UNIVERSITATIS TAGEILLONICAE ACTA MATHEMATICA, FASCICULUS XXVH

1988

Periodic and stationary trajectories of flows and oridinary differential
equations

MARIAN MROZEK

Abstract. The paper presents some existence theorems for semiflows and ordinary diffcrential equations
based on the fixed point index theory.

1. Introduction. In [7] a formula for computing the fixed point index of the translation
operator for a semiflow was given. In the present paper the formula will be applied to
prove the existence of stationary points for flows and periodic trajectories for ordinary
differential equations.

The methods applied in the paper are closely related to the methods used in Wazewski
theorem (cf. [10]) and in the Poincare-Bendixson theory (cf. [5], VIIL1.9.2). Theorem 4.2
is a generalization of a theorem of R. Srzednicki [8] to the case of noncompact set of
egress points.

In Part 2 we give preliminary results and definitions. In Part 3 we prove that every
semipolyhedron is a BDR (the definitions are given below). it will be used in the sequel.
Part 4 contains main results of the paper. An example is given in Part 5.

2. Preliminaries. The following notation will be used. R* denotes the set of non-
negative reals. The norm in R”" is denoted by [|-||. If X is a metric space and 4 < X,
then A, int A, 4 denote the closure, the interior and the boundary of A, respectively.
DA will stand for ANA. If the Euler characteristic of 4 is meaningful, it is denoted by
x(A).

If f: X — X is a mapping, then Fix fis the set of fixed points of £, Domain and image
of fare denoted dom fand im f; respectively. We call a mapping n: R* x X — X a semiflow
on X if 1t satisfies the following conditions:

n(0,x) = x for every xe X

n(t, n(s, x)) = n(t+s, x) for every t,s€ R*, xe X.
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For a fixed 7> 0
np: Xox o npx) :=n(T,x)e X
is the T-translation operator of . Similarly as in [7] we write Fixyn := Fixmr.

Fix a metric space X. Recall that a subset 4 < X is called a boundary deformation
retract (cf. [6]), (BDR for short), if it satisfies the following two conditions:

2.1 A is a compact ANR,

(2.2) if DA # @, then there exists an open neighbourhcod U of DA and a continuous
mapping r: [0, 1]x U — U such that ’
Ir(t,x): te 0,11} n DA = {r(x)} for xe U,
and

r(t,x) =x < t=0or xe DA.
If A is a BDR, then the modified Euler characteristic of A is defined by

. {7(A)—x(DA) if DA # @
1A = {X(A) if DA = O

(for the correctness of the definition, compare [7]).

Fix a compact ANR M < X. For a continuous mapping f: X — X and an open set
Uc M, such that Fix fn oU = @, i(f, U) will stand for the fixed point index of the
pair (f, U). If No M is arbitiary i(f, N) will denote i(f, intN), (i(f, &) = 0). (For
the definition and properties of the fixed point index compare [2] or [4].) Here we recall
the following properties of the fixed point index:

(i) If UcM is open, /1 X —» X is continuous; Fixfn U= @ and i(f,U) # 0
then Fixfn U # O.

(i2) If V< Uc M are cpen subsets of M such that (U\V) n Fix f = @, then i(f, U)
= i(f, V)

(i3) If Uc M is open and f,: is a homotopy such that Fix f, n éU = ¢ for 1€ [0, 1]
then i( fo, U) = i( f1, U).

Let 7 be a semiflow on X and let M < X be closed. We define the set M~ of egress
points of m by

M~ :={xeM: A{e,}: ¢,>0, ¢ >0, n(e,, x)¢EM}.

Definition 2.1. The set M < X will be called proper for = if M is a compact ANR,
M~ is a BDR and
A7, >0 Vxe M \M~ Vte|0,T,] n(t,x)e M.
The following result proved in [7] will be basic for the paper.

THEOREM 2.1. Let w be a semiflow on a metric space X. Assume M is a proper set for n.
If there exists a positive number T such that for every t€ (0, T] there are no t-periodic




e

trajectories of n contdained in M and intersecting M~ then

i(ng, M) = x(M)— (M 7).

