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Asymptotic behaviour of iterated Green’s functions of a linear elliptic
differential operator

WACEAW PIELICHOWSKI

1. Introduction. In this paper we study the so-called iterated Green’s functions of
elliptic differential operator. These functions are the integral kernels of powers of Green’s
operator associated with given elliptic boundary-value problem. We consider an m-th
order selfadjoint elliptic operator with variable coeflicients on a bounded set in the space R"
(nz1).

Our results extend those of the work of L. Garding [8], in which the Dirichlct problem
has been investigated. On the other hand, our results extend investigations of many authors
(for instance [2]. [12]) who studied the asymptotic propertics of Green’s operator (without

. : h . . .
its powers) under assumption that m > . We give two independent variants of the regu-
L
larity assumptions for the elliptic operator. The first one is related to S. Agmon’s paper [2].
the second one — to R. Beals’ work [4]. The main results of this paper will be used in
author’s paper [13]. |
1 wish to thank Professor Jan Bochenck for a number of helpful conversations.

2. Notations and assumptions. In the sequel we shall use the following notation: for
any points x = (x,, ..., x,) and y = (»y, ..., »,) in Euclidean space R" (n=1),
x| i= (xT+ .. +x)F, (x, 0> =X Y+ XV,
For an index or exponent p = (p, ... p,). whose components are nonnegative integers,

Pl i=pot oty X=X

P.__ NPt Pn __ -
DPi=DV DM = e

Let Q denote an open bounded set in the space R", with closure 2 and boundary 0Q.
We assume that Q has the cone property, i.e., there exist positive numbers 3, £ such that
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for each point x € Q there is a cone with vertex x, contained in  and congruent to the
cone:

n—1

SS,h = {)CE R": Z x‘? SSX,,?, OSXHS]?} .

i=1"
In the case n = 1 the cone means simply the segment. We shall consider only real function
spaces: 2(£2) denotes the set of C*-functions having compact supports contained in Q,
L*(Q) — the Hilbert space of square-integrable functions on Q with respect to Lebesque
measure, with scalar product

Qu, vy = (U, Vg = | u(x)v(x)dx

0

and with norm
ul| = ”UHLZ(Q) = (u, U>%-

H(Q) (where j = 0, 1,2, ...) is the J-th order Sobolev space, that is the space of functions
that together with their derivatives (in the distribution sense) up to j-th order belong
to LX(Q). In H’(Q) we introduce the scalar product

Cu, v); = U, gy = . {D’u, D"v)

lp| <]

and the corresponding norm
”””j = ”u”m(m = <u, U>f

The basic facts about Sobolev spaces are included for insiance, in the monograph [1].
Now we recall only that H’(Q) is a Hilbert space and for J12js (Jpj, =0,1,2,..)
the relation H'!(Q) = H*(Q) helds while the embedding 7: H/\(Q) — H*(Q) is continu-
ous. Let a be a linear differential operator, of even crder m = 2m, (m, € N), with variable
coeflicients, of the form
a(x, D)= > a,(x)D".
|p|Sm
The coeflicients o, (| p| < m) of operator a are supposed to be real-valued C®-functions
in open set Q,, with £ < Q,. The operator a is supposed to be elliptic in 2, so that the
characteristic polynomial
ap(x, &) = ) otp(x) &
|p|=m
corresponding to the principal part a, of operator a, catisfies the condition ay(x, &) # 0
for all & = ({4, ..., ¢&,) # 0 and for every x e Q.
We assume also that the operator a fulfils the additional condition

(= D™ag(x.H=0. VxeQ, ¥YieR"

In what follows we shall deal with a realization A4 in L*(Q) of operator a in the sense of
following:




]
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Definition 1. An operator A, with domain D(A4) c L*(Q) and range R(A4) = L*(Q),
is said to be a realization of elliptic operator a, if 9(Q) < D(A) and for every function
ue D(A) we have Au = au, where au is understood in the distribution sense.

There are many homogeneous boundary-value problems associated with the given
operator a, involving its distinct realizations in L*(Q). Some examples will be given in
Section 6. From now on we assume that the realization 4 of clliptic operator a 1s a self-
adjoint bounded from below operator with compact resclvent. Let a, and 4, (¢ € R) denote
the operators

a,:=a+t:=a+tl, A, =A+t:=A+11,

where I is the identity operator. Then, for sufficiently large number ¢ € R, the operator 4,
is invertible and its inverse

G = A" 1= (4) 7]

is a bounded operator. The operator G, is called Green’s operator associated with oper-
ator A. The powers (G,)*, (4)* (for k € Z) will be denoted briefly by G, Ar.

