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On the existence of polynomial connection valued concomitants

TomaSz RYBICKI

§ 1. Introduction.

Let e ® R'"® ® (R")* and let G be a transformation group of R" which pre-
serves 4 1.c. the isotropy group at 4. For any differentiable manifold M of dimension n
and for any G-structure P on M there exists a tensor ficld K € 7 .M defined by #". Namely,
the coefficients of uxK at x, where u € P,, are equal to the coefficients of A" and they do
not depend on w. The pair (M, K) is called a structure induced by the tensor J¢ .

The object of interest in this note are linear connection valued concomitants of certain
structures (M, K) as above. The following definitions will be useful

S A, = the set of all pairs (M, K), where dimM = n and K
is a tensor field on M induced by 4 ;

L€, = the set of all pairs (M, V), where dimM =n and V
i1s a linear connection on M,

Definition 1. A map ¢ from the set ¥, into the set #%, is called a connection
valued concomitant of structure induced by the tensor 4 if

(i) for every (M, K)e 4, the underlying manifold of the pair ¥(M,K) is M
(hence we denote (M, K) = (M, C(K)));

(i1) there exist functions Ci : R¥ > R of class C® (i,j,k=1,...,n) of variables
vb1 bes Ubgobucys 03 Uby oo bocs g (@5 b, € = 1, ..., n), which are such that if (M, K)e &X',
and x = (x%) is a chart of M, then the x- components of C(K) are given by

[CK) G = CudKp, hes Koy lbrens oo Kby Dbgernved) -
If % is a connection valued concomitant and it is possible to choose Cjk in (11) so that the
highest occurring derivative of K. )" ; appearing in them is of g-th order, then ¢ is said

to be of ¢-th order. If the functlons C w are polynomial functions, then the concomltant
€ 1s called polynomial.
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We shall be concerned with the problem of the existence of polynomial connection

valued concomitants mduced by any tensor of type (1,1} or (0,2). Such a concomitant
exists e.g. in the case of pseudoriemannian structure. On the other hand, A. Zajtz proved
in [5] a theorem which states that the existence of the connection valued concomitant
of the first order implies g'* = 0, where ¢ = Lie G and g‘? denotes the first prolongation
of g. The authors of [1] proved that the connection valued concomitants (not necessarily
polynomial) of almost complex, almost product and almost tangent structures do not
exist. In this note we want to give a certain generalization of the results from [5] and [I].
Applying the method from [1], we prove that the theorem of A. Zajtz 1s still true in the
case of arbitrary order, if the concomitant is polynomial and induced by (1, 1) or (0, 2)-
-tensor.

Remark. D. B. A. Epstein in [2] defined a natural connection of Riemannian mani-
folds. Following that definition, a map ¢ from ¥X%, to £%, is called a natural con-
nection if

(i) for every (M, K) € A, the underlying manifold of ¥(M, K) is M, i.e. €(M, K)
= (M, C(K));
(ii) if U is open then C(M, K)|U = C(U, K|U);
(iii) if (M, K),(N,LYe A", and f* M — N is a diffeomorphism such that f, K = L
then f,C(M,K) = C(N,L).

One can see that a connection valued concomitant is a natural connection, but it is
not known whether the converse is true.

§ 2. Local form of polynomial concomitants

In this section we shall describe a local form of polynomial connection valued
concomitants of structures induced by any (1, 1)-tensor or (0, 2)-tensor. First we prove
the following

PROPOSITION 1. (a) If (M, A)e FoA,, where s € R"Q(R™*, then every polynomial
connection valued concomitant has a local form which is a linear combination of terms of
the form A A ... Ay=. (b) There does not exist a polynomial connection valued concomitant
of a structure induced by a (0, 2)-tensor.

Proof. Let € be such a concomitant and let x = (x%) and X = (X) be two charts
of M. Definition 1 implies that the x and X components of C(4) must be related by

C_;k(;lga Eg,cl; —2,61 ...cq) — [C(A)]_l;k =
ox' oxfox? %" OX

= Ci(As; Ay o5 .s Ay, 4 — .
Ao s, heveed 57 o5l o5t T 9aR o

2.1)

We fix an arbitrary chart x and for any > 0 we define a new chart X by x’ = ¢X'. Hence
equation (2.1) reduces to

t[C(A)];k = C_;k(Aa; tAg,cl; "'; thg, (4] ...L‘z) * (2'2)
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Assume that functions C;-k in (2.2) are polynomial. After differentiating (2.2) once with

respect to ¢ and taking the limit as ¢ — 04-, one can see that C;, must be a linear combi-
nation of terms of the form Aj . Ap; ... Agr.