Remark 2.1, R. Srzednicki has defined in [8] an index of an isolated invariant set S
of a flow 7 as a difference x(B)—x(B7), where S < B and B is a block isolating S. (The
definitions of isolated invariant sets and isolating blocks may be found in [3].) Theorem 2.1
shows that the index in R. Srzednicki’s sense equals to the fixed point index i( f,, B) for
any ¢>0. (In the case of an isolating block B, DB~ = (J.)

3. Boundary deformation retracts. Fix an affine space Z. For a, b Z [a, b] will stand
for the segment joining the points a, b. Let s: Z > Z be a partial mapping.

Definition 3.1. We will say that s satisfics the property (W) if for every a € doms
[a, s(@)] =« domsand [a, s(a)] 0 ims = [s(a)}.

LEMMA 3.1. Let A< Z be such that A is a compact ANR and DA is closed. If there

exists a neighbourhood U of DA and a continuous mapping s: U — DA satisfying (W),
then A is a BDR.

Proof. We may assume that U = U’, where U’ is an open neighbourhood of DA.
Putting

rpeUsx - (1—-t)x+ts(x)eU’  for te[0, 1]

o~

we obtain the required in (2.2) homotopy. The proof is finished.

LEMMA 3.2. Let K be a polyhedron and L its subpolyhedron. Then K admits a triangulation
» satisfying the property

3.1 AL is a face of A for any A€ x.

Proof. Let %, be a triangulation of K and o, =, a corresponding triangulation
of L. Denote by » the barycentric subdivision of ;. Fix a g-simplex 4 € ». Notice that
the set {4 N I': I'e,} is linearly ordered by the inclusion. Hence we have

AnL=4dn JTI'= JAnT=4n 1,

Ieao I'eap

where I'nea and 4 N T'y = max{d n I': I'ea,}. Obviously 4 n I, is a face of 4 and
the proof is completed.

Fix a simplex 4 with vertices ag, ay, ... a, and its nonempty face I with vertices
{a:}ic1, where 7= {0,1,...q}. Lot I be a face of 4 with vertices {a}jes, 1= {0, 1, ... g\
Put Ap := ANI". We define the mapping

r a(a)
&y AR g - a; el
4 ared >Zl——2cxj(a) -

tel jeld
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where «,(a) denotes the i-th barycentric coordinate of a. It is easy to verify that the
mapping is well defined, continuous, satisfies (W) and the property
(3.2) for any face A4* of 4 and I'* := T n A%

I'#

r
A qn = O!AlA*r* .

Definition 3.2. A subset 4 of X will be called a semipolyhedron if A is a polyhedron
and DA is its subpolyhedron.

THeOREM 3.1. Every semipolyhedron is a BDR.

Proof. Obviously it is enough to restrict ourselves to semipolyhedrons in an affine
space. Assume A is such a polyhedron. By Definition 3.2, we can find a polyhedron K
and its subpolyhedron L such that A = K, DA = L. Hence A4 is a compact ANR (cf. [1],
I[V.6.2) and DA is closed.

Choose by Lemma 3.2 a triangulation » of K satisfying (3.1). Let

pi={den: AnL=@}.

The set M := () p is closed. Thus U : = K\M 1s a neighbourhood of L. Let A € x\pu. From
(3.1) it follows that 4’ : = A n L is a non-empty face of 4. We have also 4, = AN\M and

U= LJ AAU
dex\n
Define the mapping .
s:= |J af : U—L.
Aex\p

By (3.2) it is well defined. Since all the mappings &4 satisfy the property (W), so does s.
Thus s satisfies the assumptions of Lemma 3.1, by which A is a BDR. The proof 1s
complete.

4. Main results. First we will prove the following

THEOREM 4.1. Let w be a semiflow on X. Let M be a proper set for n. If y(M) # 3(M ™)
then there exists a stationary trajectory of © contained in M.

Proof. If there exists a stationary trajectory of f contained in dM, then the thesis
is obvious. So we may assume that such a trajectory does not exist. Consequently, for
t > 0 sufficiently small, there are no ¢-periodic trajectories of m intersecting 0M. By
Theorem 2.1 and (il) translation operators 7, have fixed points belonging to int M, i.e. for
small >0 there exist f-periodic trajectories of m contained in M. Now the standard
limiting argument shows the existence of a stationary trajectory of = contained in M.
The proof is finished.