3. The main theorems

THEOREM 1. Suppose that the realization A in L*(Q) of elliptic operator a satisfies all
assumptions of Section 1. Let k be a fixed positive integer. Then there exists ty € R such
that for t = t,:

1° G¥ possesses the integral kernel, so that there exists a locally integrable function

g®: @xQ - R such that {Giu,v> = [ g®(x,»u(y)v(x)dxdy, Yu, ve 2(Q),

2x0

. - v, = n . . M 2 -
2° if, in addition, k > —, then the function g®, called iterated Green’s function, has
m

the following properties:
a) g® is continuous on Qx Q,
b) the asymptotic equality
. k=2 _ " _
() lim " mg P, p) = 8, ,2m) ™" | [(—D™ay(x, &)+ 1] d¢
R

t— oo

1 , =
holds for every x,ye Q, where 5, , = {O, WZP}’J X ) %
., WHAEHR X y.

Furthermore, for any compact K< Q, the convergence in (1) is uniform on the diagonal
IHKxK) = {(x,x): xeK}.

Proof of Theorem 1 is like that of [8]. It suffices to observe that only the properties
of A|gq are used in it. Therefore we omit the details of the proof of Theorem 1.

THEOREM 2. In addition to the hypotheses of Theorem 1 suppose also that

() D(4% < H™Q) and k> -
m
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or

(i) D(A)c H™Q) and k>2> .
m

Then, for sufficiently large t € R, the operator G* is an integral operator with the kernel g™,
that is

Giu = ggi"’(-,y)u(y)_dy, Vue LA(Q)

and moreover the inequality

n

2 T mgPC, DKM, Vx,pe@ Vizt,,
holds, where M >0 is a constant independent of t > t, and of x,y € Q.
Proof of Theorem 2 will be given in Section 5.

Note. From Example 4 in Section 6 it follows that the assumptions (i) and (ii) of
Theorem 2 are independent.

4. Auxiliary results. In what follows we shall make use of some properties of bounded
linear operators that will play the role of inverses to differential operators. Let X, Y be
Banach spaces and let G: X — Y be a bounded linear operator with norm ||G||x.y. For
brevity the following conventions will be used:

1°if X = Y = L*Q), then NG| == (|Gl L2@)- 120y »

2°if X = L*Q) and Y = H'(Q) (where je N), then

HGHj o HG”LZ(Q)—»Hf(g) .

In this section we assume as usual that £ is a set satisfying all conditions of Section 2.

LEMMA 1. Let X, Y be Banach spaces such that Y < X and the embedding I: Y — X is
continuous. Let G: X - X be a bounded linear operator such that R(G)< Y. Then G,
considered as a mapping of X into Y, i.e., G: X = Y, is a bounded operator.

The proof of Lemma 1 is the same as the proof of Lemma 13.4 in [1] and is omitted.
As an application of this lemma we have:

LEMMA 2. Let X, Y be as in Lemma 1. Suppose that E: X — X, F: X — X are bounded
linear operators and that R(E)c Y. Then E: X - Y, Eo F. X — Y are bounded oper-
ators and

3) [1E o Fllxay <[ EHx-vllFllx-x -

The followihg result extends that of Agmon’s paper [2].

LEMMA 3. Let A be a linear operator defined in L*(Q). Assume that:
1° A4 is self-adjoint and bounded from below,
2° D(AY <« HYQ) with some k,leN.
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Then, for sufficiently large t € R, there exists the operator G¥ = (4,)7%, such that its range
R(G¥) is contained in H'(Q) and we have the following estimates:

4) IGHI < Mot ™%, Vizt,,
(5) Gl < My, Viz1,,
where My >0 is a constant (independent of t).

Proof. From the assumption 1° it follows that there exists ¢, > 0 such that for 1= 1,
the operator G, exists and the estimate

(6) NGl <Cit. Vizt,,

holds, where C> 0 is a constant independent of ¢ (see [10], § V. 3). Next observe that
for t = t, we have

Aith = [(A + IO)+(I-—IO)] Gto = AloGt0+(tMt0)Gto = I+(t_f0) Gt() .
Therefore |

(7) G I+ (t—10)G,1" ' =[4,]7' = G,.
By (7) it follows from the equality‘
I =[I+(—1)G, I+ {t—1)G, 1" = A+ (= 1) G ] 1+ — 1) G [T+ (t—15) G,
that
(8) [+ (—1)G, ] L = T-(t—1) G [I+(t—1)G, 17" = I—-(t—15) G,