(b) Suppose that such a concomitant exists. Using an argument similar to the one
used to prove (a) we obtain that in any chart Cj-k = 0. But it is a contradiction with the
transformation rule of linear conmection.

However, in the casc where the (0, 2)-tensor & which induces the structure (M, F) is
non-degenerate we may consider a more natural concept of concomitants. We shall as-
sume that local functions from Definition 1 are of variables v,,; v**; IR
and we shall put coordinates F* in place of additional variables +* (F® are such that
F®F,. = F,F™ = §%. From Terng’s paper [4] we know that such concomitants are
equivariant to rational concomitants of F.

It will be necessary to put forward the following

Definition 2. A polynomial connection valued concomitant ¥ of the structure
induced by & is called homogeneous if there cxists w e R such that C(A2F) = AY C(F)
for every A > 0. Then w is called a weight of €.

LEMMA If € polynomial connection valued concomitant of structure induced by non-
degenerate (0, 2)-tensor F is homogeneous, then the weight of € is 0.

Proof. Since the concomitant 4 is polynomial and due to Definition 2 the weight
of ¥ is an even integer 2w. Let x be the identical chart of R". We shall consider a constant
structure (R", F), i.e. a structure F on R” whose x-components at any point are equal
to those of &. From Decfinition 1 we have

[C(F)ji = Ci(Fu); F*50;...50). (2.3)
Then (2.3) and the homogeneity of ¢ yield
WPYIC(F) ' = Cu(A*Fp; AT2F™50; ... 0). (2.4)
Defining a new chart y by x* = 1y’ and using (2.3) we obtain for any >0
AMC(F) i = Ch(P2F,y; A72F;0; ...; 0). (2.5)

Upon combining equations (2.4) and (2.5) we have [C(F)]}k = 0. Now we introduce
another chart z by z/ = x'—1Zx’x" on a neighborhood of 0 € R". By the transformation
rule

— ' ozt oxPox?  9%x™ o7

C(F)y = CoFp; FP Fop ooy Fap oy e RNSASRTE. 2.6
[CE)]n i P et el 5x® 929 92 02707" ox" (2:6)

(the bar denotes z-component) we find that the z-components of C(F) at 0 are equal 1.

Since [C(A2F)] = [CUEF)]y = J2¥[C(F)]x, we get ai 0

[COPF)a = 1. @7

18 — Acta Mathematica 27
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Then, since A*F = 2°F and since € is homogeneous, we have

[CO2F)i = [COPF)]h = 22 [C(EY, = 42" [C(F)]
and hence at 0
[CAZR)y, = A2*. 2.8)
Finally, from equations (2.8) and (2.7), 2w = 0.

PROPOSITION 2. In the case of a structure (M, F) induced by a non-degenerate (0, 2)-
~tensor & a homogeneous polynomial connection valued concomitant has a local form which
is a linear combination of terms of the form Fap,eFus, .. F, Fombm | Foam-ibam-y

m--lbm--l
Proof. Let € be such a concomitant and let x be a chart of M. In the equation
[C(F)]_l;k = C_;:k(Fab; Fab; Fab, ::1;

we put A7%F instead of F and we obtain

[C(F)]_ljk = C;:k()'_zFab; AZFM; )v_zFab,c; ;L_zFab,cl...cq)a

H

> Fab, 1 l..cq)

~since the weight of % is 0. Observe that the above equation implies that in any monomial
of Cj a number of variables with upper indices is equal to a number of variables with

lower indices. Then for any 41> 0 we define a new chart y by x' = Ay’ and we write the
above equation in it

)“[C(F)]:rk = C}k(Fab; Fab; Al ) aees ){qFab,q ...Cq) :

ab,c1

We conclude the proof by an argument similar to that used in the proof of Proposition 1(a).

Problem 1. Is it possible to omit the assumption of homogeneity in Lemma and in
Proposition 2?