For a compact set 4 < R" and f: R"— R" put

ya(f) 1= inf || f() = x|, {[fll.a 2= sup [[/(9)]] -

xe A xe A
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LEmMA 4.1, Let 2 R" = R" be continuous and let M < R" be a compact set such that

OM N Fixf= . Let g: R" — R” be a continuous mapping such that || f—glloa < Yoae(S)-
Then oM N Fixg = O and i(f, M) = i(g, M).

Proof. Obviously ¥,,(f)>0. Put

fi(x) 1= tf(x)+(1—t)g(x) for xe R", te]0,1].
We have
NS=Sfdlow = 1=t f=gllose < I f—9llom

and therefore

You( ) S NS=Fellose+vama(SD) S N S—Gllona +vom( D) -
Thus

Yom(JD) 2 Yau () — 1 f—gllon > 0.

The above inequality shows that M n Fix f, = O for t€ [0, 1] and in particular, oM N
N Fixg = . By (i3) i(f, M) = i(g, M). The proof is complete,

The remaining part of this paragraph will concern the existence of periodic solutions -
of perturbed autonomous differential equations in R" i.e. the differential equation

“4.1) x' = g(x)+h(t, x)
where |
4.2) x' = g(x)

generates a flow in R",

According to Remark 2.1 the following theorem may be considered as a generalization
of Theorem 4.2.11 in [8] to the case when M doesn’t necessarily contain an isolated in-
variant set and M~ is not necessarily compact.

THEOREM 4.2. Let Q <= R" be open. Let g: Q — R" be a mapping, such that the equation
(4.2) generates a flow « on Q. Let M < Q be proper for n. Assume that there is a positive
number T such that for every t € (0, T] there are no t-periodic trajectories of n contained
in M and intersecting OM. If x(M) # 2(M ™), then for every U a neighbourhood of

Fixyn := Fixyn 0 {xe M: Vie R* n(t,x) e M}

there exists a § > 0 such that for every continuous mapping h: Rx Q3 (t, x) — h(t, x) € R,
T-periodic in t and such that ||h||gxq < J the equation (4.1) admits a T-periodic irajectory
contained in U.

Proof. Obviously we may assume that U< M. Choose compact neighbourhoods
Ny, Ny of M such that M = N, cintN, = Q. Let k: Q — [0, 1] be a continuous mapping
such that k(x) = 1 for xe N; and k(x) = O for x ¢ N,. Then the equation

(4.3) x' = gx)+kx)h(t, x)

has the same solutions as (4.1) in N, and its solutions exist for all £. Obviously we may
consider (4.3) instead of (4.1). First assume that the initial value problems for (4.3) have
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unique solutions and let y(-, x) be the solution of (4.3) satisfying y(0, x) = x. Set
w: 23 x - y(T, x)e Q. The continuous dependence on the right side of the equation (4.2)
and compactness of the set Fix} 7 x [0, 7] permits us to choose a 6, > 0 and a neighbour-
hood ¥V of Fixy such that

(4.4) [|11lrxo<0¢ => y(t,x)e U for all (¢,x)e[0,T]xV.

Similarly, we may choose a 6 >0, d <4, subh that
Allgxe <0 = llnr—wllsy <vop (7).

Now by Theorem 2.2, the property (12) and Lemma 4.1 we get
0 # y(M)—3(M~) = i(ng, M) = i(ny, V) = i(w, V).

From (il) it follows that there exists a fixed pcint X of w in V, hence y(z, X) is T-periodic
and by (4.4) it is contained in U,

The general case is obtained by uniform approximation of 4 on [0, T]x M and
a standard limiting argument. The proof is complete.

Definition 4.1. A mapping y: R* - R" satisfies the property (P) iff
(4.5) VP>0dK>0|x|]|>K = ||[y(x)—x||=P.

THEOREM 4.3. Let for a L-Lipschitz mapping g: R" — R" the equation (4.2) generates
a flow w on R" such that n, satisfies (P). Assume that there exists a proper set M for n and
a T >0 such that for t e (0, T] all t-periodic trajectories of n are contained in 1t M and
x(M) # $(M™). If a continuous mapping h: RxR"2(t,x) — h(t, x)e R", T-periodic
in t satisfies the inequality

(4.6) A, Ol < N+pllxl], e R, xe R"
for a constant N > 0 and a suitable small y = u(N) then the equation (4.1) admits a T-per-
iodic trajectory.