Tt is a simple matter to verify that the operators G,, and [I+(f— 1) G,]~' commute. The
formulas (7), (8) imply therefore that the operator G* can be expressed in the form

9 Gy = GilI+(t—15) Gl = Gl (t—1)G 17"
Sirc> D(AY) = D(4") for all t € R, the assumption 2° gives
R(GL) = D(4;) = D(4") c H'(Q).
Thus we can apply Lemma 2 to X = L2(Q), ¥ = H'(Q), E = G, F = [[—(t—1,)G.I",

to?

because for /€ N the embedding I: H(Q) — H%(Q) = L*(Q) is continuous (see Section 2).
Using the formulas (9), (3), (6) we obtain the estimate

(10) Vi to: IGHI S NG IIT— (= 1) G I < 1Grllh- (1 + )
It follows from (6), (10) that we can put M, = max[C¥, ||Gy,|l,-(1+ C)]. This completes

the proof.
Now we recall a simple variant of Theorem 3.1 in [2] as:

THEOREM 3 (Agmon). Let G: LX(Q) — L*(Q) be a self-adjoint bounded linear operator.
Suppose that R(G) is contained in H'(Q) with some I>n. Then G is an integral operator
in the sense that

Gu=[g(-,»u(y)dy, VYuel*®),
0
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where the kernel g is continuous and bounded on Qx Q and satisfies the inequality

n n

i 1
(11) [gx, WIS MGGl Y, Vx,yeQ,

where M >0 is a constant depending only on Q and on 1.
The following result will also be needed:

Lemma 4. Suppose E: L*(Q) — LX(Q), F: LXQ) - LXQ) are self-adjoint bounded
operators such that R(E)< L™(Q) and R(F)CL“’(Q)._ Then G = EoF is an integral
operator with the kernel g: Qx Q — R satysfying the estimate
(12) lg (x, Y| < “E”Lz(.{))ﬂLm(Q)'”F”LZ(Q)—er(Q)

Jor almost all x,ye Q.

Proof. Since Qis a bounded set, certainly L*(Q) cL*(Q) and I: L*(Q) — L*(Q) is
a contmuous embedding. Therefore it follows from Lemma 2 that G- LA(Q) - L*(Q)
is a bounded operator. Hence by Kantorovié-Wulich’s theorem (see [9], XI.1.6) there
exists a measurable function g: Qx Q — R such that g(x,) e L¥Q) for a.a. xe Q,

Gu= [g(-, »u()dy, VYueLl*Q),
0
and furthermore

(13) g, N <Gllg2erpw,  for aa. xe Q.

Since @ is a bounded set, it follows from (13) by Fubini’s theorem that g € L%(Q x Q)
and g(-,y) € L*Q). '

Moreover g is a symmetric function, because G is self-adjoint (see for instance [1],
Th. 12.20). The operators £ and F have the same properties; by e and f we shall denote
their integral kernels. The functions e, f, g satisfy the identity (see [1], Th. 12.2])

(14) g(x,3) = [elx,2)f(z, p)dz for a.a. x,yeQ.

2

By Schwarz inequality the formulas (13), (14) imply the estimate

lg G, W< e Qe N WIS E 2o ool Fl] 120 1o

for a.a. x, ye Q. The proof is complete.
An immediate consequence of Theorem 3.9 in [1] is following:

n
THEOREM 4 (Sobolev’s Inequality). If m > 5 then H™(Q) < L™(Q) and there exists

a constant C> 0 such that for every ¢ 2 1 and each function ue H™(Q) the inequality

n

2y
lull o < C*™ (|l +e )
holds.
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5. Proof of Theorem 2. At first, consider the case (i). In this case the proof is a modifi-
cation of the proof of Theorem 5.1 in Agmon’s paper [2]. By assumption (i) the operator
G := G* = A" satisfies all hypotheses of Theorem 3 (for sufficiently large # € R), which
shows that GF is an integral operator, whose kernel ¢ 7% @xQ - R is bounded and
continuous. It is casy to see that the function g% and the functlon g*) of Theorem 1 are
the same. The fact that @ (Q) is dense in LA(Q) and continuity of g, g are needed here.
To prove (2) note that the operator A satisfies the assumptions of Lemma 3 with / = mk.
Thus the inequalities (11), (4), (5) give the estimate

n n ] "

1— 1 1" ke
15 1g¥C OIS MGG ™ < MM Mot ™ ™ = Mt ",
where the constant M = M, M, is independent of ¢, x, y. The estimate (15) 1s equwalent
to the inequality (2). This completes the proof in the case (i).