Problem 2. Epstein in [2] has shown that any concomitant (even of infinite order)
of Riemannian structures is polynomial of finite order. Then, Aldersley, Horndeski and
Mess [1] have recently proved that any tensorial valued or linear connection valued
concomitant of almost complex structure is polynomial. The problem is whether it is
true for concomitants of structures induced by any tensor of type (1,1) or (0,2).

§ 3. Existence of connection valued concomitants

In this section we shall give a negative answer on the existence of connection valued
concomitants of a broad class of structures. Let us recall that if g is a Lie subalgebra
of g/(n) then the first prolongation of g is defined to be g’ = JgRR"™ N R"QS2(R™)

THEOREM. Let G < GL(n) denote the isotropy group of o (respectively F ) and let us
denote g = Lie G. If there exists a polynomial (resp. homogeneous polynomial) connection

valued concomitant of structures induced by (1,1)-tensor o (resp., by non-degenerate
(0,2)-tensor F) then g = 0.
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Proof, We shall prove only the case of structures induced by &, ihe proof of another

case as analogous will be omitted.

Suppose % to be a connection valued concomitant of structures induced by &#. Propo-
sition 2 tells us that the functions [C(F)]’ "x can be expressed as a linear combination of
terms of the form F,y  F, 4, ... Fa,_ 5, F0" ... F?m=tbm=t (g b ¢ are fixed in each
term and may be different in different terms; m also depends on term). We consider a con-
stant structure (R", F) i.e. the coefficients of F are equal to those of & in the identity
chart x of R". Therefore from the above local form we see that all [C(F)]j-k vanish.

Let & denote the vector subspace of R"™ which consists of all collections of real
numbers { %} such that S% = Si;. For any {8})e % we define a new chart ¥ by X'
= x'—18% x’x* on a neighborhood of 0e R". Using the transformation rule (2.6) we
have at 0

[C(F)]x = Sk | (4.1)

since [C(F)]j-k vanish. On the other hand, [C(F)}j'-k is the same linear combination of the
same terms as above only with bars over F. Thus we discover that S is a linear combi-
nation of terms as above.

It will be necessary to apply the transformation law for F in the form

_ ox"0x’
s = Fi (4.2)
“ axt ox! /
By substituting the coordinates ¥ = x'—1S;, x’x* in (4.2) we have at 0
F (07— ;‘sxb)(éb 'rx) = Fj;. (4.3)
Therefore at 0
Fab = Fab . (4'4)
Then we differentiate equation (4.3) with respect to x* at 0 and we obtain
Fiju = FibS;k'*‘Faijk- (4.5)

Fmally, from (4.4) and (4.5) we obtain that cach S'A is a linear combination of terms
of the form

(FouSt4 FyySUVF,, .. F, Fombo | peem-tbaes o (p gl L pgdy

m-1bm-8

where a, b, ¢ are fixed natural numbers such that 1< a, b, ¢ <n, the components of F
are taken at 0 and the cocfficients T,,, depend obviously on i, j, k.
Now we are in positien to conclude the proof. We define a linear map f: & — gl(n)@ ...

. @®gl(n) (n components), /' = (fi, ..., f.), by
f(S) = SiF+FS, (k=1,..,n)),

where Sy € g/(n) such that (S});; = S%. Next we define another linear map A: gl(n)® ...
@gl(n) - & suck that /- f = identity on . Namely, from the above statement we
see that for anv 7,/, k there are T = (T,,.) such that

it

= Y TudSLF+FS)w,

ab,c=1
18*
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S0 We can defing

h(AIs cees An) = Z TabcAgcs

ab,ce=1
where A4, = [A}.] € gl(n).
On the other hand, we see that Ker f = g*?, because A4 € g if and only if A'F+ FA = 0.
But f is a monomorphism, so g’ = 0.

COROLLARY 1. There does not exist a polynomial connection valued concomitant of
a structure induced by a tensor of type (1,1).

Proof. For each structure of this kind g’ # 0 (Guillemin [3]).

For example, there do not exist such concomitants in the cases of almost complex,
almost product, almost tangent structures as well as in the case of almost multifoliate
structure.

COROLLARY 2. There does not exist a homogeneous polynomial connection valued con-
comitant of almost symplectic structure.
In fact, it is well known that sp(n)(") #0fork=0,1,2, ..
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