Proof. By Lipschitzity of g and (4.6) the solutions of (4.1) are estimated by sclutions
of a linear equation and consequently c¢xist for all ¢ (cf. [9], Theorem 23.1).

Fix P> TNey; and choose K so large that ||np(x)—x]|=PF for ||x|]| =K and
McB = {x:||x]] <K}. For xe R" let A, be the set of all solutions y of (4.1)
satisfying the mnitial conditien y(0) = x. Put

R:=max{y(t): te[0,7], xe B, yc A,}.

We have for any xe B and ye 4,:

T
|y (T)y—n(T, )| < || i (g (y@)+h(t, y(2))—g(n(z, x))]dt<

< Jla( y@O)lide+ [Hlg ((r(0) =g (v, M)l di<

0

T
ST(N+uR)+ [LIly(@)—n(t, x)||dr.
4]




Applying Gronwall inequality and passing to supremum we get

sup|| (T, x)—n(T, )|} < T(N+pR)e"".

yYeAx

Assume for a moment that the Initial value problems for (4.1) have unique solutions

and Iet
w: R">x — y(T)e R”, where ye 4,.

Since for u small enough T(N+uR)e" < P, from Lemma 4.1, the property (i2) and
Theorem 2.1 we obtain

i(w,B) = i(iy, B) = i(ny, M) = y(M)—J(M") # 0.

By (il) there exists a fixed peini of w and consequently a 7-periodic trajectory of (4.1).
The general case is obtained by uniform approximation of # on [0, T] x B and a standard
limiting argument. The proof is finished.

Finally we will show how to obtain a simpler proof of a version of Poincare-Bendixson
Theorem ([5], VII.9.2).

THEOREM 4.4. Let E < R* be open and simply connected and let for a continuous mapping
g: E— R? (4.2) generate a flow n on E. Let C be a Jordan curve in E of class C*, surround-
ing a compact M < E. Assume that g(y) # 0 for ye C and that g(y) is tangent to C at’
only a finite number of points y,, v,. ...y, € C. Let n°, n" be the number of points, which
trajectories are internally, externally tangent to C. Then for small t:

(4.7 2i{n,, M) = 2+n°—n" .

Proof. Obscrve that M, as homeomorphic io a 2-dimensional ball is obviously an
ANR and y(M) = 1. If * = 1" = 0 then M~ = & or M~ = C and by Theorem 3.1,
itisa BDR. In the other case M ™ is a finite sum of cpen, closed or one-sided open segments
with disjoint closures. So again by Theorem 3.1, M ~ is a BDR. Obviously the set M "\ M~

1s finite. Hence we can choose a T, > 0 such that for x ¢ H:\M’ and all 7€ [0, Ty],
n(t, x) € M. So we have proved that M is proper for n. In order to apply Theorem 2.1
it suffices to verify that

(4.8) FMT) =

IfM™ =@ or M~ = C, then (M ™) = 0 and (4.8) is satisficd. In the remaining case,
as we observed,

k
MAz UAE’

i=1

where 4;, i = 1, 2, ... k are segments of C (open, closed or one-sided closed) with disjoint
closures. In all cases we have

(4.9) 24) = T i=1,2, .k,

3*
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where a; (of) denote the number of externally (internally) tangent vectors of g in Z :
Summing up (4.9) for i = 1,2, ... k we obtain (4.8), which by Theorem 2.1 completes
the proof.

Remark 4.1. The Poincare-Bendixson theorem differs from Theorem 4.4 only in

the fact that the fixed point index appearmg in (4.7) is replaced in Poincare~Bendixson
theorem by another index (in fact by the degree of g). But both thecorems imply the
following.

COROLLARY 4.2. By the assumptions of Theorem 4.4, if 24+n°—n" # 0 then (4.2) has
a stationary trajectory. |

5. Example. Some examples of the above theorems in the case when M~ is simply
a compact ANR may be found in [8]. Here is another example. Let g: R* — R? be
defined by

(0, 0) for (x,y) = (0,0)

glx,y) =</ x*=2p* 2x*—)?
x , ¥

x*+y? g x?+y*

) otherwise .

It may be verified that g is a Lipschitz function generating a flow n on R? given by

©,0) for (x, ) = (0, 0)

B w6 = i () o

where p(f, x, p) : = (x2+ )34 (x* +e¥y?) 732 (sec Fig. 1).







