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Asymptotic behaviour of iterated Green’s functions of a linear elliptic
differential operator
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1. Introduction. In this paper we study the so-called iterated Green’s functions of
elliptic differential operator. These functions are the integral kernels of powers of Green’s
operator associated with given elliptic boundary-value problem. We consider an m-th
order selfadjoint elliptic operator with variable coeflicients on a bounded set in the space R"
(nz1).

Our results extend those of the work of L. Garding [8], in which the Dirichlct problem
has been investigated. On the other hand, our results extend investigations of many authors
(for instance [2]. [12]) who studied the asymptotic propertics of Green’s operator (without

. : h . . .
its powers) under assumption that m > . We give two independent variants of the regu-
L
larity assumptions for the elliptic operator. The first one is related to S. Agmon’s paper [2].
the second one — to R. Beals’ work [4]. The main results of this paper will be used in
author’s paper [13]. |
1 wish to thank Professor Jan Bochenck for a number of helpful conversations.

2. Notations and assumptions. In the sequel we shall use the following notation: for
any points x = (x,, ..., x,) and y = (»y, ..., »,) in Euclidean space R" (n=1),
x| i= (xT+ .. +x)F, (x, 0> =X Y+ XV,
For an index or exponent p = (p, ... p,). whose components are nonnegative integers,

Pl i=pot oty X=X
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Let Q denote an open bounded set in the space R", with closure 2 and boundary 0Q.
We assume that Q has the cone property, i.e., there exist positive numbers 3, £ such that
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for each point x € Q there is a cone with vertex x, contained in  and congruent to the
cone:

n—1

SS,h = {)CE R": Z x‘? SSX,,?, OSXHS]?} .

i=1"
In the case n = 1 the cone means simply the segment. We shall consider only real function
spaces: 2(£2) denotes the set of C*-functions having compact supports contained in Q,
L*(Q) — the Hilbert space of square-integrable functions on Q with respect to Lebesque
measure, with scalar product

Qu, vy = (U, Vg = | u(x)v(x)dx

0

and with norm
ul| = ”UHLZ(Q) = (u, U>%-

H(Q) (where j = 0, 1,2, ...) is the J-th order Sobolev space, that is the space of functions
that together with their derivatives (in the distribution sense) up to j-th order belong
to LX(Q). In H’(Q) we introduce the scalar product

Cu, v); = U, gy = . {D’u, D"v)

lp| <]

and the corresponding norm
”””j = ”u”m(m = <u, U>f

The basic facts about Sobolev spaces are included for insiance, in the monograph [1].
Now we recall only that H’(Q) is a Hilbert space and for J12js (Jpj, =0,1,2,..)
the relation H'!(Q) = H*(Q) helds while the embedding 7: H/\(Q) — H*(Q) is continu-
ous. Let a be a linear differential operator, of even crder m = 2m, (m, € N), with variable
coeflicients, of the form
a(x, D)= > a,(x)D".
|p|Sm
The coeflicients o, (| p| < m) of operator a are supposed to be real-valued C®-functions
in open set Q,, with £ < Q,. The operator a is supposed to be elliptic in 2, so that the
characteristic polynomial
ap(x, &) = ) otp(x) &
|p|=m
corresponding to the principal part a, of operator a, catisfies the condition ay(x, &) # 0
for all & = ({4, ..., ¢&,) # 0 and for every x e Q.
We assume also that the operator a fulfils the additional condition

(= D™ag(x.H=0. VxeQ, ¥YieR"

In what follows we shall deal with a realization A4 in L*(Q) of operator a in the sense of
following:







