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A theorem of Bernstein’s type for linear projections

GRZEGORZ LEWICKI

Introduction. Let X be a normed linear space over R or C and let Y be its closed
linear subspace. A linear operator P: X — Y is called a projection if P is continuous
and Py = y for each y € Y. The set of all projections P: X — Y is denoted by Z2(X, Y).
For the basic properties of projections in normed linear spaces see e.g. [1], [2], [3].

For a Banach space X the following Bernstein theorem is well known:

THEOREM 1. Let V|, < V, < ... be a nested sequence of finite-dimensional distinct vector
subspaces of a Banach space X and let M;: X —» V, (i = 1,2, ...) be the operator of the
best approximation, i.e. ||x—M;x|| = dist(x, V) (i=1,2,...). For any decreasing
sequence €, = ¢, > ... with lime; = 0, there exists a point x € X such that ||x—M;x|| = ¢
for i=1,2,..

The proof of this theorem (in a more general statement) can be found in [4].

In numerous problems of the approximation theory we have an interest to replace
the operators M, (which are in general set-valued) by linear projections. The quality
of the approximations obtained from a projection Pe Z(X, Y) is controlled by the
inequality

llx—Px|| < |l I—P||dist(x, ¥) (xe X).

In this note we consider the problem of whether the sequence of operators (M;)/2,
in Theorem 1 may be replaced by a sequence of operators (P;);2, such that P,e Z(X, V)
(i=1,2,..). We shall prove that such a theorem still holds under an additional as-
sumption regarding the sequence (£,)2;. Next we shall point out that this additional
assumption may be omitted in the case of some sequences of projections. Finally some
examples will be presented.
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1. The main theorem

THEOREM 2. Let Vi < V, < .. be a nested sequence of distinct finite-dimensional vector
subspaces of a Banach space X and (P)Z, be a sequence of projections such that

PeP(X,V)(i=1,2,.). Let
=Pl := sup{]lx—P;x]|: xe_xU1 Vi x| <1} (i=1,2,..).

Then for every sequence (g;){= of nonnegative real numbers such that

(D gz |=Plli e, 1=1,2,..,

and

2) lime; = 0

there exists an element x € X such that ||x—P;x|| = ¢; for i = 1,2, ...

Proof. let F,={x eX: |[x—P;x|| = ¢, i=1,2,..,n}. We shall prove that

F, # ¢ for each ne N. Let us fix ne N. We construct a sequence of vectors u,, ..., u,
such that

1°uw, eV, 1, i=1,2,..,n,

2O ”ul——PJu,” = 8_]'-" [ = 1,2 .oy 1, iS']QH,

3° Pou; =0,i=1,2,..,n.
Let us choose a vector u, € V,, ; such that P,u, = 0 and ||u,|] = &,. It is easily seen that u,

fulfils conditions 1°—3°. Let us assume that vectors U,, ..., U (k=2) with conditions
1°—3° has already been constructed. Now we shall find u,_ 1. We note that the inequalities

Noy = Pro— ]| < {T=Py_ g1 || < gy
follow from the assumption. So we can choose an element v, € V; such that
o= Pr_yue+v,]| = g, and P,_yv, = 0.
Let us set #,—y := w,—Py_ 1 +v,. We observe that u, _, e V,., and
Py_qtty—q = Py (u— Py _yup+v,) = Pk—1(“k_Pk—1uk)+Pk-»1vé = 0.
Consequently
[[tth— g = Prmytti—q] = {Jtt_4]] = &4 .

By the induction hypothesis we have, for k <j<n,

“uk-—l_Pjuk-l” = ””k‘Pk—1uk+Uk“Pj(”k_Pk—Wk'f’Uk)” = ”uk—Pjuk” = &;.
So the sequence {u,} is alrcady constructed. It is easily seen that u, € F, and ||uy|| = ¢,.
Consequently, for every ne N there exists x, € F, such that ||x,|| = ¢,. The final part

of the proof goes on the same lines as in Bernstein’s theorem. Let ¢¥ be an element of ¥,
such that ||x,—uj|| = dist(x,, V}) (n,!/=1,2,...). By the assumptions, applying the
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diagonal argument we can choose a sequence (k)™ such that ¢ - v, V, for every
le N. We note that for k, > 1.

”xlm_vl <[, — Prx Il = &.

Thus

Jem

19, = X || <t = Ol 1, = 0|+ o= ol 4+ e — 0] < 4

for m, n = ny(l), where ny(l), is such that ||vf"—1,|| <e¢, and Xz, — k| < g, for n = ny(l).
Since X is a Banach space x;, — x € X. By the continuity of the operatms P (i=1,2,..)
we get
IIx=Px|| = Iim ||x, —P;x; || = ¢
n— oo
which completes the proof of the theorem.

We note that each y € x+ V; also satisfies the requirements of the theorem. It is casily
seen from the proof of the theorem that the assumption that P, € 2(X, V) can be weakened.
For instance it suffices to assume that the operators P; (i = 1, 2, ...) satisfy the following
conditions:

. Pi: X > V;

2. Plax) = aP;x (xe X, a = 0);

3. P x+v) = Pix+v (xe X, ve V);
4. P; is continuous;

5. If Pix = 0 and Piv = 0 then P(x+v) =0 for xe |V, and ve V,.,.

i=1

2. Remarks and examples

In the case where X is a Hilbert space the operators M; defined in Theorem 1 are
single-valued, linear, continuous and [|[/— M| = 1 (i = 1, 2, ...). Thus the above theorem
is a generalization of Bernstein’s thcorem in this particular situation.

We note that if the operators P; € (X, V) are the best approximations of the iden-
tity I in (X, V) (i=1,2,..) then the class of sequences (g,);2; that satisfy the con-
ditions of Theorem 2 is the breadest. In the case where X = Ci(T), the space of real-
valued continuous functions on a compact set T with the supremum norm, a sequence
of operators (P));Z; such that P; is minimal in (X, V,) has this property if we assume
that T has no isolated points (sce [I] p. 274 theorem 9).

We note that the assumption (1) of Theorem 2 on the sequence (g,);= ; may be weakened
m case of some sequences of projections {P,}. In particular, we have

PROPOSITION 3. Let X, {P,} and {V,} be as in Theorem 2. Assume furthermore that
Jor every ne N there exists v,e€ V,, (\V, such that Ppv, =0 (i=1,2,...,n). Then for
every decreasing sequence of numbers ¢, =&, = ... =0 with lime, = O there exists a point
xe€ X such that ||x—P;x|| = ¢, for i = 1,2, ..
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Proof. We shall prove like in Theorem 2 that the set F, # & for an arbitrary n e N.
Let us fix n e N. We construct a sequence of vectors u,, ..., #; such that

1°u,e Viypy, i=1,2, .., n;
20 Pjuizo, i: 1,2,...,”9 ISJ.SI.;
3° =Pl = ¢, i = 1,2, ..., n, i<j<n.

Let us choose u, € V, ., such that [|u,|| = ¢, and P;ju, = 0 for 1 <j< n. It is easily seen
that u, fulfils conditions 1°—3°. Let us assume that vectors u,, ..., u, (k> 2) satisfying
1°—3° are already chosen. Now we shall find #,_;. We note, by the induction hypothesis,
that |[uy—Py_qul| = ||wg]| < 8- Hence we can choose v, € ¥, such that P;v, = 0 for
1<j<k—1 and [lu,+v,)] = ,-1. Let us define u,_; = u,+v,. It is easily seen that
the vector u,_, fulfils condition 1°—3°. So the sequence u,, ..., u; is already constructed.
We note that the vector u, € F, and ||u;|| = &;. The rest of the proof is the same as in
Theorem 2.

It is easily seen from the proof of the proposition that the assumption that P, e Z(X, V)
(i=1,2,..) can be weakened like in Theorem 2 with a certain modification, viz. we

must assume that if P,x = 0 and P;y = O then P,(x+y) = 0 for x,ye | V,.
i=1

Corollary 4. Let us assume that the sequence of operators P,e (X, V,)(n = 1,2, ..)

satisfies the following condition: there exist functionals @, € X* (n=1,2,..) such that
dim ¥,

P,= 3 @)y for each ne N, where y} (i =1,...,dimV,) is a basis of V.. Then
i=1

the sequence (P,),-. fulfils the assumption of Proposition 3.
We note that by Corollary 4 the following sequences of projections fulfil the as-
sumptions of Proposition 3.

1) Let X = C(T), the space of all complex-valued continuous functions on a compact,
infinite set 7 with the supremum norm. Let (¢, be a sequence of distinct points of 7.
Assume that (¥V,),%; is an increasing sequence of distinct finite-dimensional subspaces

such that the set of evaluations {1,]y.,, ..., fsimv. |y} is total over ¥V, (n = 1,2, ...). Define
dim VvV,

Py= 3% t(:)y}, where ()" is a basis of the subspace V, such that yi(t) = oy
i=1

ili=1

(i,j=1,..,dimV,). It is easily seen that P,e #(X, V,) for n = 1,2, ... Then in the
case where T = [a,b]< R, X = Cgy(la, b]). and V¥, = =,, the space of polynomials of
degree < n restricted to [a, b], we obtain a sequence of interpolating projections such
that support P, = {t1, o5 taim V-

2) Let X = Cg([—1,1]) and V, ==, (n =0,1,..). Let us set S,x = Lao(x)Ty+
+ Zak(éc)T x» Where T, is the Chebyshev polynomial od degree k& and
k=1

1

2
alx) = — Jf(t)ﬂ(t)(l—-tz)“% d (k=0,1,...n.
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