We turn now to the proof in the case (ii), in which some ideas are based on the methods
of Beals’ work [4]. We begin with the proof that

n

— —1

(16) , NG 2ore S M'P™ , Vizt,.

In fact, by Theorem 4 with ¢ := ¢ and Lemma 3 we get the estimate

Ty "

e —1
Gl < C2™ (Gl + 1|Goul]) S 2CMor®™  flull,  Yue LA(Q).
Thus we can set M’ = 2CM,. From Lemma 4 it now follows that G} = G,0G, is an
integral operator Wlth the kernel §@: Q@ x @ - R. Tt is easy to see that the function §{°
and the funciion ¢*’ of Theorem 1 dlﬂﬂl‘ only on a set of measure zero, so g‘*) is another

integral kernel of GZ. Moreover, (12) gives the estimate

n 2

920, IS M2™, Vx,yeQ,

since g'?? s a continuous function by Theorem 1. In the case & = 2 the proof is therefore
completc. Now suppose k > 3. Observe that by (4) we obtain the estimate

(17) 1GE ™ 2o e < HGillz2s 1aGE 2 S Gl 2o pn Mot ™72

Using Lemma 2 to E := G, and F := G/ ' we see, as above, that G! is an integral ope-
rator with the kernel g%®. Inequalities (12), (17) and (16) imply that kernel g satisfies
the inequality

"k

kY, - - -~ - s "
198000, D < NGl )| GE Moo S NG Lo Mot ™ < M2 Mt™
for ali x, ye Q by continuity of ¢g¥*. Hence the proof of Theorem 2 is complete.
6. Some examples. Now we shall give a number of examples of the realizations in
L*(Q) of elliptic operator a that illustrate the range of the main theorems.

Example 1. Let Q < R" be a domain whose boundary 6Q is a (n~—1)-dimensional
compact C®-manifold and let the domain Q lie locally on the one side of 0Q. Consider
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a boundary-value problem (a, b, 2) of the form

(18) falx, Dyu(x) = f(x), for xeQ
(19) {b(x, Dyu(x) =0, for x € 002,

where a(x, D) is the elliptic operator of Section 2 and b = (b, ..., b,,,) is a given system
of m, linear differential operators with real-valued ccefficients of C*-class on ¢Q. The
boundary-value problem is supposed to be regular in the sense of [11]. Let H™(£2) stands
for the closure in H™(Q) of the set of C™-functions in Q satisfying boundary conditions
(19). Putting D(4) = H™(Q) (and Au = au for ue D(A)) we obtain a r<alization in
L*(Q) of the operator a, associated with problem (a, b, ). It is well-known that
A Y H' (Y= H™(Q) for r =0,1,2,... (see [11], Th. 5.1), hence D(4*)c H"™Q)
for ke N, so that the operator A satisfies the regularity assumption (i) of Theorem 2
with k> .

m

Another regular elliptic operator is the operator given in following:

Example 2. Let Q be a cube in R” of the form
Q={x= (.xl,...,xn'): O<x,<2n (i=1,..,m}.

We state the realization 4 of the operator a ;= (—A4)™ (4 is the Laplace operator) corre-
sponding to the periodicity conditions, taking the closure in H™(£2) of the set of trygono-
metric polynomials for the domain of 4. It is known that 4 is a self-adjoint, bounded
from below operator with compact resolvent and furthermore D(A4*) = H™(Q) for ke N
(see [6], Ch. 1L3). |

Let us note that we can also consider the so-called non-local boundary value problems.
For illustration we give an example from the paper [3], in which the essential definitions
and proofs can be found.

Example 3. Let Q be as in Example 1 and let K: L*(02) — L*(0Q) be a bounded
linear operator. We define the realization 4 in L*(Q) of the operator a := --4 corre-
sponding to the non-local boundary condition

Ju
(20) ——Ku=0 on 0Q
cv

(v is the interior normal versor to 8Q), taking the set of such functions u € L*(Q2) that
Aue L*(Q) and that together with their (distributional) first-order partial derivatives
have L?-boundary values and satisfy condition (20), for the domain of 4. As we know,
A4 is a closed operator with compact resolvent and if K is a self-adjoint operator, then
A is self-adjoint as well. Moreover, if the range R(K) is contained in H*(¢€2), then D(A)
< H?*(Q). Therefore in the case n<3 the regularity assumption (ii) of Theorem 2 is
satisfied.

Next note that the regularity assumptions (i) and (ii) of Theorem 2 are independent.
Indeed, an example of operator that satisfies condition (1) and does not satisfy condition
(if) is every realization in L*(Q) of the regular boundary value problem (a, b, ) in the






