )| +

+ AR T HT, Gay anXas an— TG . xg— CAR— D (xqy 45— X[ +

+ A8 T Y|Py s an— Pa— Ba AR X0 aull + 1451 1| B, AR (X0 4 40— )] -

By Assumptions Z,—Zs it follows that
AR Xar an— Fort (Wadl)Xy— CAh— D (X, = %)= (Budh) x || -3 0
|4k~ (= DY(Xg1 an— Xa) +(Wodh) x,— CAh— (B, 4h) x,|| =

= [{(I— DY(| 4k~ (X41 ap— X+ (I — DY~ (W, 4h) x,— CAh — (B, Ay x )] .
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Hence and by Remark 3 we get
4R X4 ap~ X+ (I= D) (W, 4h) x,— CAR)— (B, 4h) x,)|| = 0, as h > 0.

PROPOSITION 1. 1° Under Assumption Z5 the following two statements are equivalent:
(@) dimN, < oo and the mapping U >h — P, e B(X) is continuous at a.
(b)  There exists an open neighborhood V, of a and a positive integer k such that dim N,
=k for heV,.
2° If Z4 together with either (a) or (b) hold then Assumption Z, holds too.

Proof. (a) = (b). Since the mapping # 3 h — P, e B(X) is continuous at a, there
exists an open neighborhood U, of a such that |P,—P,l<1 for heU,.

If P, is the zero projection, then N, = {0} and ||P,~P,|| = ||P,]] < 1. Thus P,(x) = 0
for all xe X, he U,. Hence N, = {0} for he U,.

If P, is a non-zero projection then it follows from Lemma 12.15 in [1], p. 197 that
dimN, = dimN,, for all he U,.

(b) = (a). Following Theorem 2 of [7] there exists an open neighbourhood V, < U,
and a base e,(h), ..., (h) of N, for he V,, such that the mappings

Vish—e(l)eN,, j=1,..k

are difierentiable at . We can assume that the base is orthonormal for all he V,.
Then
k
i=1
where <, > is the scalar product in X.
To prove differentiability let us observe that the mapping
Ve h — <., e(h) > ei(h) e B(X)
can be presented as the composition ¢ o, where ¢, are given by
@: XxXo(@,w)—> <-,0>we B(x)
y: V,oh - (efh), efh))e Xx X.

Since ¢ is of class C* and ¥ is differentiable at @, the mapping ¢ o i is differentiable at a.
Let us observe that the assumption of contractivity of 7, G, has been used only to

prove that the mapping 4 — x, is bounded in a neighbourhood of a (see proof of Th. 1).

Now, we present another approach. Let x,, for #¢ |} be the same as in Theorem 1.

ProrosiTioN 2. If 1° dimN, = k< oo for he U, 2° there exists 6 €(0, 1) and an
open neighbourhood V of a such that

T.G,x—T,G,yl| <dl[x—yl|
for all weV, x,ye D,
3° the mapping
Us2h—-T,G,(0eX
is bounded,
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4° the mapping

U>h— [T,A,] € B(X)
Is continuous at a,
then the mapping

h-x,eX

is bounded.

Proof. Since T,4,=1-P,, we have [T,A,]+P, = I+[T(4,~A,)]. Then using
Assumption 4° we see that there exists an open neighbourhood U of a such that
1-06
Il[Ta(Ah—Aa)]ll < —“2— .
Thus, the mapping [7,4,]+ P, is bijective and V, = ([T,4,]+P,)"! is a bounded linear
mapping and

IVall < o
Getting back to the definition of x, and V,, we have
X, = I./,,TaG,,xh—ir ViP,x, .
Since x, is orthogonal to R(V,P,) (cf. [5]), we have
|xu? = (Vo T,Ghx,, x3) -
Thus, by the Schwarz and the triangle inequality
Xul S TVRNT, Gy — T, GHO)] + |V 1T, Gu(0)] -

Therefore, there exists a positive constant C,; such that

28
x| < m b+ Cy

Hence

|]<1+5C
X o T .
k 1_5 1

Remark. To obtain k-times differentiability of # — x, it suffices to assume addition-
ally that

1. Kerd, = {0} for he,
2. h—»T,A4, is k-times differentiable at a,
3. (h,x) > T,G(x) is k-times differentiable at the point (g, x,).

Indeed, differentiating both sides of the equation
[T Al x, = [T,G,]x,
with respect to 4, we get a new equation for x, of the form

(*) [TaAh]xi‘; = D‘x;i +.f(h » xh) »
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where D is the partial derivative of 7,G discussed in the proof of Theorem 1. It is easy
to see that (x) satisfies all the assumptions of Theorem 1. Hence /2 — x; is differentiable
at «. Now, the continuation of inductive rcasoning is clear.

Example. Let G be a bounded domain in R* with the boundary G of class C”. Let

A, = A(x, D) = > afx,h)D"

el <m

be a properly elliptic operator of order m having coeflicients a, of class C* in % x G,
where % 1is an open subset of R". Let

m

B, = Bi(x, D) = E b (x)D", 1<j< S

| <my

m _
be a set of 5 boundary operators with coefficients &;, of class C* in G such that B;,

m
j=1,.., 3 cover A,, for all e % (for detailed definitions see e.g. [3]).

m
et X=Y=L%G), D= {veH’"(G): Biv=0, j=1, ,5} where H™(G) 1s the
m-th Sobolev space. Then it follows from the theory of elliptic operators that

1° N,={ve D: 4,v = 0} is a closed subspace of X
2° R(A4,) is a closed subspace of Y
3° A, X » Y is a closed operator.

Therefore, there exists a bounded operator 7,: ¥ — X, = N; < X such that
T,A,x =x—P,x for xe D, he¥.

Suppose that dim N, = k < oo for every s e %. M. Schechter proved in [5] that Assump-
tion Z; holds. Therefore, Theorem 2 proved in [7] states that there exists an open
neighbourhood %, of a and a base e,(#), ..., e,(h) of N, such that the mappings

U,2h—>e(eX, j=1,..,k
are differentiable at a. Hence, by Proposition 1 the mapping

is differentiable at a. Hence, we can use Theorem 1 to study differentiability with respect
to parameter A the solution u, € Ni- of an elliptic non-linear equation

(1) Au = Gyu

with a non-linear right hand side G, of (i) which satisfies assumptions of Theorem 1.
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