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Evolution equations with parameter

TeErRESA WINIARSKA

Abstract. The purpose of this paper is to give theorems on continuity, differentiability and C-class

4
) = Apup(t)+ f1(2), us(0) = u?, with

with respect to (#, t) of the solution of the evolution equation

parameter ke f2c R".

1. Preliminaries. Assuming that X, Y are Banach spaces we let B(X, Y) be the Banach
space of all linear bounded operators and (X, Y) be the vector space of all linear, closed
operators from X into Y. If A: X — Y ‘s a linear operator then D(A4), N(4), R(A),
A, P(A) will denote the domain, kernel, range, closure and the resolvent set of A, re-
spectively.

The following simple Lemma will be useful for us

LrmMa 1. Let X, Y,Z be Banach spaces, Te B(Z, X) and Ae%(X, Y). If R(T)
< D(A) then ATe B(Z, Y).

Proof. It follows immediately from the Banach closed graph theorem.
Let Q be an open subset of R". Let (4,),.o be a family of linear operators 4,: X— Y
with a domain D, = D(A,), for he Q.

Definition 1 (cf. [2], p. 460). We call the family (4,),.o R-continuous at a point
hy € Q if there exist a Banach space Z and a family 7, € B(Z, X), h € Q such that

(a) R(T,) = D, and the mapping Z >3z — T,(z) € D, is bijective for all Ae Q, and

(b) the mappings

Qoh->T,eB(Z,X) and Q3h—V,= AT,eB(Z, Y) are continuous at the
point A,.

The continuity in Q is defined by the natural manner as continuity at every point of Q.
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Remark. Definition 1 is a formal adoption of the Rellich’s [3] and Kato’s [2] definition
of holomorphic families of operators. Tt is easy to sec that for families of bounded oper-
ators R-continuity and coincide.

We shall use the following simple Lemma.

LemMA 2. Let A,€ 6€(X, Y) for he Q and suppose that A,: D, — Y is bijective for
all he Q. Then the mapping

Qsh—>A,e6(X,7Y)
is R-continuous at a point hy € Q if and only if the mapping

Qsh-A4,'eB(Y, X)
is continuous at hy.

Proof. To prove the sufficient condition it suffices to take Z = Y and T, = 4,1
for he Q.

Now let Z, T,,. V}, be the same as in Definition 1. Since 4,7, = V, and, by assumptions,
all operators are invertible we have

Ayt =TV for he Q.
By Banach Theorem V¥, ' is bounded for /e Q and since A — V, is continuous, the
mapping A — V¥, ' is also continuous. Hence the mapping & — A, ' is continuous.
COROLLARY 1. Suppose that X = Y and Ae P(4,) for all he Q. Then the mapping
Qo3h—> A4,e4(X) =C(X, X)
is R-continuous at a point hy € Q if and only if the mapping
235 h—(A4,~-1)"" e B(X)
is continuous at hy.

2. Continuity with respect to parameter. We start with a preparatory material,

LEMMA 3. If the mapping
(1) P3h - A,e 6(X)

is R-continuous at a point hy € Q, then for every compact set K < P(A,,) there exists 6 >0
such that K < P(A,), whenever |h—hy| <08, where || is a norm in R".

Proof. It 1s a simple consequence of Theorems 2.29 and 3.1 of Kato [2].
As a simple consequence of Lemma 3 we obtain.

LemMma 4. If the mapping (1) is R-continuous then the set

U= {(A, ) e CxQ|).c P(4,)}

is open in CxQ.






